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PREFACE 

A text-book in electrical eagineeriug emanating from Union 
College may be the .occaeion of Bome surprise to tboee who have 
been conversant with the development of the electrical course 
in that institution. The authors have, it ifi true, recorded their 
objections to the use of a prescribed text. These objections still 
hold good. In brief, they are, first, that a prescribed text tends 
to take the life out of the class room, whether the course be con- 
ducted by lectures or recitations, and second, that it tends to take 
the life out of the study by relieving the student of responsibility 
of continued effort. 

At Union College the fundamental aim is that the student 
„ shall first comprehend, and then, create. Comprehension comea 
through directed effort. This, the student acquires readily in 
the laboratory, but in the class room, it is not so easy. The 
recitation falls short because it deals with the individual rather 
than the olasa. The lecture fails when the student knows he can 
fall back upon the text-book. The fault, however, is not with 
the text-book itself, but with the use that is made of it. 

Obviously, then, its proper use is as a means of directing the 
student's effort towtmi comprehension. Indeed, it should com- 
pel effort, not in order to make up for an author's failure to ex- 
press himself clearly, but in order that the ideas shall sink in and 
make permanent impressions on the mind. The book should, 
therefore, be so constructed and used that it shall be an additional 
aid to the student in creating his own expression of the ideas 
with which he is brought into contact in the lecture, the recitation 
and the laboratory. It is desirable that fundamental ideas shall 
become fixed and clear in the student's mind as soon as possible, 
thus leaving him in a position to exert his full mental eEfort on 
that which is more advanced. 

As he progresses, he should acquire, more and more, the power 
of self-direction, that is, the power to create or construct his own 
ideals. Creative work finds its primary impulse in imitation. 
The student should have before him, at the outset, a model, 
which he is faithfully to copy. 
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vi PREFACE 

In attempting to embody these principles in the pieeent 
volume, the authora have sought to maintain a harmonious inter- 
relationship between the book and the class room. The lectures 
which form the basis of the book were first delivered eight 
years ago. In that, and subsequent years, students have had to 
rely for assistance upon their own notes and on help received 
individually from instructors. Many of the problems ass^ed 
are now worked out completely or in part in the text. They 
thus cease to be available for assignment, but the ideas contained 
in them have been extended to f brm new problems whose solutions 
will be obtained only after study kA the problems solved. 

These new problems have generally remained unsolved, in the 
past, owing to lack of available time. It is believed that they 
may now be carried through with fair completeness and, indeed, 
that many other suggestions coming from them may be followed. 

It is the belief of the authors that no book on Electrical Engi- 
neering can now be produced which does not bear testimony to the 
pioneer work of such writers as Fleming, Silvanua Thompson, 
Bedell and Crehore, Steinmetz and McAllister. 

In addition, the authors desire to acknowledge their indebted- 
ness to Dr. A. S. McAllister who has critically gone over the 
manuscript, to Mr. N. S. Diamant for suggestions relating to 
material contained in the earher portions of the book, and to Mr. 
E. S. Lee for assistance in reading the proof. 
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ELECTRICAL ENGINEERING 



CHAPTER I 
UNTTS 

As it is assumed th&t the student has had an elementary 
course in Phjrsics, it seems feasible to omit herein the definition 
of the fundamental mechanical and electrical units. However, 
before taking up the electrical engineering problems, it is essential 
that a review be made of the chapters in physics relating to these 
units. 

The student should be able to present, not only by means of 
equations, but in words — for this is far more important — the 
relations between force, work, energy, power, torque, etc. 

In regard to electrical imits it ie assumed that he is already 
familiar with such terms as "current" and "electromotive force" 
and appreciates that . . . 

Current is analogous to water flowing. The absolute unit of 
ciurent is the abampere. The practical unit is the ampere. One 
abampere is 10 amperes. 

Quantity, likewise, is analogous to water at rest. The practical 
unit of quantity is the coulomb, which is the amount of electricity 
involved when 1 amp. Sows throughout 1 sec, or, 1 amp. sec. 

Difference of potential is analogous to pressure-difference and is 
the electromotive force which causes current to Sow in a circuit. 

The absolute unit of potential-difference is the abvoU. The 
practical unit is the volt, which is 10* dbvoUs. 

Reeistanee is that property of the material of a circuit which im- 
pedes the flow of electricity. The absolute unit of resistance is 
the abokm. The practical unit is the ohm, which is 10* abohms. 
Resistance depends on material and temperature. With constant 
temperature. 



1. 
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2 ELECTRICAL ENGINEERING 

where 

R = resistance of a given conductor, 

p = specific resistance or resistivity of the material, 

I = length, and A = area of cross-section, of the conductor. 

Specific resistance or resistivity, is the resistance of a unit cube of 
any material taken between opposite faces. 

In practice it is sometimes convenient to use the resistance of a 
wire 1 ft. long and 0.001 in. in diameter as the unit of resistivity. 
This unit is called the circular-mil-foot. 

In problems involving resistance, it is frequently convenient to 
use the reciprocal of resistance, known as the eonditctanee. 

^ a, where G is the conductance of a circuit of resistance R. 
Likewise the reciprocal of resistivity, called conductivity, is often 
used. 

The resistance of a wire at any temperature t, when its resistance 
at any other temperature is known can be calculated by the 
following equation 

R, = R,X1 + «.,(( - (i)] 
When ti = CC. then R, = R„(l -t- oj) 

where Rt is the required resistance at any temperature, t, Rtin 
this case is the resistance at 0°, and a is a constant, called the 
temperature coefficient. 

For copper, a, = 0.004 (approximately) when t is given in 
Centigrade degrees. 

At any other temperature the value of a is: 



"• 234.5 + ( 

where t IB the temperature in degrees C. 

Since a depen<^ upon the temperature, in all calculations in- 
volving a its' value is calculated for that temperature at which the 
resistance is known. 

Knowing the resistance Ri at a temperature h the resistance 
Rt at temperature U is thus accurately determined from the 
following relation: 

fli Rt 

2»4.6 + t, "* 234.5 + (. 
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T&ble I gives approximately the temperature coefficients and resistivities 
in ohms per centimeter ouba of some of the more common eleatrical con- 
duetera at ordinary temperature. 



CODdnotor 




Radrtivitr 




0.00^ 
-0.00062 
0.004 
0.00027 
0.0040 
0.0062 
0.0030 
0.004 
0.005 




Carbon 
















Nickel 








Silver 













Derelopment of Ohm's Law. — According to Oak's law the 
current in a circuit at any instant is equal to the potential differ- 
ence divided by tlie refiiatance, or, 

^ R 
Obviously, where a number of resistances are in series, the 
total resistance is the sum of the individual resistances, or, 

RuH^ - Sr - ri + r, + r, + . . . 

Two Resistuaces in Parallel. — To find the total current /, and 
the currents /i, It in the resistances ri and u, when a potential 
difference E is applied (Fig. 1). 

By Ohm's law. 



''-i 



11 



. fi(l/r, + 1/r,) 



L r,r, J 



To find a single resistance, r„ which shall be the equivalent of 
fi and r» in parallel, evidently 

^ r, + r, _ g 



I-E- 
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4 ELECTRICAL ENGINEERING 

Whence, 



Havii^ two resistancea in parallel, in series with a third resist- 
ance (Fig. 2), to find the combined resistance. Let the combined 

resistance of Vi and r* be r,. Then r, = — 7-^- 
n + r» 

-— £ - The condition is, then, that of two re- 

rj — i ' " \.i sistanoes r„ and r» in series and the total 

s r ^' ^* r ''• ''^•8^*°<'6 B = r, + r». 

! i^'l Heaee 

I ?"■! _ E E 

Fio. 2. ' B " r, + n' 

To find /i and /t. 

It is evident that / = 7j. 

Knowing It and fa, we may at once determine Et which is the 

potential difference, or drop, across r,. Thus, by Obh'b law, 

E, - I»r,. 

It is evident that the potential difference E,, across rg and ri is 
E- Et. 

.■./.-^;/,-^ 

ri ' rj 

Genwal Solution of a Network by Kirchoff's Laws. — In cir- 
cuits or networks of a more complicated nature in which the 
resistances and electromotive forces are known, the currents in 
the various branches may be calculated by the application of 
Kirchoff's laws which may be stated as follows: 

Law I. — The algebraic sum of all the currents flowing toward 
a branch point is equal to zero. * 

Law II. — The algebraic sum of all the 
e.m.fB. acting around a closed circuit is < 
equal to the simi of the products, ri, 
around the mesh. Or the impressed 
e.m.f. is equal to the sum of all e.m.fi 
consumed by the resistances. pi" <t 

For example, let the circuit be as 
shown in Fig. 3 where arrows represent arbitrarily chosen direc- 
tions of current. For the points A, B, C, D, applying Law I, 
equations may be written: 
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i. 

B. 

C. 
D. 



i - 




> -0 


ti — 


1 — 


.-0 


•i + 


1 - 


1-0 


>.+ 


i - 


- 



(1) 

(2) 
(3) 

(4) 



Applying Law II, where the short arrow represents the direc- 
tion of the e.m,f,, to the meshee (o) e, ri, r*, (b) e, ri, rj, (c) ri, rj, 
Ti, (d) Tt, rt, r*, always keeping an arbitrarily chosen counter- 
clockwise direction, we have, 

(o) n -I- r,n + rtu = « (5) 

(6) ri + riii + rtit = e (6) 

(c) Tit, - r|i, - r^, = (7) 

(«^ r,i, + rtu - r4i4 = (8) 

There is one extra equation in each group aa there are only 
six unknown quantities, t, ii, it, it, t*, it- 

In calculating the resistance of more or less complex circuits 
it is helpful to remember that current does not Sow between 
points of the same potential. 

If, in Fig. 3, there ia do difference of potential between points 
B and C there will be no current in the branch rt. 

PROBLEMS 

ProU«m 1. — If the reaistiTity (reeistonce of a cubic centimeter betweeD 
parftlM faces at 0^.) of copper is 1.6 X 10~* ohm, (a) show that the resist- 
ance of an inch cube of copper is 0.63 X 10~* ohm; (b) show that if the 
temperature coefficient, a ■ 0.004, the resiBtance of a centimeter cube at 

20°C. is 1.73 X 10-* ohm; (c) show that » 

the temperatuie coefficient pw degree ^^^ 

Fahrenheit is 0.0022. ^~ 



<5Q?- 



Fig. 4. 



FiQ. fi. 



Problem S. — If a wire be connected acrose the terminals of a source of 
constant e.m.f., a cmrent will flow. Will this current increase, decrease, or 
remain constant as time goes on, and why7 

ProUem S. — Deduce the equation for the equivalent resistance of three 
resistances connected in parallel. 

Problem 4. — Find the line current /, and the voltage across r, in the 
circuit, shown in Fig. 4. S — 100 volts, ri — I, n - 2, r, >>> 3. 

Problem fi, — ^Let the outline of a cube, Fig. 5, consist of resistances, each 
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6 ELECTRICAL ENOINEERINQ 

«dgs being 1 ohm. Prove that the total reeiotance between A and B b 
yi^ ohm; between A and C is ^ ohm; between A and Dia% ohm. 

Effects <rf Current in a Wm. — When a current is Bet up in a 
wire three effects may be noted, namely: (1) the wire gets warm, 
(2) a compass needle placed near the wire ia deflected, and (3) 
when the voltage Is high enough bits of paper may be attracted. 

The amount of energy delivered through the wire does not bear 
a relation to any one of these effects, but if the second and third 
effects are multiplied together, or, aa commonly expressed, it 
the strei^h of the magnetic and electric fields are multiplied to- 
gether the product is a value which is proportional to the amoimt 
of energy transmitted through the wire per second, or to the 
power. Thus we may write, 

P = hei 
where P is the power and fc is a constant, k is unity when e, 
which is proportional to the strength of the electric field ia ex- 
pressed in volts, i, which is proportional to the strength of the 
magnetic field is expressed in amperes, and P is In watts. 

The first effect, that is, the production of heat is due to con- 
sumption of energy in the wire due to its resistance. The second 
effect is due to the setting up of a magnetic field about the wire 
by the current. The third effect ia due to the setting up of an 
electric or electrostatic field in the r^on about the wire by the 
difference of potential between the wire and other points in space. 

Powef. — In a given circuit, then, 

P = EI = IRXI = PR 
in which E is the total e.m.f., / the current, and R the total re- 
ustance of the circuit. 

This relation, known as Joulb's law, is very important, as it 
shows that the power is proportional to the square of the current 
strength and to the first power of the resistance. 

The beat developed by this power depends upon the duration of 
the current, and is expressed in jotdes. Thus, heat enei^ ~ 
Elt = PRl joules, where £ is in volts, / in amperes, and t in 
seconds (the current and voltage being assumed constajit durit^ 
time 0- 

In general, the energy converted to heat is IF = 1 ihdl. 

Problem t> — Prove that if the current is represented by equation 
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the energy per cycle ia W — /"r-s where Tia the time of » complete cycle. 
The average power ia then -=r ~ -q"' 

Problem 7. — Prove that the average power ib: P " (-5- + "nf^ when 
i - /, Bin («( + /iSin (Sail + a). 

Heat Units. — ^The practical heat unit£ moat frequently d^t 
with are the British thermal unit (6.t.ii.)t and the large and small 
caloriea (C. and c). 

One B.t.u. is the enei^ required to ruae the temperature of 1 
lb. of water 1"P. 

1 B.t.u. - 1.055 kw. see. 
One lai^^ calorie is the energy required to raise the temperature 
of 1 kg. of water l^C 

1 C. = 4.2 kw. sec. 
One small calorie is the enei^ required to raise the temperature 
of 1 gram of water I'C. 

1 c. =- 0.0042 kw. sec. 

Problem 8. — A Ifi-cp. lamp which consumea 3 watts per op. is immersed 

in a quart of water at 20^. Assuming no loag of heat, (a) what will the 

temperature of the water be after 2 min.7 (b) How long would it take to 

evaporate the water? 

Solution.— {fl) Ttmp. will be 20* + K!:. rise. 
^ . kw. a 



4.2 



- X qt. in 1 kg. 
; X 16 X 2 X 60 - «.7« 



1000'^ 
qt. per kg. - 1.0&7 

- X 1.057 - I.M. 



S.76 , 



Tonp. after 2 min. - 21.4fi°C. 
(f>) Time to evaporate ~ time to raise to boiling + time required to 
fumiah latent heat of vaporisation. ' 
Time required to boil 1 qt - time to raise 1 qt 1" X (100' - 20*) 

-^^X 80 -110.3 min. 

Time required to evaporate - coloriee required to evaporate -t- caloriee per 
min. supplied by lamp. 
537 C. kg. 2.88 ™^n„. 

— 742 mio. 
/. Total time required - 110.3 + 742 - 8fi2.3 min. - 14 hr. 12 min. 
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Problem 9. — Traneform problem 8 into 'F. and B.t.u. 

ProMMn 10. — If electric energy coats 10c. per kv. hr., how much would 
it cost to prep&re a bot bath by electric meanB, if the bath required 60 gal. 
of water raised ia temperature by 60°F.T 

Solufitm.— Cost - kw. hr., X SO. 10 

kw. sec, kw. sec, to raise 1 gal. 1' X 50 X 50 

Kw. hr. - ggj^ - jgg^ 

1 gal. weighs approx. 8.4 lb. 
.-. kw. aeo. to raise I gal. 1' - 8.4 X 1.065 - 8.88 

. . . 8.86X2500 ^,, 

■ ■ ^^- *" 3600 " *'^ 

Cost - 6.15 X 0.10 = $0,615. ^ 

Problem 11. — Pour car heaters each take 4 amp. at 126 volts. Find the 
coat per lO-hr. day at lOc per kw. hr., to operate them on a 500-volt circuit, 
(a) when they are connected in series, (b) when they are connected in parallel. 

Aiuwer.—^ aeries, S2.00; in parallel, $32.00. 

ftoUem 13. — If the car oontaina 3000 ou. ft. and ia insulated against loss 
of heat, how much time is required for a rise in temperature of 20°C. when 
the heatera of problem 11 are connected (a) in seriea, (b) in parallel? 

Anttoer. — In series, 12 min. 44 aec.; in parallel, 48 sec. 

Note. — Specific heat of air at constant volume — 0.167. 
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CHAPTER II 
FORM OF WORE 

In order that students may gain the greatest possible advant^e 
from pursuing the course of study, it has been thoi^bt best to 
include in the body of the book, at this point, a brief statement 
of the procedure which the student should adopt in the workii^ 
out of the problems. He is urged to familiarise himself with the 
method, and to follow it rigidly until, in so doing, he has thor- 
oughly acquired the habit of careful and accurate work. 

Object of Problems. — Problems are almost universally con- 
sidered to be indispensable in any engineering course. Their 
function is similar in many respecta to that of laboratory experi- 
ments. They illustrate the theory. In this respect problems 
may be divided into two groups, namely: 

(a) Those in which the general equation is apphed to a definite 
concrete case, and 

(b) Those in which the general equation is investigated for the 
purpose of finding out the whole range of definite value which 
may be obtained from one variable by assignii^ definite values 
to one or more other variables. 

As an illustration of the first group, we will take the following 
example: 

Problem U. — Ten arc lamps, in series, are used to light a certain building. 
They require 8.6 amp., and the potentiaJ-diflerence (drop) across each lamp 
is 80 volta. Current ifl BuppliiHl from a power houae 2000 ft, distant, by 
means of No. 6 B. & S. wire. If the energy is measured at the power houM, 
find the cost at 10c. per kw. hr. to light the lamps 8 hr. per day. 

Solution. — Cost per day — power X hr. X $0.10 

Power, 

P -Pl + Pw 



where 
where 
and 



Pl ~ power required by Ismpa — nEI 

n ■= number of lamps 

Pw ■■ power lost in the wire 
Pw-I'R 
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R *• total rraistance of wire 
R - reairtance per 1000 ft. X '-^^ 
resiitMice per 1000 ft. of No. 6 wire - 0.4 ohms at 7S*F. 
Then 



* - 0.4 X Tftftii - 1.8 ohms. 



4000 
^ 1000 ' 
PjC - 6.6' X 1.6 - 70 wfttta 
Pi - 10 X 80 X 6.6 - 5280 Wfttt» 
P-PlXPw - 6350 watte - 6.36 kw. 
Coot - 6.36 X 8 X 0.10 - $4.30. Am. 

Such problems are typical of existing conditions. An ei^neer 
continually meets them where he is tiying to find what results are 
being obtained from a given installation. In solving them, 
accuracy is the prime confdderation, and this is obtwied by avoid- 
ing short cuts and following through, step by step, a logical de- 
velopment. These problems are of far less importance and inter- 
est to the engineering student than problems of the second group. 



ttm3 -NVWSAW » — I 



As an illustration of these take the following example: 

ProUem ii. — A load of 60 kw. at 260 volte is to be supplied by a power 
houae distant 2000 ft. from the load. If the line coate 20c. per lb. of copper 
laid, find and plot (a) efficiency of transmiaaian against size of wire; (b) ooat 
of copper against aise of wire; (e) efficiency of transmission against cost of 
copper. 

„ , ,. „_ . load 60,000 

SoI«ft<m._Effic«ncy - i^^+ii^^loss " 50,000 + fJi 

, 60,000 __ 
'--260--=^*'"P- 

■■■ Efficiency - gg^QOO + 40,OO0A 



length 

" looo" 



R - .^ X K*i8tanco per 1000 ft. - 4 X r 
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Win No. (B. A 8.) 0000 00 



r per 1000 ft.'.. 

R -*■ 

Wt per 1000 ft - to 

Wt. = 4«. 

Com at S0.20 

40,000£-7'A 

60,000 + 40,000S.. 
Efficiencjr 



041 
2,564 
512. S 
7,840 
57,840 
0.865 



1,012 
322.4 

12,480 

02,480 

0.8 



1,012 
202.4 
20,000 
70,000 
0.715 



126 

504 

100.8 

40,000 

90,000 

0.56 



102,400 

152,400 

0.33 



260,000 

306,000 

0.16 



16.0 

7.9 

31.6 

6.32 

640,000 

690,000 

0.072 



Thee 



■ u« jdotted in Fig. 7. 
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Fio. 7. 

Somnury. — The curves show (1) efficiency of transmisaion 
decreases as wire becomes smaller, at first slowly, then rapidly, 
A&d then, for very small wires, slowly again; (2) the cost of wire 
decreases aa wire becomes smaller, at first very rapidly, then more 
and more slowly; (3) efficiency increasefl with cost, rapidly at 
first, for low efficiencies and «>8ta, then more and more slowly. 
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12 ELECTRICAL ENGINEERING 

It ia evident that this problem could be greatly extended so as 
to include' other variables, such as current density in the wire, 
cost of lost ener^, etc., and indeed it is characteristic of this 
type of problem that there are always suggestive lines of invrati- 
gation which tend to stimulate the student's interest. 

The work of solving the problem may be divided into a number 
of parts, thus: (1) statement of problem, (2) diagram of circuit, 
(3) analytical work, (4) tabulation of values, (5) plotting of 
curves, (6) summary, or statement in words, of the results 
obtained. 

The statement of the problem should be concise. The dia- 
gram should be an illustration of the statement, and should con- 
tain the symbols to be used. 

. The analytical work should be carried out as far as possible 
with symbols before the numerical values are substituted. In 
the above example there is very little opportunity for the use of 
symbols, owing to the shortness of the problem. In later prob- 
lems this feature will be more apparent. 

Tabulation should be arranged with care, and should be planned 
so that columns can be conveniently added. As a rule, it is well 
to assign along the horizontal various values of the independent 
variable, and proceed, step by step, to the dependent variable. 
As in this case, there may be different combinations of variables, 
as number of wire, cost, and efficiency. This makes the tabula- 
tion more complex, as it would be by any other procedure, but it 
is still entirely clear. The plotting of curves is then carried out, 
and this should be done neatly and preferably in ink, 

The problem should then be completed with a brief statement 
of the results obtained. It is not always easy to make students 
take this last step, but they should be required to do so, and to 
follow this general plan throughout, until they have formed the 
habit of doing it and need no further compulsion. 

There may be other ways of working these problems efficiently, 
but it seems justifiable to urge teachers and students to adopt this 
method in preference to any other to which they are accustomed. 
It will insure uniformity and logical arrangement, will make cor- 
recting easy, and will commend itself to the student as well as 
the teacher. 

In working problems of this nature there are other objects than 
merely to illustrate and enforce the theory. 

Great stress ia laid on them, not only for the engineering knowl- 
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edge which they contain, but because of their structure, which, it 
is believed, strongly tends to develop those qualities moat essen- 
tial in an engineer. For instance, the mathematical develop- 
ment calls for insight and understanding, the tabulation calls 
for concentration of mind, the summation of results calls for 
accuracy, and a study of the plotted curves calls for judgment. 
At the same time, efficiency, the keynote of the engineer, would 
be lacking if the problems were not done in the shortest and best 
way consistent with obtaining the deared results, and it is obvious 
that many hours will be wasted, both to student and instructor, 
unless the work is done with ordeTi accuracy and neatnesB. 
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CHAPTER III 
MAGNETISM 

Faxadat explained magnetic phenomena by assmning that 
surrounding a magnet or a wire carrying current were lines of 
force. 

The stronger the magnet or current, the stronger is the magnetic 
field, that ia, the more lines of force per square centimeter. 

The introduction, then, of a magnet into a space means the 
establishing of a field of force. 

To get quantitative ideas about field strength he made use of 
the symbol H which was called the intensity of tke field, or the 
force on unit pole placed in the field. It seems an unfortunate 
term since intensity and density are readily confused. 

B, the dcTieity q/" tke field, or the niunber of lines of force per 
square centimeter, is proportional to H, and also to a quantity n, 
the permeability or magnetic conductivity of the medium in 
which the intensity, H, exists. Thus 

B ^ fxH. 

In ur, where /i = 1, it follows that the number of lines of 
force per square centimeter ia 
numerically the same as the 
intensity of the magnetic 
field H. 

H, the force per unit pole, 
is expressed in dynes. 

The force exerted on a pole 
not of unit strength, but of 
strength m, is 

F = mH dynes, 

where, of course, H is caused by other poles than tn. 

Consider, now, an isolated elementary pole of strength m, from 
which n tines of force, per unit pole, protrude radially and uni- 
formly in all directions (Fig. 8). 
14 
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MAGNETISM 16 

At a distance r from m, no matter what the medium is provided 

it is uniform, the density of the field is B = j—j, since the area 

of a sphere of radius r is 4irT*. The force, H,- on unit pole is then 

;r "■ i5rfV' ^ °° ^ ffii IB F - iii^r 

Coulomb, working in ur, found experimentally that the force 
between two poles of strength m and mi could be expressed by 



mented in a medium of permeability, n. 

Therefore, fc may be written unity if n = 4ir. In other words, 
if it is assumed, ae is the case, that 4t lines protrude from unit pole. 

Gauss came to the same conclusion from another point of view, 
and the relation ^ = irm is called Gaubs'b theorem. 

In words. Gauss's theorem states that from a pole of strength 
m radiate outward 4xm lines of force, or the total outward flux, 
4>, from pole m is 4rm lines.' 

Cylindrical Poles. — To find the inten^ty of the magnetic field 
H at a point distant r from a uniform cylindrical pole of strength 
*n (Fig. 9). By Gauss's theorem the flux >b 4irfn, and£ = 

ftH — — —■ The area of a cylinder of radius r and length I is 

4— _• o_ o_ 

2^1. Thus B, at p, i- 



■;^" 



FiQ. 9. 



Fia. 10. 



Flat Poles.— To find the intensity of the field, H, at a point dis- 
tant d from one side of a flat pole of strength m (Fig. 10). As- 
sume that the lines of force are perpendicular to the surface. Let 
B =• flux density at any distance. Then the flux coming from 

one of the surfaces of the magnet is ^ — -5- — 2»m. 

If the area of the pole face is S, then B = —5-. and H - — 5- 

> For ft mora ccmiplete discuBsion of Gaoss'b theorem see "Advanced Coarse 
in £3ectricnl Ekigineering." 
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Magnets as Commonly Used in Meters. — To find the magnetic 
intensity between poles (Fig. 11). Let S be the area of a pole 
face and d the distance between pdee. 

The density in the gap between the two pole faces is due to the 
magnetic north pole, N, as well as to the south 
pole, S. 

If the lines of force flow outward from the 
north pole, they flow inward from the south 
pole. Thus a simple examination will show 
that the fluxes add in the gap and cancel each 
other in the outside region. 
Fia. 11. ,pjjg jQjjj gyjj fj^^j jy jg 4^^ ^^j one-half of 

this flux is assumed to be in the gap, the other half extending 
outward. 
The density in the gap due to N will then be 
„ 4xm 2rm 
"'" 2S ' S ' 
Similarly, due to S, 

4Tm 2ir*» 




^•^~2S"'~S~ 



and „ B 4irm 



(9) 



^ = r-^- 



In ali practical problems where magnets act in air only, ;i is, 
of course, unity. 

Consider, now, the pull between the faces of a magnet as shown 
in Fig. 11. 

The flux density at the south pole due to the flux from the north 

pole is B. = —5— .'. H = — 5- = force on unit pole at the sur- 
face of the south pole. 

Since the south pole has a strength m, the force on it is 
therefore 

F = mH = ^. (10) 

Usually the density, B, in the gap is known. 
Substituting the value of m from (9) into (10) gives 
2t B^ B^ 
^ liS iht* " Sir;. 

B* 

or the force in dynes per sq. cm. isF, = ^—■ 
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In air, where ;t = 1, 

F, = oZ dynea per eq. cm. (11) 

In lb. per Bq. in., the fonuula becomes 

^•- 72,134,000 "'•'^■' "'•''■ 
It is seen that if the pole strength, m, remains the same while the 
faces of the mf^et approach each other, the density, and thus 
the force, is constant. 

The work done is then Fd, where d is the distance between the 
w B*Sd 
poles, 01 W = -Q- — 

Enei^ Densify in a Field. — The volume of space through 
which the body is moved is Sd. The energy density, or joules 
per cu. cm. of space between poles, is then: 

B*Sd IB* B* . , 

The conception of energy density is merely mentioned at this 
point. Similarity of magnetic and electric fields will be shown 
later on together with the development of theory and problems 
in electroHstatics. 

Limits of Pole Intensity. — In practice it is found that the limits 
to which pole intensity -^ can be pushed are as given in the fol- 
lowing table: 

Table II. — Appboxiuate LiinTiNa Valcbs or g- 

For wrought iron msgaeU, 1600 units of pole strength per cm.* 
For soft steel magoete, 1600 units of pole etreogth per cm. 

Fcr cobalt magnets, 1300 units of pole strength per em. 

For nickel magnets, fiOO units of pote strength per em. 

For permanent steel magnets, 800 units of pole strength per cm. 

The Magnetic Cycle. — According to the molecular theory of 
ma^etism, magnetic bodies are composed of minute magnets 
which attract and repel each other, and which are partly free 
to turn under the influence of magnetizing forces. When strongly 
magnetized, these molecular magnets are pointed in the direction 
of the magnetic force. When the force is removed, they still 
tend to point in the same direction, and thus the body exhibits 
magnetization, which is called residual magnetism. 
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The magnetic state of a body is shown with reference to the 
"magnetising force" by a curve called the hysteresis loop (Fig. 
12). 

Magnetization of an iron bar is ordinarily accomplished by 
sending current through a number of turns of wire wound around 
the bar. The magnetization is thus produced by the ampere- 
turns (A.T,). The number of lines of flux set up per unit area 
enclosed by the turns will with a long bar be shown to be 

— p " B, where it is the permeability of the bar and I is 

its length. Since in air ^ = 1 and H = B, it follows that the 
intensity of the magnetic field in a solenoid is: 



The hysteresis loop is drawn with flux density, B (in lines per 
square centimeter or per square inch), as ordinates and the mag- 
netic field intensity, H (or frequently, for convenience, ampere- 
turns per inch length of m^netic circuit, 7-) , as abscissse. 

The construction of the loop is as follows: Imagine a bar of 
iron wound with many turns of insulated wire. If the iron has 
i no residual magnetism at the bepnning, be- 
fore current is sent through the wire, there 
will be no magnetizing force and no flux, and 
consequently the first or starting point on the 
curve will be at a (Fig. 12). As more and 
more currant is sent through the wire, that 
is, as the magnetizing force is increased pro- 
portionally to the current, the flux or induc- 
tion density, B, is increased, not according 
' *> to a simple law, but in such a way as to give 
the characteristic curve (1) from a to 6. 

If the magnetomotive force (m.m.f.) expressed in ampere- 
turns is now decreased, the curve (1) is not retraced, but B 
follows curve (2) from 6 to c. At c, H = 0, while B continues 
to have a value represented by the line ac. This value of B 
corresponds to the residual magnetism of the iron. 

If, now, the current be reversed, so that H is given n^ative 
values, B continues to decrease from c to d. At the point d, 
B ~ 0, while H has the negative value ad. This value of A is 
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called the "coercive force" of the magnet. It is the magnetizing 
force necessaiy to reduce the remanent magnetism, ac, to zero. 
Ab H ia further increased, negatively, B follows the curve de. 
At e, which corresponds to 6 with positive H, the current is again 
reduced, and B follows curve (3) to /, which gives the value, a/, 
at negative remanent magnetism corresponding to ac for H = 0. 

Thus, the point a is not reached a^ain, but as /f is now given 
increasing positive values, the curve goes through gtob, complet- 
ing the loop. 

In obtaining a single loop, the points do not usuaJly come into 
BUcb close agreemrait, due primarily to the fact that there is 
always some remaneot magnetism at starting, which prevents 
the curve from beginning exactly at a. But in the case of many 
uniform reversals of H, as occurs in electrical machinery, the 
loop is retraced uniformly so long as the limiting values of if re- 
main constant. 

It will be later shown, in connection with the study of hysteresis 
losses, that the area enclosed by the loop is proportional to the 
work done on the magnet per cycle. 

PermeabtUfy. — The ratio ji is called the permeability, and is 
a measure of ease with which lines of flux are set up in a given 
material. Permeability is denoted by the symbol ft. Numer- 
ically, B >= H in ail (or vacuum) since ;i = 1. In the ma^etic 
metals, particularly iron, steel, nickel and cobalt, n undei^oes 
wide variation in value, with different values of H. 

For a more complete diHouasion of the subject of magnetism the gtudent ii 
nferred particular^ to Ewino'b "Magnetic Induction in Iron and Other 
Metals." 
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CHAPTER IV 

PRINCIPLE OF THE ELECTRIC MOTOR 

A wire carrying a current was discovered by Oebsted to be 
surrounded by a magnetic field, which is atrongeat near the wire. 
A small needle, placed in the field (Fig. 13), is directed along the 
lines of force, but there is practically no tendency for it to move 
toward the wire as the forces of attraction exerted on its poles 
are equal and opposite. A long needle, 
however, tends to move toward the wire 
aa there ia a component of force on each 
pole in the direction of the wire. 

A wire carrying current, placed in a 
field perpendicular to the lines of force 
(F^. 14), causes the flux to be distorted, 
, and thia tends to force the wire in such 
a direction that the lines shall again 
take up their normal position. This is 
the principle of the electric motor. 
The electric motor consists (Fig. 15) of a number of wires 
wound on a drum, and so placed in a magnetic field that the 
current is caused to Sow downward (toward the plane of the 
paper) on, say, all the wires adjacent to the north pole,^ and up- 
ward on all the wires adjacent to the south pole. The wirea on 

^^JX Z10E 




Fio. 13. 



the left, then, tend to move downward, and those on the r^ht 
upward, and thus rotation is produced. 

' In the diagram a cross, 9, ia used to repreeent down-flowing current and 
ft dot, O, up-Soving current in acoordance with notation in common uae. 



^obyGoo»^lc 



PRINCIPLE OF THE ELECTRIC MOTOR 



21 



The current which, when Sowing in a wire 1 cm. long placed 
at right an^es to a field having a density of 1 line per bq. cm., 
gives a force of 1 dyne is called the abampere. 

The force, in dynes, is then 

F ~IIB 

where / is the current in abamperes, I the length of wire in centi- 
meters, and B the flm density of the field in tines per square centi- 
meter. The force is due to the interaction 
of flux and current. 

If, however, the lines are not at right 
angles to the wire, B must be replaced by 
its component which is at right angles to 
the wire. If the angle is a (Fig. 16), then 
the force isF ~ IIB sin a, where £ sin o is the component of fiux 
at right angles to the wire. 

Problem U. — A copper wire carrying 10 amp. ia placed in a magnetic field 
of 10,000 lines per flq. cm. 

What is the force in pouada on each centimeter of the wire (a) if it lies 
perpendicular to the direction of the magnetic field, (&) if it lies parallel to 
the field, (c) if it makes an angle, a, with the direction of the field? 



Sobdion.— 



F, per cm. 



' IIB ma a 
• IB ma a. 



gin a - sin gO° - 1 

/ — 10 amp. — lob amp. 
B - 10,000 
.'. F, per cm. - 10,000 dynes. 
10,000 dynes - *^^ - 10.2 grams 
10.2 



453.41 



- 0.0221S lb. 



(6> 



Sina -sinO- -0 
. F, per cm. - 0. 
(e) For any angle, a, 

F, per cm. - 10,000 sin a dynea 
■= 0.0234S sin a lb. 




Determinations ot Magnetic Inten^ty. — 

Magnetic intermiy at the center of a coH 
(annulus). Let a magnet i>ole, m, be placed 
at the center of a coil (Fig. 17). It will 
send out lines in all directions, some of 
which will strike an element of the coil, dl. 
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at eight angles. Thus a force, dF, will be generated in the direc- 
tion of the axis, as indicated, and its value will be 



dF = IBdl = . 
since _ m 

"-? 

The total force on the coil will be 






T — Al ^"^^^ ZrJm 



This will be the force, due to m, with which the coil will tend to 
move along its own axis. It is obviously also the force on m due 
to the coil. Thus if a unit pole (m = 1) replaces the pole of 
strength m the magnetic field intensity at the center of the coil 
is found. It is: 



Magnetic Intensi^ at Any Point along 
tlie Axis of a CoiL— The force dF will act 
at right angles to the line joining m and 
di (Fig. 18). Thus, 



dF = IBdl = I^dl 
dF has components, dF cos a and dF ain a where sin a — - 



The component of force which tends to move the coil in the 
direction of its axis is dP sin «. Call this component dF-i. 
Then 




=F?' 



m-\Ft-H 
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since the component dP coe a is balanced around the coil and 
thus exerte no force. 

Blagnetic Intensi^ in the Center of a Long Coil. — The force 
at m, due to an element of the coil, dx (Fig. 19), is dF = 

' , where / is the current in abamperes, in the ele- 
ment dx. 




If the current per centimeter length of the coil is /„ then 

T r J J JE- 2rmlcdx sin* a 
I = IJx, and dF = 

But - — cot a. Differentiating, dx ™ r( VTZJ^"^- 

Substituting this value of dz in the formula, 

,„ 2Tm7,r Bin* a , 
or = :— ; da 

= — 2rm7a sin ada. 

.'. P " I 2rm/t ain orfa = Axl,m cos aj. 

C(c H ~ 4x7, coe ai. 

For very long coils, cos ai ^^ 1, and 
U - 4ir/„ 

The relation between H and the ampere-turns of a ooil may be 
found as follows: 

Let there be a current of I abamp. in the coil, and let n » 
number of turns. Then n/ = abamp.-tumB. Abamp.-tums 

per cm. <=-)- = /«, where I — length of coil in centimeters. 



Then fl - 4»7. = 



When the current is i 



4r«/, 



= — = /«, where I ■ 

'' I 

' NoiB. — It should be noted that the above value otH •- ^^j^ holds only 

for infinitely long solenoids since it was derived on that aastunption. For 

practical purposes, aecoriing to the aeeunuy rtguind, this value (Mf H may be 
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H ■■ -^-i — , whence, amp. -turns = O.&Hl. 

I • • '' (12) 

If I is ID inches, amp.-tums = 0.313HI. ] 

When the coil has an air core, H ia numerically equal to B, and 

amp.-turaB = O.SBI or = 0.313BI.> 



Fjo. 20. 



Fw. 2!. 



Application of Magnetic Formuls to InBtruments. — ^Let a rec- 
tangular coil of height, a, and width, b, be suspended in a magnetic 
field of uniform density, B (Fig. 20). The two sides, a, are per- 
pendicular to the flux, and therefore, with a current of / abamp., 
there will be a force on each wire of Fa = IBl — IBa dynes. 



Thia force will produce a torque around the axis, on each wire, of 
Ta - IBa 2 dyne-em. The total torque per turn - 27", = IBab, 

and if there are n turns, T = InBab, dyne-cm. 

In practical instruments, T should be about 1 gram-cm. 

Let a circular coil of radius r, as in F^. 21, be suspended in the 
field. To find the torque on any element dl. The useful part 

used wheaever it is desired to find the magnetic field intensity along the axis 
of a solenoid, and not very near the ends, provided the length of the coil ia 
about 60 times its diajneter. 

It is necessary to observe this (alwsys depending on the accuracy deaired) 
on account of the disturbing effects of the ends, as can be easily seen by 
comparing the figures. (Fig. 22.) 

' Note. — It can be proven that the density in the middle of such long coil 
is unifonu, thus if <1 is the area inside of the solenoid the total flux is AB, 
area 



>Tv= 0.*m/ .- 
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PRINCIPLE OF THE ELECTRIC MOTOR 25 

of dl ia its component perpendicular to the lines of flux, = dJ sin 0. 
Then, dF = InB sin Sdl. This force acta with a iever arm = r 
sin 6, and the torque is therefore dT = InB sin S X r sin Odl. But 



= rdff. Hence dT = InBr* sin* fldfl, and T 



2 - 7 sin 2ff I 



■jj"' 



= ZnBrV = InB A, where A = area of the loop. 

In practice, permanent magnets are generally used to produce 
the flux. 
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CHAPTER V 

DESIGN OF A LIFTING MAGNET 

It baa been shown that for a path of mf^netic lines in ait, 
the following relation obtains: amp.-tums = 0.313 Bl", if inch 
measurements are used. For an iron path, the necessary ampere- 
tums are obtained from a curre of B vs. AT, where B is the 
flux density. Such a curve called either magnetization or " satu- 
ration " curve, is obtuned experimentally from a sample of any 
desired magnetic material. The curve thus obtained will be 
approximately correct for that material, but variations are always 



uo 






















wja 


[teo 


1 




- 


p- 




— 










^ 




— 


-■ 






C 


Ld 









— 


— 




— 


i 




k- 








^ 














fc* 


^ 


51 


ajl 


'■^ 


L 


/' 




X 












^ 


yfl 
















1 


/ 


/ 


^__ 


— 


sni 




-"l 






















I, 


^7 






































/ 



































— 


fr 
















c* 


1^ 




— 




"" 












&" 


/ 










^ 


























^.. 








































/ 




































• 


/ 





































liable to occur due to either physical or chemical influences by 
which any portion of the material is made to differ from the 
sample used to derive the curve. 

By testing many samples a typical curve is obtained for 
any given material. In Fig. 23 is given a set of these satuni- 
tion curves of iron and steel as commonly employed in electrical 
machinery. 
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27 



Let it now be required to make the calculatioDs for the deaiga 
of a caBt-m>n electronu^net to Uft a weight of 1000 lb. throt^h a 
gap of 1.5 in. Let it be assumed 
that the magnet core is of the 
Bhape and dimensions given in 
Fig. 24. Then the area of a pole 
face is 10 X 6 = 50 sq. in. The Jr7 
two pole faces have an area of 
2 X 50 = 100 sq. in. Then the 
weight to be lifted per square inch 
of area is 




Wt. per sq. in. 



- = 10 lb. 



But, from (11), f = 



72,134,000 



.'. B, the flux density in air, = V721,340,000 = 26,800 lines 
per Bq. in. From (12), the amp.-turns required for each gap — 
0.313 Min. = 0.313 X 26,800 X 1.5 = 12,600. 
AT required for two gaps - 2 X 12,600 = 25,200. 
AT required for the iron, from the magnetization curve for 
cast iron = 32 per in. length of the flux path in the iron. 
Ijength of meui path in the iron = 70 in. 
.*. Total vir required for the iron = 70 X 32 - 2240, and total 
AT for both air and iron = 25,200 + 2240 = 27,440. 

It is now necessary to arrange the winding so that the heat 
developed by the current in the coil shall not cause an exeessive 
temperature in the coil. 

Assuming a permiasible power loss of 0.4 watt per sq. in. of 
exposed coil surface, an estimate can 
be made of the propef amount of 
space to be occupied by the coil. 
Assuming, as a guess, a depth of wind- 
ing of 3 in, and a coil length of 20 in, 
""' (P^. 25), the exposed surface of the 

coil is 1270 sq, in. The total watts developed should then be 
0.4 X 1270 c= 508, Assuming, further, that the magnet is to be 
designed for operation on a 100-volt circuit, the current is 
jf^ = 5.08 amp. 
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the coil = jj 

The mean length of one turn may be estimated to be 42 in. 
Then, total length of wire = 5400 X ^ = 18,900 ft. 
19.7 
' 18.9 ' 

From tables, the nearest size wire ia No. 10. Diameter of 
No. 10, with double cotton covering, is 0.112 in. It must then 
be found out if there will be room enough for the turns in the 
space allowed. 

Problem U. — AsBume cast iron to ooat IHe- per lb. and copper 16c. per 
lb. Find the least cost of a magnet, of any desired shape, to lift 1000 lb. 
with a gap of 1,5 in. 

Um 0.4 watt per sq. in. of coil surface as permissible power loss. 
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CHAPTER VI 

GENERATION OF ELECTROMOTIVE FORCE IN A 
DYNAMO 

Faeaday found in 1831 that the electromotive force produced 
in a circuit was proportional to the rate of change of the lines 
of force enclosed in the circuit. That ia, he found that e ^ k ^r' 

This discovery was really the foundation upon which electrical 
engineering was buUt. 

The truth of the relation may be seen by considering a rec- 
taogular loop of wire carrying current / . 
moved a short distance dx in time dt, the 
motion being at right angles to the direction 
of the lines of force {Fig. 26). 

The force on 1 cm. of wire, A, which is in 
the field is F — IB. Thus the mechanical 
work done in moving the loop from AB to 
A'B' isFdx = IBdx. p7o. 26. 

As has been shown, the electrical work is 
eldt and the mechanical and electrical work must be equal and 
opposite. 

dx 
.'.IBdx = — eldt or e = — B -jt- But Bdx is the change of 

flux d<f> enclosed in the loop. Thus 

'=~~dl 

Consider now that the loop revolves in a uniform magnetic 
field. When the loop encloses the entire field it may be said 
to be in the zero position. Let it be assumed that in zero posi- 
tion it encloses 100 lines. In position I, displaced 10°, it will 
then enclose 98.5 lines. The loss of 1.5 lines from the loop has 
resulted in a generated e.m.f. or, in general, , 

d0 ^1 — 01 A0 

^ '^ ~ di '^ ij-d" At' 
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If the coU rotates at the rate of 1 r.p.8., the time required for it 
in 

1 Bee. - 0.0277 sec. - &t. 



This procedure may be followed and a tabulation made for 
every 10°, bo as to obtain data from which to plot, point by point, 
an e.m.f. wave, thus: 



Aiwiilat paritloG of oail 


0" 


lO* 


ate 


ao".^. 




100 


98.fi 
-1.5 

H.Q 

5* 


M.O 
-4.8 

163.0 

Ifi* 








d« 



















Values of e.m.f. are plotted at angles given in the last line, that 
ia, at the mid-angular divisions, since they represent average 
values of e over each 10° of displacement of the loop. 

Problnn IT. — Amimmg the field to be uniform, cany out the procedure 
M just indicated for a complete rotation of the loop, and show hj [dotting 
volts against n-ngjilur displacement that the curve is a sine wave. 

E.inJ. Waves In Fields that ore not Unifono. — Consider a 
field between rounded poles of radius r, 
distant 2r, in which a coil, of width 2r, 
revolves (Fig. 27). 

The field will be most dense in the 
middle. The density will be assumed to 
be inversely proportional to the distance 
between poles. To find the density along 
any Uneoft. Thelength,o6 — 4r — 2r8intf. 



* 



B = 



4r — 2r sin ff 



where k is some constant — ».«., proportionality factor. 
This equation holds only for $ from o to r, in a revolution. 

If * is taken from «■ to 2r, B = . . oL ■ — 2' 
' 4r + 2r am 9 
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When the coil moves a distance dt, there is a chai^ d^, in 
the amount of flux enclosed by the coil, per unit length of the 
coil parallel to the shaft. d4 is propor- 
Ijonal to the component erf ds at right 
angles to the direction of the flux, or to dx 
(Fig. 28). 

Thus, d^ — 2Sdi is the change in &ux per 
centimeter length of coil, due to both con- 
ductors. Then d4> = ~ 2BrdO sin 0, since 
ds = rdS, and dx = ~ da sin 6. 

Substituting, 

krmi0d9 k maSdS 




Fia. 28. 



Bdx = 



- 2r sin* " 



Then, 



d* 1 fik an fldtf v 
" d( ° (ft U - 2 Bin fl/ ' 



4-2SU10 
kanB dl 



2 - sin* dt 



ffin 9 may be written an 2mi, where 9 is expressed in radians 

d9 
and 2im denotes angular vdocity. Then ^ — 2im, and n is 

in rerolutjons per second, or is frequency in a two-pole machine. 

d$ 
For machines of any number of poles -^ = 2*-/ where / = 

frequency. 



Let 



2-sinff ' 



■ 100 volts. This occurs when 9 = 



kZrf 



2wfk, 



2V 
Substituting this value of k, 
giM. „ 2rfa.u$ 
*" 2Tf ^2-8in»" 



Ejn.f. Wave irtien the Coil Is Wound on an Iron Core. — In 

all these cases it is sufficiently correct to consider only the lengths 
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of the flux path in the air. By following the general procedure of 
the preceding part^raph, the e.in.f. of a coil on the iron core is 
found to be 

„ ("» ~ 1) 8in 



where 



m = i^- or D = 2mr 




Pioblem 19. — C&lculat« and plot for one-half w&ve, the ejnJ. (or this 
cue, when e_„ - 100 and m •= 1.1. (Fig. 29.) 

Additional Problems for the Detenninstioii of E.mi. Waves. — 
It is very good experience for the student to work out and plot 
a number of these waves. For this purpoae a few additional 
problems are suggested. 

Problem SO. — Determine the e.m.f. of a ooil wouod on a wooden drum 
when fia,„ — 100 tines per sq. cm., speed » 1 t.p.s. and the dimensions of 
the dynamo are as given in Fig. 30. Dimensions are given in centimeters. 
Plot the wave, point by point, for each millimet«r of distance across the pole 




Fia. 30. 



Problem 21. — On an iron armature between rectangular polee as in Fig. 31, 
let two coils, at right angles to each other (that is, in spsoe quadrature), bo 
joined in series, so that their e.m.f. wavee add. Plot the resultant e.m.f. pet 
centimeter length of the armature. Show that the resultant ejnJ. due to 
the two coils is leaa than their sum. 

Problem 32. — Same as last, but for three ooila spaced 120" apart. 

Problem 2S. — Continue the development of the method of the last two 
problems and finally obtain the average value of the e.m.f. of an armature 
whose conductors are spaced uniformly around the periphery. 
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, or in tbe 



Expreaeed in volts 




CHAPTER VII 
INDUCTANCE 

Inductance. — When a circuit connected to a source of e.m,f., e, 
is closed throi^h a switch, S (Fig. 32), a current is established 
in the coil, and sets up a magnetic fiux 
which links with the turns of the coil. 
This flux produces a back, or counter 
e.m.f. in each turn, e = — -%t, ■ 

N turns, e "— N-^' 
this is 

_ _2L ^ 
*~ 10' dl 

Inductance is defined as the number of interlinka^es of flux with 
turns, per unit current, or, in symbols, 
lU 
I ' 
Expressed in practical imits it is: 

where i is the current in amperes. 

ProUem M, — Let ti coil of 200 turns be supplied with tbtious amounts of 
current, and let the flus produced, when 1 amp. flows, be 1000 lines. Find 
the inductance. Tabulating from Eq. (14): 



L = - 



(13) 



* 


I 


3 


* 


10 




1000 

200 

0.2 X 10* 

0.2 X IC 

0.002 


2000 

200 

0.4 X 10« 

0.2 X 10* 

0.002 


4000 

200 

0.8 X 10* 

0.2 X 10< 

0.002 


10000 


JV 

JV# 

i 

£■ 


200 
2X10« 

0.2 X IC 
0.002 



' Students almost invariably have difficulties with inductance. Hiia 
problem is given solely for the purpoee of impreBsing upon them tbe fact tbat 
inductance is a " constant " of the circuit. 
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From the values of L, thus obtained, it is seen that L is a 
conatont, and ia independeDt of the curreDt; it is a "circuit con* 
staDt" similar to resistance in a coil having a non-magnetic core. 

Transposing Eq. (14), 

Differentiating with respect to time, 

* JV d* 

dl ' 10> dt' 
Substituting into (13), 

'--''W 

which is the common expression for induced electromotive force, 
or counter e.m,f. of self-induction.^ 

r In Fig. 33 is represented a circuit of 

T ''^'^ 3 reaiatance, r, and inductance, L, which is 

t a connected to a source of e.m.f., e. When 

the switch, S, ia closed, the e.m.f. has 
to overcome the resistance, r, and also 
the counter e.m.f. of self-induction due to the setting up of flux 
in the coil. Therefore we may write: 



FiQ. 33. 



e-ir + L^ (15) 

This equation is fundamental, and ia general for circuits 
.posBesang only resistance and inductance of constant value. 

An algebraic relation between the impressed e.m.f. and the 
current — assuming in this case that the e,m,f. is kept constant 
— is found as follows: 
, di 

'-it-'-" 

Ldi 



j-^m 



I In an ironclad magnetio circuit the inductance ia not a 
depends upon the permeability. 

Thefluxisnotproportionalto the current producing it but is 
function thereof. In that case tts j7 = jj C^O ■ ^ jj "*" * ' 



10« tU 
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.'. 1 


1--^106(, 


- ir) + C, 


whence 












log(. 


-ir) 


--i' + c„ 




and 










e-ir.,-2 + "' 


- C„-'i' 










.l[.-c„- 


n 



(16) 

C] ia determined from the nature of the problem. 
The rate of ene^7 supply or power equation corresponding 
to (15) is obviously 

and the energy suppUed by the generator is 
I etdt 
The energy dieaipated in heat is 
i*rdt 
and the energy suppUed and thus stored in the m^netic field is 



I heai 



JLi^dt- ClAdi^HLP 



where / is th© value of the current at time T. 

Starting and Stopping Cnirent in an InductiTe Circuit — Be- 
ferring to equation (16) it is evident that ior t = 0, i ^ when 
starting the current and t — / for i — in stopping the current, 
since enei^ cannot be altered in an infinitely short time and 
therefore current cannot be established or changed in an infinitely 
short time. 

Thus whra coimiderii^ the starting of a current we have for 
t'=0,i='0. 

Substitutii^ these values in (16) 



-CJ, 
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and 
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-'[-«-q=^['--q 



(17) 



This equation gives the value of the current at any instant after 
the closing of the switch, S. 

If the impressed e.m.f., e, is sud- 
denly 8hoii>-circuited by the closing of 
^ the switch, 5' (Fig. 34), then e = 0, 
and, at the instant of closing, t — 0, 
i = I, 

where / is the current in the circuit 
just before closing the switch. 
Substitutii^ these values into (16) 



H 



whence, 






C, - - r7, 


and 






'-'X'" 



This equation gives the current at any instant, (, as it is dying 
away in the circuit after the e.ni.f. has been suddenly removed. 

The inductance of coils ^ 

varies with the size, shape 
and number of turns. If a 
^ven length of wire of defi- 
nite size is to be made into a 
coil, maximum inductance 
will very nearly be obtained 
if the coil has the proportions given 
the inductance, in this case, will be: 




FiQ. 35. 
1 Fig. 35.' The value of 



0.27 cm.' 
' 10»Xc 



henrys. 



where the length of the coil ia ^ven in centimeters, and c ia in 
centimeters. 



' Bbooeb and Turner, "Inductance of Coils, 
Illinoia Engineering Experiment Station. 



' Bulletin No. 63, Univ. of 
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ProUem 26. — Find and plot curi«nt vs. time when the circuit is closed on 
a ooU (rf 1 km. of No. 15 B. and S. wire (diam., d.c.c, - 0.066 in. ; r/1000' - 
3.17"), designed for maximum inductance, e ^ 100 volte. 

Problem 86. — Find and plot the curve of dying away of the current when 
the coil of problem 25 is short-circuited. 

FToUem ST. — Find the average value of the inductance of the lifting 
mag^net previously designed (Chap. V), and determine how long it will 
take for the current to rise to 90 per cent, of its permanent value. 
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CHAPTER VIII 

ALTERNATING CURRENTS 

It has been shown that the fundamental equation in an induo 
tive circuit where the resistance and inductance are constants and 
not depending upon the current is: 

* = " + ^ ^' 

This equation ^vee the relation between the particular values 
of e.m.f. and current at any instant. 

In the case previously discussed it was assumed that the im- 
pressed e.m.f., e, was constant. 
In most engineerii^ problems the e.m.f. is, however, not con- 
stant but it vuies from instant to 
instant. Almost all electrical instal- 
lations now use alternating current 
rather than direct current. In tliis 
case it .will be seen that the e.m.f. 
and current can almost always be as- 
sumed to vary according to a simple 
sine law. 

In other words it can be assumed that the instantaneous value 
of the current at any time, t, can be found from equation i — /m 
sin id (Fig. 36), where u = 2ir/ = angular velocity, and / « 
frequency of alternation of the current = number of cycles, or 
complete reversals, per second. /„ = maximum value of cur- 
rent. For 60 cycles, u = 2x60 = 377. 
.-. » = /„ sin 377*. 
Differentiating eqv: t = /„ sin w 
we get 

Substituting in (16), 

e " r Itftan ut + L /«(■> cos ut 
— I^ (ran ut + Lu cos uQ - (19) 




Fio. 36. 
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Thus e is the sum of two component waves, one depending o 
the sine of ut, and the other on the cosine. 



Problwtt «.— Let /„ - I, r - 0.6, L» - 
ponent waves of e.tu.f. 



).4. Find and plot the oom- 



Ctmul 

di 
LImUCM w( - L—. 



-0.346 
-0.096 



These waves are shown plotted and combined in Fig. 37. 
ProUsm S9. — A mmilar set of waves should be obtained by each rtudeDt 
from values of /mi r, Lu, assigiied at random. 
By inspecting these waves it is seen that i lags behind e, that 




Fia. 37. 



is, it passes through zero later than e by about 40°. This il- 
lustrates one of the characteristic features of inductive circuits. 
It should also be noted that ir is in time phase with t, and that 
iLa is in time quadrature with i, being 90° in phase ahead of i. 

The quantity Lu is called reactance. It is measured in ohms, 
and denoted by the letter X. Thus Lu " X, where L is the in- 
ductance in henrys, w = 2ii/ is the angular velocity in radians per 
second, and X is the reactance in ohms. X is not, like L, a 
property of a coil or circuit, but depends on the frequency. 

The aoerage value of the e.m.f. generated in a coil of a dynamo, 
depends only on the speed of rotation and the number of Unes of 
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fiux cut; that is, it depends on the average rate of cutting of the 
lines of flux, by the conductors, and not on the distribution ot 
the lines under the potea. The effective value of e.m.f. does, how- 
ever, depend on the distribution of the flux. 

Frequency has been defined as number of cycles per second. 
A two-pole generator, at 1 r.p.8. has the frequency, / = 1. 

A four-pole generator, at 1 r.p.8., has / = 2. 

A p-pole generator, at N. r.p.a., has / = ? JV. 

The coil, in position 1 (Fig. 38a), contains the whole flux. 

The coil, in position 2, contains no flux. Thus, a change of 

the whole flxix takes place in a quar* 

ter of a revolution. 

If r is the time of 1 cycle, the 

whole flux is therefore cut in the 

.- ^ 
tune -r- 



L_ 



rri nri 

Tw*rw«ifKUu iwroiaMukiu The average rate of cutting is then 
(«) (A) * 4* , . . 

Fia. 38. 'T ^ ~f ™®'"® * ^ '"^ *°**' ^"''- 

T 

4N9 
Therefore, the average e.ni.f. is —!p-, where N is the number trf 

turns, and 2JV is the number of conductors per circuit. 
At 60 cycles, 

' 60 
In general, 

-)• 

.'. Averse e.m.f. = 4^*/ = 4^^*/ X 10""' volts. 
In a four-pole machine (Fig. 386) all flux is cut in }^ 

8$ 
revolution. The average rate of cutting is therefore ™-' where 

Ti is the time of a revolution. 

16*/ 

Ti 
number of revolutions per second, and f = -nN,. 
With N turns, average rate = 4/iV* = average e.m.f. 



Average rate = -™- = 8*A', = = 4*/ where JV, is the 



= 4/JV* X 10-» volts (20 
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This equation is identical with that for a 2 pole machine. It 
applies regardless of the number of poles as long as JV is the 
number of turns in series per circuit. 

Average Value of r Sine Were. — The e.m.f. induced by rota- 
tion of the armature conductors in the field is 



■■ - N 






Let V = $M cos tdt, be the Sux enclosed at any instant. Then, 

~ = — u4. sin (xf is the rate of change of the fiux, and e = 

9^Nw sin ul. 

In practical units, 

N^mf sin cot 
e -= YQi ™1**- 

Since w = 2t/ this may be written, 
_ 2TfN9m sin ut 
' " 10» " 

For maximum e.ro.f., 

sin «( - 1, and £„ -= ^^~ volts (21) 

To obtain the averse value of e.m.f., integrate a half-wave 
and divide by -r, that is, by the length of a half-wave. 
Thus, 

sin fldfl - i| - cos # I = - - 0.6 



„ = - I si: 



i 2 

,'. The average value =« - X E„. Multiplying (21) by -» 

_ 2 2TfN^„ _ 4/Jf*™ 
Av. e - ^ X jQ, - - ^gg . 

which agrees with the average value previously found (20). 

Effective Value of a Sine Wave. — ^Let i =: /„ sin 0. 

If this current flows through a resistance r, it has been seen 
that the heat developed at any instant is i*r. 

Thus, the heat developed per cycle may be expressed as, 



H sin' 0d9. 
By trigonometry. 



'£'•-' 



sin* fl = J^ - J4 cos 29. 
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Substituting, 

The average value of energy flow or the rate at which energy 
is being disfupated, or the power, is 

rlU rjl 

2t " 2 ■ 

Thus, the rate of heat dissipation is -^• 

The effective value of the current correBpODds to a constant 
or direct current which would give the same heat in the same 
time if Sowing through the same reeistance. 

•■• iV/ - ^; »*V/. - ^, and i.s,. = :^ = 0.707 /.. 

Similarly, the effective value of e.m.f. is obtained, and «,//. — 
0.707 E„, where E^ is the maximum value of the sine wave of 
electromotive force. 



average value 
factor. 

With sine waves form fact(» [ff) = n'nnA ° 



^ The equation for the effective value of the 
I ~ I e.m.f. is obtained from (21) by multiplication 

F"a- 39. by^- 

. . E,ti = — 4= = - — ~ri- — volts (22) 

\/2 10» 10« '^ ' 

This applies to a concentrated coil of N turns. 

If, however, the turns are distributed over the periphery, as 
in a direct-current armature, from Fig. 39 it is seen that coil 1 
contains all the flux, while coil 2 contains the flux X cos d. 
Therefore the effectiveness of coil 2 is JV, cos fl, where N, " 
number of turns of the coil. 

Let JV = total number of turns. Then the turns per cm. of 
N 
armature periphery = =— , where r = radius of armature. 
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N 
Then the effectiveaess of the tuma per cm. is ^— cos 6. The 

average effectivenesB of the turns per cm. is 



Ncose ,^ N 



TherefOTe, in a distributed wioding, the turns are not bo 
effective as when they are concentrated. 
Thus, for distributed winding, 

E.„..*-^^^^xl (23, 
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CHAPTER IX 

DIIt£CT-CnRR£NT GENERATORS 

Bomopolar Generators. — These are also called by the names 
"acyclic" and "unipolar." They are a small class of machines, 
distinguished from the usual types of direct-ciurent machinery 
in that the conductors always move through the magnetic field 
in a constant direction with respect to the 
direction of the Unes of flux. 

Among the earhest of dynamos may be 
mentioned one of this type known as 
"Fabaday's Disc Dynamo," in which a 
copper disc was rotated between the poles 
of a permanent magnet. 
Current was collected by means of two 
brushes making contact, respectively, with the rim and axle of 
the disc (Fig. 40). A more modem type of homopolar generator 
is shown di^n«mmatically in Fig. 41. For the penuanent mag- 
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Fio. 41. 

net is substituted a powerful electromagnet, and two sets of 
brushes are used instead of one. By connecting these brushes 
in eencB outside of the machine the total e.m.f. at the terminals 
is doubled. 
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From the fundamental coneider&tions developed in Chap. VI 
it is evident that the voltage between each Bet of brushes is 

'=101 

where N = revolutiona per second and ^ — total flux, since 
there is only one conductor between the brushes. With any ar- 
rangemeot which permits the use of additional sets of brushes, 
as in Fig. 41, the voltage ia increased in proportion to the number 
of Bets of brushes comiected in series, and becomes 




Fio. 42. 



where c is the number of conductors and is equal to the number 
of sets of brushes in series. Fig. 42 illustrates the use of bar 
conductors on the armature. Each conductor is connected to 
two slip rings on which brushes bear. There are thus twice ae 
many shp rings as conductors. Since the conductors are in- 
sulated, they may be put in series by properly connecting their 
brushes outside of the machine. 

Direct-current Machines with Commutators. — On most 
direct-current machines use is made of commutators. To 
understand these machines a knowledge of the principle of wind- 
ings on the armature is needed. In Fig. 43 a single coil is repre- 
sented in a magnetic field. The ends of the coil are connected 
to the segments of a two-part commutator. In the position 



^obyGoo»^lc 



46 



ELECTRICAL ENGINEERING 



shown, the e.m.f. is maximum. As the coil moves in the field, 
the segments move under the brushea and the e.m.f. at the 
brushes, AB, during a half revolution, has the values of a half- 
sine wave. When this e.m.f. reaches zero, the segments pass 
from imder the brushes. The same operation is then repeated 
I and gives a succession of half waves, 

I all in the same direction. If now 

L-— p-N^ ^ another loop is placed on the armature 

± ^^ /^\ at 90" to the first one, a new series of 

f^ -^ half waves will be added at 90° to the 

first series. By connecting these loops 
in series, suitably joining to commuta- 
tor segments and continuing to use 
only two brushes, the e.m.f8. of the 
loops are added ti^ether and produce 
a resultant e.m.f. shown in heavy dots by the wave "d" (Pig. 
44). This wave never reaches zero and is much more steady 
than that produced by a single coil. By continuing this process, 
all irreguhuitiea are virtually wiped out and there resulta a 
smooth wave of constant 
e.m.f. A simple example , 
of armature winding with 
commutator and brushes 




is shown in F^. 45, for the purpose of illustrating the connec- 
tion of coils in series. 

Types of Direct-current Commutator Machines. — Direct- 
current machines are usually divided into groups accordii^ to 
the method of exciting the field magnets, as follows: 

1. Permaneni Magnet Machines. — These have no field windings, 
but the field structure consists of hard-eteel permanent magneta. 
They constitute a small group, used chiefly for telephone sig- 
nalUng and gas engine ignition. 
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2. Separately Excited Machines. — In these, the field windii^ 
is si^pUed with current from an external source. The chief 
advant^e of this type is that it enables a steady field excitation 
to be maintained at all times regardless of the fluctuations in 
voltage at the brushes. 

3. SkurU Machinsa. — In this type the source of excitation of 
the field is derived from the terminals of the machine itself. 
The field circuit is connected in parallel with the external cir- 
cuit and the field current varies as the voltage of the machine 
changes. 

4. Series Mackinei. — ^The current in the armature is made to 
flowalso throt^h the field windings; that is, the field and armature 
coils are connected in series with the external circuit. Thus the 
field excitation is proportional to the load current. 



M 




M 
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5. Compound Machines. — These are excited partly by a shunt 
winding and partly by a series winding, each pole being provided 
with both a shunt and series coil. The total field excitation 
thus depends upon the voltage of the machine as well aa on the 
load current. 

These five types are illustrated in Fig. 46. Other com- 
binations are sometimes used in special cases. The performance 
characteristics of these various types of generators differ greatly. 
In general, the characteristic of a generator is a curve showing 
the relation between terminal voltage and the load current, the 
latter being the independent variable. These curves and 
others of a similar nature should be thoroughly studied, especially 
in the laboratory. 

Armature Reaction. — When a generator is dehvering no cur- 
rent the direction of the field fiux is aloi^ the axis c^ the poles. 
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When current is flowing, however, the armature becomes an 
electroma^et on its own account, and the field flux becomes the 
resultant of that produced by the field windings and that due 
to the armature winding. 

Fig. 47a shows a bipolar dynamo with a ring armature. Arrows 
show the direction of current and also of flux. Starting from 
the negative brush, the current divides as it enters the armature, 
one half winding around to the left, the other half pursuing a 
similar path to the right, and both finally joining again to enter 
the positive brush. It is to be noted that the flux set up by 
these armature currents is, in general, in space quadrature to the 
flux due to the field windii^. 




Fio. 47. 



Fig. 47& shows an equivalent diagram representing a drum 
armature. When once the principles of current action in the 
armature are imderstood, it is simpler to make use of the rep- 
resentation of Fig. 47b than of Fig. 47a. For clearness, the com- 
mutator is omitted in the case of the drum, the position of the 
brushes being indicated with reference to the armature itself. 
It makes no difference how the end connections are made, so 
far as the armature m.m.f. is concerned. In this case, since the 
brushes are not shifted but are placed on the so-called neutral 
axis midway between the poles, the armature magnetomotive 
force is directed vertically upward, while the field magnetomo- 
tive force is, as always, along the pole axis. The resultant 
magnetomotive force is the vector sum of these two. Since the 
armature m.m.f. acts at right angles to the field m.m.f ., its effect 
is said to be wholly cross-magnetizing. 

When the brushes are shifted a" the armature m.m.f., still 
acting along the brush axis, may be resolved into components. 
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Ft = Fa C03 a, the cross-magaetizing component, acting at 
right angles to the field, and Fd = F^ ein a, the demagnetizing 
component, acting directly in opposition to the field. The re- 
sultant m.m.f., OR, Fig. 48, is then due to the m.m.fs. of the 
field OF and the armature OA, the latter being composed of OC, 
cross-magnetizing, and OD, demagnetizing. 

Cross-magnetization is always present when the armature 
carries current. It distorts the field and displaces the neutral 
axis, necessitating thereby a shifting of the brushes. When the 
brushes are shifted, demagnetization also enters in, weakening 
directly the field strength. Under such conditions the resultant 
flux takes up a general direction as indicated by the shading in 
the air gap in the figure. The pole tips are imequally magnet- 
ized, the leading tips being weakened and the traiUng tips 
strengthened. 



■1 . * 



The actual direction of the resultant flux is not along OR but 
along OR', a line of somewhat less deviation from OF. This is 
because of the unequal reluctances of the paths along the direc- 
tions of the component m.m.fs. 

Consider, for example, a generator whose flux per pole enter- 
ing the armature is <t>r, under conditions of normal. operation, 
that is, voltage and speed. 

To generate this flux at no load would require F^ amp.-tum8 
OD the field core if all the flux generated in the field passed through 
the armature. Some flux, however, passes around the armature 
without cutting its conductors. This is called leakage flux, 
and amo\mte to 15 or 20 per cent, of the net flux, in ordinary 
machines. To provide this leakage flux as well as the net flux, 
4>r, requires kF, field amp.-turns, where k is the leakage co- 
efficient and may be taken as 1.15. 

Let le amp. now flow in each armature conductor, and let the 
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total number of conductors be C. 
C 



turns per pole = 5-' where p = number of poles. 



CI 

The total armature amp.-tum8 per pde — w^' 

Let the brushes be od the geometrical neutral, that is, midway 
between the poles. Then, since the conductors are distributed 
over the entire periphery, the effective armature A.T. per pole 
_ 2 ^ £ _ /^ 

T • 2p rp 

The effect of these distorting ampere-turns has been shown 
to be to weaken the flux in the leading pole tips and to strengthen 
that in the trailing tips. The net result owing to unequal 
saturation of the iron, is to reduce the actual amount of the flux. 
In order to compensate for this reduction extra ampere-turns 
must be placed upon the field core to the amount of about 40 
per cent, of the armature cross-magnetizing ampere-turns. 
Thus, 

rp 

and the total field amp. -turns per pole are 

When the brushes are shifted a", the cross-magnetising amp.- 

turns are F, = ^^ X ~ (Fig. 4S). 

„.._,. ... 180 -2tt IjC 
Their effective value is fc — t^ — -5— 



1 J „ j„ 2 cos a 
. — - I cos a0, = fT- 



The demagnetizing turns consist of a belt of conductors of 
width 2a''. The effective demonetizing amp.-tums are then 

'^' ''180 2p' 
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Tbese latter ampere-turnB act in direct opposition to the field. 
If there were no leakage of flux between field and armature, they 
would be compensated by placing an equal number of additional 
ampere-tums on the field. Owing to leakage thia number must 
be multiplied by k. 

The total required field ampere-tums under the condition of 
brush shift of a' and /, amp. in the armature conductors is 
then 

F,.h{F. + h.jg^)+0.ih jgj^ , 

in order that the fiux entering the armature Bhall be v*- With 
constant generated voltage the terminal voltage falls oft as 
the load increases, due to the IR drop of the armature. <p, 
must therefore be increased sufficiently to make up for the IR 
drop. 

CHAItACXBRISTICS OP DIRBCT CUKRBNT OEHBR&TOKS 

From the discussion ^ven above it should be possible to calcu- 
late the chaise of voltage with load in any of the difTerent types, 
provided that the saturation curve could be expressed in a simple 
manner. This is ynf ortunately not possible, but it can be approx- 
imated by Fboelich's equation, which is: 
^ _fcm_* 
1 + kim 
where m is the excitation in ampere-tums and « the corresponding 
voltage, k and ki are constants depending upon the shape of the 
saturation curve which constants can be determined by aubsti- 

p 
■ It is seen that H-~ oot a. Thus, cm the basis gtven above, the ratio 

betweai the actual ampere-tunis needed to compensate for the crOBs-mag- 
netuing and demaKnetitiiiK ampere-tums is .34 cot ct. 

■e is the induced e.mi. due to the rotation of the armature conductors in 
the magnetic field, m is the resultant mja.f. of the amp.-turas on field 
and armature referred to the field structure. At no-load, m is obviously 
the field excitatimi alone. 
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tuting two known values of e and m from the actual saturation 
curve. 

Consider a compound wound generator. Let the terminal 
voltage be e and the load current i. If the resistance of the shunt 
field winding is rr the shunt field ciurent ifi i / = —.'■ If each field 
spool has t turns then the m.m.f. of the field winding, per pole, 
is mi = ift = — t. If the series winding has fi turns, per pole, 

the m.m.f. per pole of the winding is mt ~ ilv Let the demag- 
netizing ampere>tumB per pole of the armature with full-load 
current as determined above be D ; then the demagnetizing ampere- 
tuma, with load current i, is mj = -ji, where / is fuU-Joad current. 

Let the equivalent demagnetizing ampere<tums with full-load 
current, due to the "crosB magnetizing" ampere-turns be C; 
then the demagnetizing effect of i amp. ia m^ = ji. 

The total m.m.f., nto, on each pole — were there no leakage — 
is: 

ttio — wii + wij — Vfi% — in\ 

Due to the leakage between the field poles the equation is 
obviously modified. Assuming 15 per cent, leakage: 

nio = 0.85(nii -)- wij) — mt — m\, 
mo then being the m.m.f. which causes flux to interlink with the 
armature conductors. 

If the saturation curve were plotted on the basis of these 
ampere-turns the corresponding voltage could be obtained either 
directly or through Fboelich's equation. This is, however, not 
the case but the saturation curve takes into consideration the 
leakage, therefore, in order to use the saturation curve we have 
to use a new value of mo, namely: 
1 

• «, - ™ J. ™ m^■\-m^ 
. .m — mi + mj qTK — 

Numerical AppUcation. — ^Let the no-load voltage eo, the no- 
load excitation, and the full-4oad current be taken as unity, then 



' It u really — , but fr ia usually very small. 
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Let the full-losd » 
excitation, tbea 



a excitation be 40 per cent, of the no-load 

mj = 0.4i 

Let the demagnetizing ampere-turns of the armature with full- 
load current be 10 per cent, of the no-load field excitation, then 
nti = O.lOi, and let the equivalent demagnetizing ampere-tuma 
of the crosa-ampere-tums with full-load current be 20 per cent., 
then mt = 0.20t. 

(This relation between mi and m^ correaponds to 11° brush 
shift.) 
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. ./„ . 0.10-l-0.20\ . ^„,. 

= e-|-t(0.4-^ ^ — ] = 6 + 0.05* 



Then 

Referring nov to Froelich'b equation and assuming the sat- 
luvtion curve to be such that for e = 1, m = 1; tor « = 0.6, m -> 
0.5; then it is readily proven that k = 1.5, and fci = 0.5 

. 1.5m _ e 

■•*" 1 -h 0.5m °''*"" 1.5- 0.6 e 

e + O.OSi, or c = 0.5 - 0.025t -(- 



■ 1.5 - 0.5« 



V(0.5 - 0.025t)' + 0.15» 

The voltage at the terminal of the machine ia leaa than e by 
the ir drop in the armature winding, brushes and series field. 

If at full-load the drop is 3 per cent, then at any other load it is 
0.03*. 
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Thus £{ the temunal voltage ia 

«i =- e - O.OSt = 0.5 - 0.055t + VCO.S - 0.025t)* + 0.15» 

The student should verify curves a uid fr, Fig. 49. Curve a 
applies to the compound wound generator discussed above. 
Curve 6 to a typical shunt generator in which the ratio between 
the armature reaction and the no-load excitation is less than with 
a compound wound generator, and in which the saturation at 
normal voltage is usually higher. 

The constants used for the shunt generator are: 

Jfc = 2.33, ki = 1.33, mi = e, m, = 0, m, - 0.05t, m, = O.lOi, 
/r = 3 per cent. 

It is seen that as the resistance of the load is gradually decreased 
the current increases up to a certain maximum value, in this 
case 20 per cent, more than rated current; after that, the current 
and voltage both decrease. 

The student should study the effect of the saturation on the 
shape of these curves. 
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A STUDY OF THE DESIGN OF A DIRECT-CURRENT 
GENERATOR 

AH the underljing principles of the direct-current generator 
may be studied to good advantage from the basis of a concrete 
example. The example here choeen is an ordinary compound- 
wound generator with the following specificatioDB: 

M.P. 12-500 — 375-250 volts, which means that it be- 
longs to the general multipolar class (M.P.), has 12 poles, 500 
tw. rated output, 375 r,p.m, at normal speed, and the voltage 
is 260 at both no-load and full-load. The normal-load current 
may also be given. It is 

,.5^.2000a„p. 

Other data for this machine are: Armature external diameter = 
64 in., from which is obtained what is called diameter per pole 

= g = 5.33 in. 
Armature internal diameter = 44 in. 
Number of aimature slots = 216, 
Dimensions of slots, 0.465 in. wide by 1.3 in, deep. 
Armature winding is of the multiple drum type. 
Current in each effective conductor is 



12 



= 167 amp.i 



Each effective conductor consists of two bars in parallel. Each 
bar is 0,075 in, X 0.45 in., without insulation. 

Area of each effective conductor = 2 X 0,075 X 0,45 = 
0,0675 sq. in. 

.', Current density in conductor = t .^-. = 2470 amp. per 

sq, in. 

BS 
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With direct-current geDeretors, current density in the arma- 
ture conductors generally lies between 2000 
and 3000 amp. per sq. in. 
Number of effective conductora per slot = 4. ■ 
Number of conductor bars in each slot = 8. / 
Arrangement of conductors in slot is aa 

'^YiZ'sBir S*"**^" '^^ ^8- 50. 

Number of effective turns per pole, 




( = 



conductors per slot X number of slots 4 X 216 
conductors per turn X poles 2 X 12 



Flux Calculation. — There are now sufficient data to apply the 
fundamental e.m.f. equation to the determination of the flux. 
The equation ia 

E-%'volt.. 

Supplying numerical values, 

„„ 4 X 37.5 X .», X 36 
ibG - - jQi . 

whence 

*a -= 4,630,000. 

^a here is the required flux per pole entering the armature at no- 
load. Neglecting the effect of the small shunt ffeld current flow- 
ing in the armature, the generated voltage and terminal voltage 
are the same at no-load. 

At full-load, in order to maintain the same terminal voltage, 
250, it would be necessary to generate a slightly higher voltage 
to supply the drop in the armature, series field and brushes. 
Assuming this drop to be 2J-^ per cent., the required flux entering 
the armature at full-load is 

*'„= 1.025 X 4,630,000 = 4,750,000. 

The total flux which must be generated is made up of the 
armature flux and that which leaks across from pole to pole with- 
out passing through the armature. Assuming the leakage flux 
to be 15 per cent., the total flux in the pole core at no-load will be 

*, = 1.15 X 4,630,000= 5,320,000. 
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At full-load the total flux will be 

<t>'c = 1.15 X 4,750,000 = 5,450,000. 
The Magnetic Circuit — In order to produce this flux it is 
necessary to employ the required number of ampere-turns per 
pole of the field winding. These are determined as the sum of 
the ampere-turns required for each part of the magnetic circuit 
supplied by the windings on a single pole. The separate 
- parts are (1) the armature teeth, (2) the air gap, (3) the armature 
core, (4) the pole core, (5) the yoke. 

The relations between ampere-tums per inch length of the 
magnetic path and flux density in lines per square inch are 
given by the saturation curves for the various materials com- 




posing the magnetic circuit. To ascertain the ampere-tums it 
is necessary to know the cross-sectional area and length of each 
component part of the magnetic circuit. These are best deter- 
mined with the help of a scale drawing showing the armature and 
the field cores in their relative positions. Such a drawing is 
reproduced in Fig. 51. 

Here the mean flux paths are indicated by heavy dotted lines. 
The cross-sectional areas through which they pass are ascertained 
directly from the given dimensions, except in the cases of teeth 
and gap. 

Area of Flux Path through Teeth. — Since the slot is of uniform 
width, the tooth must be narrower at the base or "root" than 
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at the face. The ampere-turns required for the teeth may be 
taken aa the mean of the ampere-turns which would be required 
if the teeth area throughout were that at their face, and if it 
were that at their baae. This is not the same as the ampere- 
turns required for the mean area of the teeth. 
Width of tooth at face = slot pitch — slot width 

- =^jg 0.465 - 0.466 in. 

Width of teeth at face = 0.465 in. X number of teeth under one 
pole - 0.465 X teeth per pole X ^^^ ?^^^ X 1.08 
- 0.465 X ^ X 0.72 X 1.08 = 6.53 in. 

The factor 1.08 is inserted to allow for fringing, that is, 
the spreading of the flux to teeth not immediately imder the 
pole. 

Teeth area at face =- 6.53 X net armature length — 6.^ X 
(gross armature length — air duct width) X 6.9. This armature 
has a gross length, parallel to the shaft, of 9 in.; the air ducts 
are six in number, each % in. wide, making a total width of air 
duct of 2.25 in. The factor 0.9 is commonly used to allow 
for space lost between the laminations due to the presence 
of Japan insulation or natural inequalities in the material. 
Substituting these numerical values, the teeth area at face 
is - 6.53 X (9 - 2.25) 0.9 = 6.53 X 6.07 = 39.6 sq. in. 

Width of tooth at base = 



216 

Teeth area at base = 0.428 X -jj- X 0.72 X 1-08 X 6.07 - 
36.4 sq. in. 

Area of Flux Path throu^ Gap. — It might be assumed that a 
mean area between that of the pole face and that of the teeth 
should be taken for the gap. Consideration, however, will show 
that this will give too small a result. 

The flux in the gap fills practically the whole of it, though 
near the teeth the distribution is no longer uniform, A fairly 
satisfactory approximation to the effective gap area is obtained 
by taking one-fourth of the sum of three times the pole face area 
plus the teeth area. Thus, gap area, 
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3 X pole face area + teeth area 
A, « - 

P<de face area - pole arc X pole length - 12.2 X 7.25 *= 88.4 
Bq. io. 

. . 3 X 88.4 + 39.6 _. 
. . A, — 7 "> 76 BQ. m. approx. 

Areas of Annature Core, Pole Core and Yoke. — The armature 
core section perpendicular to the flux path is taken radially, 
and is the product of the radial distance, a, in Fig. 51 and . 
the net lengUi of the core. Thus 

A. = 8.7 in. X 6.07 in. = 52.8 sq. in. 

The pole core section is circular in this machine, the area 
being 

Ap - TTp* = » X (4.4375)« = 62 sq. in. 

The effect of any variation due to the pole shoe is very slight 
and may be n^ected. 

The yoke section is taken radially as at b, in the figure. Its 
form is somewhat irregular. 

In this instance the area is 

A, = 83.5 sq. in. 

Materials. — The armature core is of soft sheet-iron laminations 
of high permeabihty, the poles are of soft steel and the yoke is 
of cast iron. M^netization curves of these materials are given 
in Fig. 20. 

No-load and Full-load SaturatioQ Curves. — Having now de- 
tennined the fluxes, areas, lengths and materials, it is in order 
to put these together in tables to show the flux densities, 
ampere-ttims per inch, and ampere-turns for each part of the 
magnetic circuit, and finally the total ampere-turns. This is 
done for both no-load and full-load. In the former case a 
point is obtained on the no-load saturation curve, Fig. 52. 
Other points on this curve are obtained by repeating the tabu- 
hition process, starting with any desired values of volt^e, such 
as 80, 150, 200, 260, 280, determinii^ the fluxes from the e.m.f. 
equation, then flux denuties and ampere-tums. 

With the rest of the design the student should hand in both 
curves with complete tabulation of pwnts. 
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Tabulations for 250 volts, no<load and full-load, are given 
in Tables III and IV. 

In the case of full-load there must be added the ampere- 
turns required to overcome the armature reaction, in order to 
give the total required ampere-turns and the resultant point 
on the full-load saturation curve. 



No-lDtd. S - 250 Tolta 



Teeth.... 

Gap 

Armature. 

Pole 

Yoke .... 



4.63 
4.63 
2. 315 
5.32 



39.6 
b)36-4 
76.0 
54.5 
62.0 
83.5 



117,000 
127,000 
61,000 
42,500 
86,000 
32,000 



Total required amp.-tuniB. . 



FuU-loul. £ - 290 VI 



Arc* 


B 


A.T./ia. 


(face) 39.6 


120,300 


Z]^ 


(base) 36.4 


130,700 


76. ( 


62,600 


19,600 


54.5 


43,600 


2.8 


62, ( 


88,000 


43 


83.5 


32,800 


52 



T«eth.... 

Gap 

Armature, 

Pole 

Yoke .... 



4.75 
4.75 
2.375 
5.45 
2.725 



1.3 

0.3125 
7.0 
12.0 
12.0 



Amp, -turns 

Amp.-tume required to 
Total required amp.-tums. , 



armature reactioQ. . 



10,427 



Armature Reaction. — "Armature reaction" means effective 
ampere-turns per pole on the armature. The actual amp.- 
tums per pole, in this case, are 167 X 36 = 6000, 

Since the turns are distributed over the armature surface the 
effective amp.-tums are 

- X 6000 = 3820. 
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If there were no shift to the brushes, these ampere-turns would 
all be cross-magnetizing, or distorting. To compensate for 
them, it is necessary to supply about 40 per cent, of their value 
in additional ampere-turns on the field core. 

It is assumed, however, that the brushes will be shifted 15", 
giving a distorting belt of 180* — 30° = 150°. To overcome the 
distortiug ampere-turns at full-load there will then be required 
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i X 167 X k= X 0.4 = 1480, 



. = U cos fi 



2(1.9318] = 0.737. 



The demagnetizing ampere-tums constitute a belt 30° wide. 
To compensate for them would require their exact numerical 
equivalent, were there perfect mutual induction between these 
turns and the field. Owing to magnetic leakage there should be 
added about 15 per cent, to the effective demagnetizing ampere- 
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taiDB. To compensate for these, therefore, will require 
jgQ X 36 X 167 X *j X 1.16 - 1140 amp.-tumB, 

where kj ^ 0.99. 

To overcome armature reaction at full-load will require 1480 
+ 1140 — 2620 additional amp.-tum8 on the field core. 

For any other load, keeping the same shift, the required 
ampere-turns will be proportional to the load current. 

No-load and full-load saturation curves are shown in Fig. 52. 

Hie Shtmt Field Winding. — Under no-load conditiona it is 
evident that the ahunt field current must supply the entire ex- 
citation. In this machine, therefore, the shunt field m.m.f. 
must consist of 7500 amp.-tums per pole when an e.m.{. of 260 
volts is being generated. 

Actually, each shunt spool is wound with 460 turns of No. 7 
B. & S., D.C.C. wire. The field current is therefore 



The shunt coil has an actual length of 6.25 in. As the di- 
ameter of No. 7 wire is 0.16 in., including insulation, there will be 

1 460 

Q-jTj X 6.25 - 39 turns per layer of wire. There will be gg- = 

11.8 layers, or practically 12 layers, giving a depth of winding 
of 0.16 X 12 *= 1.92 in. 

The mean radius of the coil, allowing for spool thickness, ia 
then 

4.5 + Q.42 
2 



Mean radius — ~ — s— ^ — = 5.46 in. 



.*. Mean length of turn - 2gr X 5.46 = 34.36 in. 
Total length of wire on each shunt spool is 
34.35. 
12 



- in. X 460 = 1316 ft. 



Resistance of No. 7 wire at eS'C. - 0.586 ohm per 1000 ft. 
.'. Resistance of each shunt spool is 

0.586 X 1.316 -0.77 ohm. 

The resistance of the entire shunt field is 

Tf - 0.77 X 12 = 9.24 ohm. 
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The voltage drop on the ahunt field is 

i/Tf = 16.3 X 9.24 - 151 Volte. 
The voltage drop in the ehunt field rheostat is 
e.». - 250 - 161 = 99 volte. 

The Series Field Winding.— Conaider two cases : (1) the genera- 
tor to be fiatHiompounded, (that is, the no-load and the full- 
load voltages are ecjual, as specified), and (2) the generator to 
be 5 per cent, over-compounded. 

In the first case, it is evident that, the shunt field ampere- 
turns will remain the same at full-load as at no-load since the 
same voltage, 250, is impressed on the shunt circuit. 

But by Tables IH and tV, it is seen that at full-load there will 
be required 10,427 - 7500 = 2927 additional amp.-tums. These 
must evidently be supplied by the series field m.m.f. 




Fig. 53. 



The actual winding consiste of 2^ turns per pole. Each turn 
is made up of 5 strips of conductor in parallel, each strip being 
3}^ in. wide by 0.095 in. thick. The accomplishment of half 
a turn is illustrated in Fig. 53 which represente the arrangement, 
in plan, of the series field winding. 

The series field current must then be 



' 2.5 turns 

This means that with full-load current 2000 - 1170 - 830 
unp. must be diverted from the series turns by a shunt con- 
nected in parallel with them. This shunt is, in practice, usually 
composed of German silver strips whose length is so adjusted by 
teat as to divert exactly the required amount of current. 

In the second case, the full-load voltage with 5 per cent, over- 
compounding is 1.05 X 250 = 262.5. 

To obtain this voltage requires the addition of 11,700 — 7500 = 
4200 amp.-tum8 to the no-load ampere-turns. This additional 
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excitation is not all supplied by the aeries field m.m.f., however, 
since the shunt field current is affected by the increased terminal 
voltage. The shunt field ni.ni.f. now consists of 1.05 X 7500 =• 
7875 amp.-turns. 

Therefore, the series field m.m.f. must consist of 
11,700 - 7875 = 3825 arap.-turn8. 

The current in the series winding is then 

1, = -g-v- = 1530 amp. 
The current diverted through the shunt to the aeries field is 

2000 - 1530- 470 amp. 
The shunt field current is 

i/ = 17.1 amp- 
Consideration of the saturation curves will show that this is 
nearly the Umit of over-compounding for this machine. If 
full-load voltage of 275 were desired, it would be necessary to 
add another half turn to each series coil. 

The series field m.m.f. has been made to compensate for the 
armature reaction and the ir drop (aaaumed 2)^ per cent.) in 
the armature. So far as the field design is concerned, this is 
satisfactory. These calculations are, however, only approxi- 
mate and the actual values should now be determined from the 
known data of the machine. 

Armature Resistance.— Being multiple wound, there are 12 
paths in parallel in the armature. Each path includes 72 con- 
ductors, or 36 turns. The length of a turn is twice the gross 
lei^h of the armature plus the end connections. The end 
connections for one turn may be taken as 9 X diameter per pole 
of the armature = 9 X 5.33 = 48 in. 
Length of one turn is thus 2 X 9 in. + 48 in. = 66 in. 

Length of one path of 36 turns = ■ ■ . ^ ■ = 198 ft. 
Since the area of each effective conductor section is 0.0675 
sq. in., its resistance is found to be 0.142 ohm per 1000 ft. at 

Resistance of one path is thus 0.142 X 0.198 = 0.02812 ohm. 

Resistance of 12 paths in parallel is 

0.02812 

— jg— = 0.00234 ohm. 
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The true armature resistance will be somewhat less than 
this owing to the iatermittent short-circuiting of ooib by the 
brushes, aod its average value may be taken as 

r, = O.0O226 ohm. 

Voltage drop in the armature is 

«, = rj. - 0.00226*X 2017 = 4.55 volts. 

Brush ResUtance. — There is always a drop in voltage at the 
brushes due to the true brush resistance and also to the re- 
sistance of the sliding contact between brushes and commutator. 
This combined resistance has no definite value which may be 
calculated, but it is found by experiment that the drop which 
it causes amounts to 2 volts when the current density in the 
brushes is 30 amp. per sq. in. or more, while for densities less 
than 30, the drop is proportional to the current density. 30 
amp. per sq. in. is about the usual current density in brushes. 
Drop aCEOss brushes is thus d =• 2 volts. 

Series Field Resistance. — Total thickness of series conductor = 
0.095 in. X 5 strips - 0.475 in. Area of aeries conductor = 
0.475 X 3.125 = 1.485 sq. in. Mean radius of series turn, 
allowing 3^2 io- insulation between turns, is found to be 5.12 in, 

,, ,. mean radius, 3 turaa + mean radius, 2 turns 

Mean radius = s 

(4.5 + 0.475 + 0.0313 + 0.233) + (4.5 + 0.475 + 0.0156) 



2 

.'. Mean length of series turn = 2 X 5-12 X ir = 32.2 in. 

T ^x. t ■ J- 12 X 32.2 X 2.5 ^„ . ,^ 
Length of series winding = t^ = 80.5 ft, approx. 

To this should be added about 5 ft. for connections between 
coils, making the series winding 85.5 ft. long. Resistance 
per 1000 ft. of series conductor is found to be 0.00645 ohm at 
65'*C. 

Series field circuit resistance is therefore 

r. = 0.00645 X 0.0855 = 0.000552 ohm. 

As it was found that only 1170 amp. go through the series 
field coils at full-load, the voltage drop on the series field wind- 
ing is 

e, = r.i. = 0.00055 X 1170 = 0.645 volt. 
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Total voltage drop in the machine ia therefore 

€. + * + «.=• 4.45 + 2 + 0.646 - 7.096 voHa. 

or Aen = 0.0284, or, approximately, 2,5 per cent, as aesume<j. 
If the assumption of percentage drop is not considered to have 
been sufficiently close, the magnetic calculations should be 
repeated using the new percentage just found. 

Commutator and Brushes. — The size of the commutator is 
determined chiefly by the brush requirements. The number of 
commutator segments is 432, that is, one segment to each effective 
turn on the armature. 

The brushes rest perpendicularly on the commutator. There 
are 12 studs of brushes, each stud holding 10 brushes. Each 
brush has a cross-section of 1.25 in. X 0.75 in., giving a brush 
area of 0.94 sq. in., or 9.4 sq. in. per stud. 

As there fu-e six positive and six negative studs,. the area 
of the positive (or negative) brushes is 6 X 9.4 = 56.3 sq. in. 

Therefore the current density in the brushes at full-load ia 
2016.3 „.„ 
- j fl- j) -- = 35.8 amp. per sq. m. 

The commutator length must exceed that of the brushes on 
the stud, that is, it must exceed 10 X 1.25 + some space of 
separation between adjacent brushes. In this case the com- 
mutator length ia 17.5 in. 

The commutator diameter is influenced by the peripheral 
speed. Being built up of numerous copper segments each 
separated by sheets of mica, the commutator is usually mechan- 
ically weaker than any other revolving part. It must not only 
be protected from forces which would cause it to fly apart, but 
there must be no force actii^ upon it which wil! be strong 
enough to cause even slight warping of its surface. Good com- 
mutation demands smooth, even contact between the segments 
and the brushes at all times. 

On the other hand, too small a diameter results in very narrow 
s^puents, thin and wide brushes and then, in turn, a longer 
commutator. 

The commutator diameter for this machine is 39 in., which is 
approximately 60 per cent, of the armature diameter. From 
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this it is found that the width of segmeot plus the mica in- 
sulation ia 

432 " 
The brushes will therefore extend over K^i = 2.64 segments. 

Flux Distribution Around the Armature. — It is of interest at 
this point to investigate the distribution of the flux around the 
armature periphery on account of its bearing on the commuta- 
tion and also in order to be able to determine the potential 
difference between any two adjacent commutator segments. 
This is best accomplished with the help of a diagram in which ia 
shown a pair of poles drawn to scale in relation to the armature, 
developed along the horizontal line. 




Fia. 54. 



A curve abcde, Fig. 54, is first conetructed to represent the 
flux distribution around 360 electrical space degrees of the 
armature periphery. This curve ia based on the assumption of 
flux density, being inversely proportional to the flux path in the 
air. Thus, the density is uniform under the pole and is so 
represented by the Une ab. To determine the densities between 
the poles, empirical mean flux paths to the teeth are drawn, and 
the flux along each path is taken as inversely proportional to 
its length. The curve cde will obviously be the reverse of 
curve cbe. 
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The second step is the construction of a curve of armature 
magnetomotive force. This m.m.f. will act in the direction of an 
axis midway between the poles (assuming brushes to be set on 
the geometrical neutral). 

Aloi^ thia axis the m.m.f. will consist of all the armature 
ampere-tm-ns per pole. Acting through the next adjacent teeth 
s, 3, the m.m.f. will be diminished by the amount of armature 
ampere-turns included between these teeth. These ampere-turns 
may be plotted, tooth by tooth, in the manner thus indicated, 
and the result will be a curve, fgh, in the form of successive steps 
corresponding to the armature teeth. To construct the flux 
curve of the armature reaction from the m.m.f. curve, reluctance 
of the air paths alone need be considered. To be sure, the rest 
of the flux path, especially that of the teeth, would have some 
effect on the accuracy of the curves so obtained. But the error 
would not be great, being anywhere from 2 per cent, to 8 per 
cent, according to the position of the point on the curve. The 
flux density for each tooth is therefore determined from the 
formula: 

„ 3.19A.T. 
B ^ , 

where I is the length of the path in air. 

■ This is plotted as curve, ijk, to the same scale as the curve of 
the field flux density — abode. 

The actual densities along the periphery will vary from tooth 
to slot, and, indeed, this variation is noticeable on many oscillo- 
grams of alternator voit^je. The ripples which occur in the flux 
wave due to alternate teeth and slots would exist equally with 
reference to the field flux, armature flux and resultant flux. 
In order to avoid confusion the ripples have not been shown on 
the armature density curve, but all the waves are plotted as 
smooth lines. 

A study of the resultant wave revealsthegreatdistortion caused 
by the armature current, the strengthening of the flux in the 
pole tips at A, the weakening at B, and the shifting of the neutral 
point, c, in the direction of rotation. 

The student may well discuss the effect on the flux density 
waves of giving a shift of the brushes. 

Losses and Efficiency. — The efficiency of a machine is given 
by the equation. 



ffi ■ = = out put __ 

' ^ ^ output + losses 
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The full-load output of the generator has been given aa 
P = EI -i- 1000 = 500 kw. 

The problem of the efficiency is then one of determining the 
losses. The losses of a generator may be considered under three' 
heads: (1) copper losses, due to heat developed by the currents in 
the windings; (2) core losses, due to hysteresis and eddy cur- 
rents set up by the changes of nu^netic flux in the iron and, to a 
slight extent, in the copper of the machine and (3) friction losses, 
including that of the bearings, the brushes and windage. 

Copper Losses. — These consist of I*r loss in the armature, 
the shunt field circuit including the rheostat, the series field 
coils, and that of the brushes and commutator. 

It is not sufficient to ascertain these losses for full-load only. 
The quality of a generator is displayed by its performance at all 
reasonable loads. The efficiency will in this case, therefore, 
be calculated for loads from zero to ISO per cent, of full-load. 

The armature copper loss is IjTa, where Ta = 0.00226 ohm. 
Shunt field copper loss is IjE/, where Ej is the voltage impressed 
on the field circuit, and is in this case 250 volts, // = 16.3 
amp. 

.'. Shunt field copper loss = 16.3 X 250 = 4075 watts. 

The series field loss is I,E„ where /. is the line current = 
/, — //, and E, has been found to be 0.645 volts at full-load and 
varies directly with 7/ for other loads. 



Tabulation or Copfeb Losses 
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Brush loss = laEb, where Et is the voltage drop in com- 
mutator and brushes, being approximately proportional to cur- 
rent density in the brushes up to a density of 30 amp. per sq. 
in. and being 2 volts for higher current densities. 

Core Lobs. — The hysteresis loss is principally in the armature 
and is due to the reversal of direction of the flux in the metal as 
the armature spins around. The amount of energy expended 
in reveraals of the nuignetic molecules is proportional to the 
frequency and approximately proportional to (fiux density)*-*. 
Thus, 

Hysteresis loss " kfB*-*. 

The exponent 1.6 was found experimentally, by Steinustz; 
it holds with sufficient accuracy for the usual range of flux densities 
obtained in electrical machinety. 

In direc1>-current armatures hysteresis loss usually amounts to 
about 2.8 watts per lb. at/ = 60 and B = 64,500. Assuming this 
value as standard, the fu-mature core loss and teeth loss are ex- 
pressed by the equation 

W» = 2.8 X ^ X (645oo) " >< "^- "^ ^^^re or teeth in lb. 

For both core and teeth, / « 37.5. 

B, in core — 43,600 at 250 volts, full-load. B, corresponding 
to average amp. -turns required by the teeth -= 126,000. 
Weight of armature core = vol. X wt. of 1 cu. in. 

- 0.28 X 6.05 X »(30J» - 22i) = 2430 lb. 

Weight of teeth = 0.28 X 6.05 X [ir(32* - 30J') - 

216 X 1.3 X 0.465] 
« 0.28 X 6.05 X [258 - 130] = 217 lb. 

Substituting these values, the total hysteresis loss in teeth 
and core is 

'^' = -«Xw[(iS"x^30 + (fS'-x2>r] 

- 1.75 [0.676"-» X 2430 + 1.95'» X 217] - 3340 watts. 

The eddy current loss is due to the heating of the core by local 
or eddy currents set up in the material of the core by the chang- 
ing flux within it. 
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E' 
It is therefore an PR loss, or -s, where E is the e.m.f. set up, 

which ia expressed by the equation 

^ - 10* 
where ^ = £ X area = totfd flux. 

From this it may be seen that the eddy current loss may be 
written 

W. = kJ*B*. 

The eddy curreut loss may be reduced as much as desired by 
making the laminations of the armature core sufEciently thin. 
A satisfactory value for this loss may be obtained by assuming 
it equal to the hysteresis loss. In that case, W, = 3340 watts 
and the total core loss is 

W„ = 2 X 3340 - 6680 watts. 
Losses in pole faces and copper due to eddy currents are here too 
small to consider. 

There will also be slight changes in the values of the core 
loss as the load changes, due to variation in magnetic densities, 
especially in the teeth. This vuiation is also slight, however, 
and will be neglected. 

FrictioQ Losses. — Loss due to brush friction is based on a 
coefficient of friction of 0.3, and a brush pressure of 1.2 lb. 
per sq. in. of brush surface. From this, the friction per sq. 
in. is 0.3 X 1.2 = 0.36 lb. Surface area of one brush = 1.25 X 
0.75 = 0.9375 sq. in. 

Total brush friction force is then, 

F = 0.9375 X 10 X 12 X 0.36 - 40.5 lb. 

Power loss, 

W ^"^ - 
"" 33,000 ' 



^ X 746 watts, 
where 



and 
Thus, 



= radius of commutator in ft. = 1.625 
= speed in r.p.m. = 375. 



w„ = • 



33,000 

' This IB the equatioa for induced e.m.f. la a transformer. It holds also 
in this cue as will appear Ut«r when the transformer is studied. 
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Bearing friction and windage, together, make a complicated 
loss to determine with accuracy. This Iobs is, however, one 
which may be assumed with quite sufficient accuracy from the 
data obtained in practice. A fair assumption to make for 
generators of this type is 1 per cent, of the rated output of the 
generator. In this case then 

Wi - 500,000 X 0.01 = 5000 watts. 

Summary of Losses, Ou^ut and Effldeacy. — The combined 
losses of the generator for different per cent, loads is given in 
Table V. 



100 


/ 
























/ 












i" 














































s 


lO T 


1 


M I 


S 160 



The efficiency 


curve iE 


shown 


Tablb V 

plotted against per cent, load in Fig. 55 


Per cent, load 





25 


50 


76 


100 


125 


150 


Copper loss 

Core loss 

Friction loss 

Total loss 


4,076 
6,680 
8,500 
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250,000 

273,138 

0.915 
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6,680 

8,500 

27,910 
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402,910 

0.93 


18,597 
6,680 
8,500 
33,777 
500,000 
633.777 
0.936 


25,425 
6,680 
8,500 
40,605 
625,000 
665,605 
0.939 


33,562 
6,680 
8,500 

48,742 




798,742 


Efficiency 


0.939 



Temperature Rise. — The final limit to the output of the 
generator is the permissible temperature rise. The effect of 
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temperature od copper is to increase its resistance to a slight 
extent; the effect on iron is to increase its permeability. These 
effects tend to offset each other so that, as far as these two 
materials go, it would be penuissible to attain very high 
temperatures. 

On the other hand, the insulation is the real limiting feature. 
Of the many insulating materials, none possesses the com- 
bination of qualities necessary in the ideal insulator for electrical 
machinery. This material should be of high insulation strength, 
strong mechanically, and its insulating and mechanical qualities 
should not change under long'-continued heating. Mica is 
the best insulator in these respects, except that it is poor from 
the mechanical standpoint. Asbestos is useful owing to its 
heatr-reeisting qualities, but it is a rather poor insulator and its 
mechanical possibilities are limited. Cotton tapes and varnishes 
do not withstand the high temperatures. 

In attempting to extend the limit of output of machines of 
a given size there are two lines along which lie the main pos- 
sibilities of success. 

Either some new insulating material, more satisfactory than 
those at present in use, may be discovered or invented, or im- 
provement in ventilation and heat radiation may be accom- 
plished by alteration of the mechanical des^n. 

Under existing conditions a temperature rise of 40°C. above 
that of the surrounding air is quite conservative. The tem- 
perature which different parts of a machine will attain is hard 
to predetermine accurately from the design. Practical studies 
have afforded certain empirical constants which permit ap- 
proximate determinations to be made, but in any case, practical 
experience will greatiy assist the designer in his attempts to keep 
close to the limits. 

For the present it will be sufficient to determine the watts 
per square inch of surface of field spools and armature. For 
rotating machinery 0.5 watt per sq. in. will correspond roughly 
to a temperature rise of WC 

The external surface of a field spool, only, should be taken, 
and the same applies to the armature. These should, of course, 
be calculated separately. 

Problem SO. — In the machine juat studied, show by calculation, as indi- 
cated above, that the temperature rise in the field and armature coils will 
not be ezceaaive. 
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CHAPTER XI 

EI^CTRICAL CONSTANTS OF A DKECT-CUItKENT 

GENERATOR HAVING COMMUTATING POLES AND 

COMPENSATING WINDING 

As a typical generator of thia more complex type will be taken 
the following: 

M.P. 6 - 1000 - 600 - 1200/1260 volts. 

The generator is thus 5 per cent, over-compounded. Being 
designed for comparatively high voltage, commutation becomes 
a matter of special importance. 

To insure proper neutralization of the armature reaction, there- 
fore, special field windings are supplied, and these are so placed 
as to counteract the armature m.m.f. in space as well as in 
amount. That is, neutralization is accomplished by means of a 
compensating winding placed in the pole faces symmetricallr 
with respect to the armature conductors under the pole arc, and 
an auxiliary commutating pole inserted between the main poles, 
where the armature magnetomotive force is the strongest, and 
whose duty is not only to neutralize this magnetomotive force 
about the neutral point in which the brushes are placed, but to 
supply a fluT which will be in proper direction to balance the 
e.m.f. of self-induction of the commutated coil. With such an 
arrangement the brushes are given no shift, and, consequently, 
the annature m.m.f. is entirely croes-magnetizii^. 

The series field m.m.f. proper is thus relieved of every duty ex- 
cept those of compensating for IR drop in the armature and over- 
compounding. The circuit diagram of this machine is given in 
Fig. 56. 

General dimensions and specifications are as follows: 

Armature outside diameter, 48 in. 

Armature inside diameter, 28 in. 

Armature gross length diameter 15.5 in. 

Armature effective diameter, 11.7 in. 

Armature ventilating ducts, i^i in. wide. 
2% in. wide. 
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Slots, number and dimensions, 144; 0.44 in, X 1.53 in. 
Effective conductors per slot, 6. 

Effective armature conductor section, 0.55 in. X 0.09 in. 
Armature winding, multiple drum. 




Fio. 56. 

Yoke section, rounded, 17 in. X 6.5 in. 
Main pole core section, 14.5 in. X 14.5 in. 
Main pole core length, includii^ pole shoe, 14 in. 
Main pole core length, allowed for field spool, 13 in. 
Main pole arc, 17.5 in. 
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Commutating pole section, 13.5 in. X 2.25 in, 

Commutating pole length, 14 in. 

Main air gap length, 0.3125 in. 

Air gap under commutating pole, 0.5 in. 

Shunt field winding; 2256 turns per Bpoot of No. 15 B. & S. 
triple cotton-covered wire. 

Series field winding; 3 turns per spool. Each conductor built 
up of 4 strips giving total section, 1.5 in. X 0.35 in. 

Commutating pole winding; 5.5 turns of copper ribbon 12 in. 
wide X 0.05 in. thick. 
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Compensating (pole face) winding consists of 16 conductors per 
pole contained in 8 holes in the pole face. Each hole has 2 
conductors, one, a tube, the other a rod within the tube. Tube 
outside diameter, IJ^ in., inside diameter ^J^j in. 

Rod dian^eter, ^ in. 

Commutator diameter, 30 in. 

Commutator length, 14 in. 

Commutator segments, 432. 

Segment width, 0.219 in. 
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Brushes per stud, 7. 

Brush section dimensioDS, 1.25 in. X 0.S75 in. 

The armature flux at no-load is readily found to be 13.9 
megaUnes per pole. 

The no-load saturation curve is given in Fig. 57, having been 
determined in exactly the same manner as that of the previous 
machine, given in Fig. 52. 

This curve shows that 7600 amp.-turns are required to give 
normal voltage at no-load. At full-load, the shunt field m.m.f. 

will supply Y2QQ X 7600 = 7980 amp.-tuma. 

Assuming 2 per cent. voltE^ drop in armature and brushes, the 
total e.m.f. which must be generated is 1.02 X 1260 « 1285 
volts. From the saturation curve, this voltage requires 8750 
amp.-turns. Therefore the series field m.m.f. must supply 
8750-7980 = 770 net amp.-tums per pole. 

To supply these, however, account must be taken of the un- 
fortunate situation of the series field winding with respect to 
magnetic leakage. Being placed close to the yoke, the leakage 
factor should probably be 1.50 instead of 1.25 as used for the shunt 
field calculation. This factor could, of course, be calculated, 
but it is hardly desirable to introduce such a refinement when 
the means of adjustment of the series field current render a reason- 
able assumption entirely satisfactory. On the basis of a leakage 
factor of 1.50, the series amp.-turns are t-^ X 770 = 924. 

924 
The series field current is /, = -5- = 308 amp. 

Current diverted around the series field is 

h = 793 - 308 = 485 amp. 

The entire load current of 793 amp. passes through the 9 turns 
per pole of the compensating winding, and the 5^ turns of each 
commutating pole. 

SATDRATION CORVE CALCULATION 



N(^■l(^ad, B = 1200. 

g X 10* 

4/t ' 



*„ - - 



■* BO -^ 2 



^obyGoo»^lc 



ELECTRICAL ENGINEERING 



1200 X lO* 



- 13,880,000 - flux in teeth 



■ ■ ♦" 307 X 72 X 4 
and gap aX ni>4oad. The flux in the pole core is 

*, - 1.25 X 13,880,000 - 17,340,000, 
where 1.25 is the leakage factor. It is fairly large in this case, as is usoal 
when iaterpoles are present. 

r X48 



Tooth width at face 
Teeth per pole - 24 X 



- 0.44 - 1.06 - 0.44 - 0.61 ii 



S^ 



Teeth width (face) 
Teeth width (base) 
Teeth area (face) 
Teeth area (base) 
Gap area 
Arm. core area 
Pole core area 
Yolce area 



pole pitch 
17.75 X 0.61 in. - 10.85 in. 



- 10.86 X 11.7 - 127 sq. in. 

- 10.15 X 11.7 - 118.8 sq. in. 

3 X 17.B X 14.5 + 127 .^ 



24 X ^ X 1.0! 



- 14.5 X 14.5 - 210 sq. in. 
■ 17.6 X 6.5 X 0.95 - 108 sq. in. 
No4oad. E - 1200 



Part 


Mkte- 

rial 


Tlat 


ATM 


B 


AT/m. 


L««d> 


AT 






13.88 
13.88 
13.88 

6.04 
17.34 
8.67 


127 

118-8 

222 

99 
210 
108 


109,200 
116,800 
62,500 

70,000 
85,200 
80.300 


19,600 
33.5 


1.63 
0.3126 

9.6 

14 

24.3 










Gap 




^125 




Sheet 
iron.. 
Steel 
Steel 






67 






Total 


7,600 



























H.600 
68,400 


i!}-» 






Teeth (base) 








0.S5, 




















36,000 
41,260 
40,160 


2.4 

1 






Pole 








126 












Total 








3,483 
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B -900 



Teeth (fftc«) 








82,000 
87,500 


ll:S}-« 
















Gap 








4,594 










52,600 
01,900 
60,200 


3.77 
15.9 
16.J 
















Yoke 










Total 








5,239 
















B = 1400 










127,400 
136,100 


..S2}- 














1,290 










7,160 
102 7 










81,600 
96,200 
93,600 


10 8 














i,107 
1,660 

11,310 










63.8 




























Fia. 58. 
Calculations of armature, shunt and series field windings, as 
well as brush losses and friction loss are made in exactly the 
same manner as in the preceding example. The difference in 
location of the shunt and series windings is given in Fig. 58. 
The division of the shunt into two coils per pole is made to 
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allow the Deceasary room for eod-coanectioDa of the cotupenaating 
winding. 

The calculation of the commutating pole winding ia Ukewise 
a matter of applying the old principle. 

The conductor itself is of extreme dimensions, being a band 
of sheet copper 1 ft. in width. 

For the compensating winding the mean length of 1 turn 
is found to be 2 X (length of pole parallel to shaft + 4 in. 
(extension)) + 2 X mean span between poles, = 2 X (14.5 + 
4) +2 X 19 in. = 75 in. 

Total length of winding = jg X 8 X 6 = 300 ft. 

Area of conductor section = 0.442 sq. in. 

I 7 95 300 
Resistance of winding " p;: ■■ itjt X kt^ ■= 0.0054 ohm. 

Voltage drop in winding = 793 X 0.0054 = 4.28 volts. 
Lose in winding =» 4.28 X 793 = 3400 watts. 
Voltage drops and losses at full-load in other parts of the 
generator are as follows: 

VoltAfe drop Loss 

Armftture. 14.75 11,700 

Shunt field (1,008) 

tQcluding rheostat 4,500 

Series field .636 505 

Compensating winding. 4.28 3,400 

CommutatiDK field 1 . 19 945 

Bnishea {/•«) 2 1,690 

Brushes (friction) 1,760 

HyBtereeis loas 7,220 

Eddy current 7,220 

Friction &nd windage 10,000 

Total voltage drop 22.856 

Per cent, voltage drop 1 , 82 

Total energy loss 48,840 

out put _ 1 .000, 000 _ 
' output -f tosses " 1,048,840 " 

Efficiencies for all loads are as follows: 



Efficiency - '„r-,„-,-r;-- - j Wflin = 0»53. 



Per cent, load 25 50 75 100 125 150 

Percent, eS. 88.5 93.5 94.85 95.3 99.6 95.6 



Fig. 59 shows the efficiency curve. 
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EFFECT OF COMPENSATING WINDING AND 
COMHUTATING POLES 

To study the effect of these windings in neutralizing armature 
reaction, it is best to construct a curve of magnetomotive forces 
showing their distribution aloi^ the armature periphery. From 
this and the curve of field flux density the resultant flux density 
along the periphery is obtained. Such curves are given in Fig. 
60. The armature ampere-turns and field flux density in the gap 
are plotted to separate scales as was done in Fig. 54. The com- 
miitating pole and compensating winding ampere-turns are like- 
wise plotted, but their direction is, of course, opposite to that of the 
armature m.m.f. The resultant m.m.f. of these three is given 
by the heavy irregular line. The average of this resultant in.m.f. 
is seen to be very nearly zero, showing the effective compensation 
of the armature reaction. It is also observable that the commu- 
tating pole m.m.f. is made sufficiently strong to overbalance con- 
siderably the armature m.m.f. in the neutral axis, thus creating 
a resultant flux oppositely directed to the armature m.m.f. 

The maximum armature m.m.f. which acts along the commu- 
tating pole axis is 9564 amp.-turns. Opposing this is the m.m.f. 
of the compensating winding which is 6344 amp.-tiirns, and the 
m.m.f. of the commutating pole which is 4360 amp.-turns. Thus 
the resultant amp.-turns amount to (6344 + 4360) — 9564 = 
1140. When the armature is in the less advantageous position 
(that is, with a slot in the commutating pole axis), the resultant 
amp.-turns are 10,704 - (11.5 X 797) = 1554. 

The average resultant amp.-turns along the commutating pole 
axis are therefore 1350. 

These ampere-turns, acting through a gap of ^ in. produce a 
flux density of 

* - eirfoi - **^ i'"'" p""^- '"■ 

Commutation. — If the field in the neutral axis were completely 
neutraUzed, commutation would still be poor due to the reversal 
of the current in the conductors during the period of commuta- 
tion. Therefore, to balance the e.m.f. induced in the short- 
circuited coil under the brush, an approximately equal e.m.f. is 
created in the opposite direction in this coil by causing it to cut 
through the flux due to the commutating pole. 

Exact neutralization of the induced e.m.f. in the short-circuited 



^obyGoo»^lc 



ELECTRICAL CONSTANTS 83 

coil is practically impoesible by this means. Current in the 
conductors does not vary logarithmically as in an ordinary circuit 
when the impressed e.m.f. is removed. If it did, the fundamental 
equation, (15), 

e = ir + L-r, where r and L are approximately constant, 
would apply for the induced e.m.f. of the coil. But in this case, 
r is by no means constant due to the varying brush surface on the 
commutator segments. The value of r is therefore some func- 
tion of the time. Putting r = / (0, and considering the varia- 
bility of L, due to change of permeabihty in the iron part of the 
flux path, the induced e.m.f. would be expressed by the equation 

e - i/(0 + 5 M' 

To solve this equation to a satisfactory degree of approxima- 
tion, certain assumptions may be made. First, let it be assumed ' 
that the current dies down in the coil 
as a sine wave (F^. 61). The in- 
duced e.m.f. would then be maximum 
when the coil axis passed through the 
center of the brush. 

If this maximum value were de- 
termined, it could be made equal to 
the e.m.f. produced by rotation of the 

coil through the field set up by the commutating pole. Other 
values than the maximum could be left to care for themselves, 
being of secondary importance. The maximum value of the 
e.m.f. of self-induction is ' 

E^ = IX 

where / is the current in the armature conductor at the moment 
when commutation begins, and, in this case, is 133 amp. and X is 
the reactance of the coil. 

The second assumption is that L, the coil inductance, is 
constant. Hence 

X - %rfj., 
where /b = frequency of current during commutation, 
/c " Kf where T, is the time of cummutatlon, since this time 
evidently corresponds to one-half wave length. The time oS 
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commutation is that time taken by the commutator to move a 
distance equal to the thickness of a brush. In the machine under 
coDsideratioQ each brush covers four segments. 

. _ 1 segments covered by brush 

■ ■ • ~ r.p.B. total segmente 

= ^ X ^ = 0.000952 sec, 



^' = 2 X 0.000926 = ^*^ '^y"'^ P^^ ^- 
Id calculating the coil inductance, L, it is not sufficient to consider 
only the interlinkage of each coil with the flux which it produces. 
Mutual induction is also present, the value of L desired being 
therefore not strictly the self-inductance, but including that due 
to the interlinkage of the flux produced by the current in all 
6 turns with each single turn. In this machine the conductors 
in each slot are all in parallel; thus i\^ is 1 turn, composed of 2 
conductors. It should be noted that of the 2 conductors com- 
posing any turn, one of them lies in the lower half of its slot, while 
the other lies in the upper half of its slot. The interlinkage of 
each conductor with the total flux will not be the same in the 2 
cases. 

However, by considering the total flux aa due to the 6/ amp.- 
turns of a slot acting through an effective magnetic conductance, 
G, and surrounding each of the 6 conductors, the inductance 
thus calculated will be correct, provided the proper value of G 
is determined. Thus, 

* = 6/ X G, 

where ^ is the equivalent flux surrounding all conductors in 1 
slot. (The inductance due to end-connections must also be 
ascertained, as is done later.) 

The magnetic conductance per centimeter effective length of 
the armature is calculated by means of the general formula. 



" - length ^ "■""■ 
Considering the magnetic circuit (Fig. 62), it is seen to consist 
of 3 parallel paths in air, namely: that of section A and length 
B through the conductors, that of section C and lei^th B above 
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the conductors, and that of section F and length D, from the top 
of 1 tooth to the top of the other. The common path throt^h 
the iron may be neglected as offering comparatively little 
resistance. 

To find the effective magnetic i j ^~" I f ■■' 

conductance per centimeter [* ^~ ^ , i^ ' 

length across the section A, .con- 
aider sn elementary section, dx, 
at distance, x, from the bottom <t^i=. 

of the conductors. The con- 



ductance across this section is ■ — ' 



The amp. -turns acting ii 



m amperes. 
Therefore the flux set up through dx is 

0.4irdx 67x 2.4^1 xdx 
' B ^ A ~ AB ' 

This flux interhnks with only -j- conductors. 
Thus, 



d<t, " 



Nd4> 



U.irlx'dx 
AB ' 



„^ 14.4*-/ p,^ 

14.4«-M 
" 3B 

is the interlinkages of the flux with all 6 coDductors. 

Thus, if the flux is considered to be due to 6/ amp. -turns 
acting through conductance, g, and this interlinks with each 
conductor, the total number of interlinkages is 



6/1? xe 



14.4tM 



O.iwA 
' ZB 
The other two paths are entirely outside of the conductors, 



^obyGoo»^lc 



86 ELECTRICAL ENGINEERING 

and hence are acted on by all of the ampere-tumB i 
Theae conductances are then, respectively, 

0.4T^and0.4irJ- 

The total effective conductance is then 



"-"•■^[o+i+a 



per cm. length of armature, and the flux per slot is 
« - INa X 2.54! 

.6rx3.2[34 + |+^],, 

where I is the effective length of the armature, in inches. For 
both slots and 1 complete turn the inductance is 

*^ 2 X 6 X 3.2 X 11.7 in. r A . C , Fl 
^* " 10»/ " 10« IZB'^ E^ Di 

Substituting numerical values for the slot and tooth dimensions, 
A = 1.233 B = 0.44 C = 0.213 

D = 1.047 E = 0.51 F = 0.607, 

this inductance becomes 
L. = 449 [0.934 + 0.417 + 0.58] X ID"' = 867 X lO"* heniys. 
To this must be added the inductance of the end-connections. 
The flux produced by the end-connectiona per ampere-turn per 
inch of coil length may be taken as one-twentieth of that in the 
slot. 

It is, therefore, ^jj X 3.2 X 1.931 = 0.309 lines. 

The coil divides as it passes out from the slot, so that only 
3 conductors are grouped together. There- 
fore there are 3/ amp.-tums producing flux 
around each conductor. If the length of the 
end-connections for 1 turn is assumed as 8 X 
diameter per pole, = 8 X 8 = 64 in., the fliii 
surrounding each turn is ^ = 0,309 X 3/ X 
Fio. 63. 64 = 59.4/ lines. The inductance is then 

T ^^ 59.4 X 1 X / ._ . ^ ,„ . , 

^- = TxTo^ = lo^xJ = ^^-^ ^ ^^ ''*"^'- 

The tot&l inductance ia thus 

£ = L, + L. = (867 + 59.4) X 10-* = 926.4 X 10-»henrys. 



y\' 
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The reactance of the short-circuited coil is 
X = 2TfJ. = 6.28 X 540 X 926.4 X lO"* = 0.0314 ohm, 
and the maximum ejii.f. of self-induction ia 

£. = 7Z = 133 X 0.0314 = 4.17 volts. 

To overcome this e,m.f. the short-circuited coil is made 
to rotate in the field of the commutating pole. This field 
has been found to have an average denaity around the neutral 
axis of about 8620 lines per sq. in. 

Iq this case, the conmiutated coil has only one turn. Thus 
e.m.fs. are generated in one conductor under a "north" com- 
mutating pole, and in the other conductor under a "south" 
commutating pole. These e.m.fs. are similar, and together 
make up the total e.m.f. generated in the coil by rotation In the 
commutating field. The maximum value of this induced e.m.f. 
corresponds to the rate of cutting the flux in the center under the 
commutating pole. 

Consider a small ( 
point. The flux through t 
and average length, 
and armature is Fia. 64. 

d4, = 8620 X 11.7 dx - 101,000dx. 

The speed of conductors at the armature periphery is vD X 
r.p.s. = JT X 48 X 10 - 480ir in. per sec. 

The time required for a conductor to go the distance dx, is 

AT ^ 

d<p lOl.OOOdx . „ , 

. . cu^u-d = loiyy = _d^ = 1.53 volts 

*" 480* 
per conductor, or 3.06 volta per coil. 

This voltage opposes that due to self-induction, leaving 
as a resultant, 

4.17 - 3.06 = 1.11 volts 
acting in the circuit. 

Since experience has taught that two volts potential difference 
can be taken care of by the resistance of the carbon brush no 
difficulties from sparking need be anticipated. 



II distance, dx, Fig. 64, at this .. 

through the area of width, dx, ^,-— 4r— -^ 
h, 11.7 in., of the iron in field ^"""^"ir 
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CHAPTER XII 

DXRECT-CUKSEITT GENERATORS IN PARALLEL 
AND SERIES 

Shunt generators operate ia parallel without the slightest diflS- 
culty. Generator No. 1 is first started and thrown on the line. 
Generator No. 2 is then brought up to about normal speed, the 
voltage ia adjusted and the line switch is closed. Since genera- 
tor and line volt^e are the same, no-load ia taken by generator 
No. 2. By adjusting the field excitation of No. 2 the generator 
takes the desired share of the load. As its load increases its 
engine slows down, the governor opens and the speed is restored 
to normal. 

Series generators do not operate naturally in parallel. Assume, 
for example, that two series generators are in parallel, each 
taking its share of the total load. Suppose then that for some 
reason the voltage of No. 2 (Fig. 65) 
becomes slightly reduced. Its share of 
the load will fall off proportionately 
and, with this, its field excitation. 
Falling off of the field excitation 
further reduces the voltage and, con- 
°' sequently, the load, the excitation, 

and BO on. The current is reduced to zero, then reversed in 
direction in both the field and the armature coils. The rotation 
of No. 2 remwns the same, but the machine now acts as a series 
motor driving its engine. In practice, the rush of current dur- 
ing this period when the counter e.m.f. of generator No. 2 has 
been destroyed is so great that the circuit is opened by its fuses 
or circuit breakers. Series generators are not in common use, 
but this principle of instability in parallel operation applies 
equally to compound generators through their series field 
windings. 

With shunt generators there ia no such instability. If the 
voltage of No. 2 falls o£f, its current likewise is reduced. But the 
eflfect of reduced current is to lessen the armature reaction, thus 
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bringing up the voltage. The ahunt field current is not affected 
since it is derived from the bus bars. 

Series generators and, more particularly, compound generators 
may be made stable in parallel operation by the use of an 
"equaliser bus." This consists of a very heavy copper connection 
situated, as shown in Fig. 66, between the inner terminals of the 
series field circuits of the two (or more) generators. If, now, 
the voltage of No. 2 becomes reduced to a slight extent, current 
will flow from the + brush 
of No. 1 through the 
equalizer and into theseries 
field coils of No, 2, main- 
taining the str^igth of the 
field of the latter. 

If the two generators, 
in normal operation, do ' „ ' a- 

not divide the load prop- 
erly in the proportion of their respective ratings, this may 
be corrected by inserting resistance in the series field circuit 
of that generator which takes too much of the load. The 
eGFect of the equalizer is to put the series field coils always in 
parallel. The voltage across these coils is therefore the drop 
between the positive brushes and the positive bus. The re- 
sistance of the equalizer is so low that its drop is negligible, so 
that the drop across all the series field coils is the same. Putting 
a shunt or diverter around one of the series field coils has no 
effect on the distribution of the load on any particular generator, 
as it affects all the series field currents aUke, the proportions 
remaining the same. 

Direct-current Generators in Series. — No inherent difficulty 
is encountered in connecting direct-current generators in series. 
Owing to the hmited possibifities of constructing commutators 
that will permit the generation of very high voltages, where 
theee are required in direct-current machines recourse is usually 
had to series connection. 

In electric railway work it is the general rule to employ both 
- series and parallel connection of the motors to give flexibility 
in speed control. 

The Three-wire System. — ^Two generators in series afford the' 
simplest means of obtaining the three<wire system. This system, 
invented by Edison, was devised to enable the use of large 
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numbers of low voltage incandescent lamps without, at the same 
time, entailing the use of a prohibitive amount of copper in the 
distribution system. As seen in Hg. 67, the voltage of the 
. system is 2E, while that across any ele- 
ment of the system is only E, 

There are other ways by which power 
may be supplied to such a sjrstem. Thus, 
the source of power may be a single gen- 
erator of voltage, 2E, across whose termi- 
nals may be connected either a storage 
battery, as in fHg. 68, or two small gener- 
- ators mounted on the same shaft, called a 
Fio. 67. balancer, and shown in Fig, 69. In either 

case the necessary condition is to have available some conne<>- 
tion point the potential of which is intermediate between those 
of the outer wires. The amount of current actually flowing in 



liii 





Fig. 68. 

either the battery or the balancer set is small in case the two 
sides of the load are reasonably well balanced. 

Another scheme consists in the use of the three-wire generator. 
This is illustrated in Figs. 70 and 71. Fig. 70 shows a bi-poiar 
machine constructed by reversing the windings on two adjacent 




Fio. 70. 



Fig, 71. 



poles of a four-pole generator. The potentials of the two 
brushes on the horizontal axis are the same and are midw^ 
between the potentials of the two other brushes. The object of 
making the machine bi-poIar is to give an intermediate inactive 
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belt along the commutator on which a brush may be placed 
without causing disruptive sparking. A better scheme is that 
of DoBBOwoLfiKT showD iQ Fig. 71. The armature is tapped at 
two opposite points which are connected, through slip rings, to a 
"choke" coil, which is simply an induction coil. This coil is 
wound upon a laminated iron core, and therefore is of high in- 
ductance. The e.m.f. impressed upon it is evidently alternating, 
and therefore very Uttle alternating current can flow throi^h 
the coil. 

The middle point of the coil must always be at a potential 
midway between those of the brushes. It may therefore be 
coimected to the middle wire of the system. 

The disadvantage of using a battery is that some cells may be 
called on to supply more energy than others. It then becomes 
difficult to keep the battery uniformly charged, and deteriora- 
tion results. 

No such difficulty occurs with the use of balancers. They 
may be small, inexpen»ve mactiinee, which when running idle 
take only a small current. 

As an example of the use of balancers and the economy of the 
three-wire system, consider the circuit illustrated in Fig. 72. 

» »_ 







The load consists of 40 amp. on the upper branch and 30 amp. 
on the lower. The system is therefore unbalanced. Currents 
and directions of flow are indicated for each portion of the circuit. 
The current in the middle or neutral wire varies, being 10 amp. 
in some sections and in others. Let it be assumed that the 
current required to run the balancer set is 1 amp, which would 
be indicated, if shown in the figure, by an arrow pcunting down- 
ward in the balancer set. The current returning to the balancer 
over the middle wire is 10 amp. This current divides equally, 
5 amp. flowing upward in balancer A, combining with its down- 
ward flowing 1 amp. to give 6—1=4 amp, in A, and 5 amp. 
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flowing downward in B, combining with its downward flowing 1 
amp. to give 5+1=6 amp. in B. Current in A flows sinkilarly 
to that in the main generator. Thus A acts as a generator, 
supplying 4 amp, to the load. Current in B flows in the opposite 
direction; thus B acts as a motor and drives A. The difference 
in current between that in B and that in A is 2 amp., which, 
when multiplied by E, t^e voltage across B, gives 2E, the power 
required to drive the balancer set. 

If the generator voltage be assumed as 200 (that is, 2^=200), 
then the generator output, or rating, if this be fuU-load, is 
200 X 36 = 7.2 kw. The balancer, A, rating, as a generator, 
is 100 X 4 = 0,4 kw.; the balancer £, as a motor, receives input 
= 100 X 6 = 0.6 kw. The hne drop from the generator to the 
load is (40 + 30)r = 70r, where r is the resistance of each of the 
outer wires. The line loes, in transmission, is (40* + 30')r 
= 2500r. 

If the entire load were on the two-wire system, the current in 
each wire would be 70 amp., the line drop, using the same size 
wires, would be 140r, and the line loss would be (2X 70*)r 
= 9800r. Comparing the two-wire system, using the same size 
of outer wire, 

drop, three-wire 70 _ ^ _ 
drop, two-wire 140 " * ' 
loss, three-wire _ 2500 _ 
loss, two-wire ~ 9800 " 

The middle wire, carrying 10 amp., has no effect on the 
total drop between the outer wires. It does have some effect 
in slightly unbalancing the volt^^ of the two branches of the 
system. Thus, assuming the voltage across the two machines 
of the balancer to be exactly equal, which is very nearly true, 
and taking this voltage as E, the voltage across each branch of 
the load may be found. Across the upper branch it is, 

£ - 40r - lOr - £ - 50r. 
Across the lower branch the voltage is 

B - 301- -H lOr = £ - 20r. 
The amount of unbalancing of the voltage is therefore 
{E - 50r) - (fi - 20r) = 30r. 
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To get a concrete idea of the amount of this tinbalancing, let 
the line drop, 70r, = 10 per cent. Then 30r = i^; X 0.1 = 
0.043 = 4.3 per cent. 

When the load consiEts of lamps it is necessary that the 
two branches shall be sufficiently well balanced to prevent 
excessive variation in voltage. This is usually very easily 
accomplished. 

The middle wire adds, directly, a small amount to the line 
losa In this instance, the loss in this wire is 10*r = lOOr, 

The total loss in the system is therefore 2600r, and the ratio 

of losses of the two systems is -pj^- " 0.265. 

Where the percentage tine drop or the percentage line loss is 
specified, and must be the same with either system, the ad- 
vantage of the three-wire system is in the saving in the cost of 
copper. On that basis, let the calculations as already carried 
out for the three-wire system be assumed as fulfilling the re- 
quirements, that is. 

Line drop ■= 70r, 

Line loss (two-wire) = 2500r. 

The two-wire system, to give equal line drop must be com- 
posed of wires determined by the equation, 

2 X 70 X / = 70r, 

where / = resistance of one wire of the two-wire system, and 
T, as before, is the resistance of one ot the outer wires of the 
three-wire system. Then 



and each wire of the two-wire system will be twice as large as 
each outer wire of the three-wire system. Assuming the middle 
wire equal to the outer wire, the two-wire system will require 
four-thirds as much copper as the three-wire system. 

Since, however, the variation in voltage is felt by all the 
lamps on the two-wire system, while on the other system ap- 
proximately one-half the variation in voltage is felt by each 
branch, it is more reasonable to calculate on the basis of equal 
percentage drop in the two systems. 
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Pereentage drop, three-wire, ^ ^^^m 
. 2X70r' r 

■■~B ^^E 

For equal percentage drop, therefore, the two-wire system 
will require eight-thirds as much copper as the three-wire 
system. 

On the basis of equal power loas in the outer wires, 
SSOOr' = 2500r, 

■ r 9800 "■■^^■ 
Adding the middle wire, equfU to an outer wire, the two-wire 
system will require ( T ogs 4. f r i gT^ ^ ^'^^ times as much copper 
as the three-wire system. 

Problem SI. — What aaving in copper doea the threo-wire ayatem give 
over the two-wire syatcm, when the load is balanced, on the basis of (a) 
equ&l percentage line drop, (b) equal line loss? 

1, Middle wire equal to outer wire. 

2. Middle wire one-half of outer wire. 

8. Show that with a balanced load no current flows in the middle wire. 

Problem 82. — One hundred 60-watt tungsten lamps are to be supplied 
with power at S per cent, line loss. The line length is 600 ft. I^mp 
voltage is 120. The neutral wire ia to be one-half the crosa-sectian of 
each outer wire. 

Find the aise of the required witce, and show that the weight of oopper 
ia approximately 190 lb. Show that on the two-wire system fllO lb. would 
be required. 



fi^ 



:z: 



Fio. 73. 

Boosters. — Generators are frequently connected in series for 
the purpose of regulating the voltage and equalizing it along a 
line in which there is considerable voltage drop. 

Fig. 73 shows a simple arrangement of a street railway circuit 
in which a booster is used. The generator, 0, supplies power 
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to the system, including that delivered directly to the car and 
that used in driving the motor M. The motor and booster form, 
usually, a directly connected set. One terminal of the booster is 
connected to the trolley wire at the station, the other is con- 
nected through a heavy feeder to some distant point on the 
trolley wire. 

As an example of the effect of using a bo(»ter, consider the 
following: 

nDblnn 8S. — A trolley liae 3 mites long is supplied with power by a 
gener&tor at 60D volta. The trolley wire is of No. 00 B. & S. wire, having a 
re^tanee of 0.4 ohm per mile. The rail return has a resistance of 0.05 
ohm per mile. A feeder, coiuuBting of three No. COCO B, & S. wires, of 
0.087 ohm per mile, extendi from the station to a point 2 miles distant, 
where it connects with the trolley wire. ^The booster voltage is maintained 
at 40. Find the voltage on the car as it proceeds from the distant end of 
the line toward the station, assuming that the current taken is at all times 
200 amp. 

(Solution. — It will be of intereet, first, to determine the voltage on the car 
at the distant end when the booster ia 
diacoimected. t vv«U . 

Drop In the trolley wire ia 200 X 0.4 * y- 'VT [ .r, 

X 3 = 240 volts. \, i^ O^^^^JWA-ia. 

Drop in rail - 200 X 0.05 X 3 = 30 wv. 4m 
volts. » v^ -I 

.'. Voltage on car without booster — p,g 74 

BOO - 270 = 330. 

This is to illustrate the necessity of doing something to improve the r^u- 
lation of the line. With the booster connected, the problem becomes one 
for the application of Kirchopp's laws. 

The circuit ia represented diagrammatically, in Fig. 74, for the cam of the 
car at the end of the line. Arrows indicate arbitrary direotiom of flow of 
current. Let the voltage on the car be denoted by E. 

By KiRCBOFr's laws, 

i, + t, - 200 

40 - ttf-, + r,r, - 0, 
whence, eliminating *■ between the equations, 
200ri + 40 





r, + 


ri 




r, - 0.4 X 2 - ( 


[>.8ohm 




r, - 0.087 X 2 . 


- 0.174 




r, - 0.4 






To - 0.05 X 3 - 


0.15 


Substituting values, 


200 X 0.8 + 40 
- 0.8+0 174 ■ 


-205 amp. 


*. 


-200-206- - 


' 5 amp. 
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The equation of the mesh composed of the generator, n, r., £ and r« ia 

600 = ttri + 200r, +E + 200ro. 

Substituting values and solving for E, 

£-600 + 4-80- 30 = 494 volte. 

Thus, there is a total drop of 106 volu instead of 270 volts without the 
booster. 

Now let the car be at the point, 0, where the feeder joins the trolley wire. 
Evidently the same equations hold, and t'f — 205 amp., t'l — — 5 amp. 

rt is now 0.05 X 2 = 0.1 ohm. 

The mesh equation is now 



When the car is at a point 1 mile from the generator, the currant and 
voltage equations are: 

t, + i, - 200 

40-i.(r, +^J + i, 2" -0. 
Solving for it gives 

t] ■= 123 amp. 

ii - 200 - 123 = 77 amp. 

The mesh equation of voltage ia 

600 = ii ^' + B + 200r,, 

where fo is now 0,05 ohm.- 

.■. E - 600 - 31 - 10 - 559 volts. 

Thus, it is seen that, by this simple connection of the booster to a point 
chosen more or less at random, the voltage has been rendered much more 
nearly uniform than it would be without the booster. 

Problem Sl.^As a further study of the booster problem, consider that in 
the above case the feeder ia to be connected to the trolley wire at two points, 
namely, at 1.5 and 2,5 miles from the generator. 

Find the voltage on the car at each half-mile point, and plot against 
distance from the generator. 
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CHAPTER Xin 
DIRECT-CURRENT MOTORS 

If two shunt generators coiinect«d in parallel supply power to a 
certain toad, as in Fig. 75, the division of the load between the 
generators will depend upon their respective degrees of excitation. 

By weakening the field of No. 1, it will take less of the load 
until, by continued weakening, it takea none at all and finally 
receives current from No. 2, thus being run as a motor. 

With a change in direction of fiow of current in the armature 
comes a change in the direction in which the armature tends to 
rotate due to its current, the direc- 
tion of the field remaining constant 
in shunt machines. 

As a generator the rotational force 
of the armature is counter to the 
actual direction of rotation which is 
due to the driving engine. However, 

the actual direction of rotation does not change when the 
machine ceases to act as a generator and becomes a motor. 

With the series generator, reversal of the armature current 
also reverses the field. To obtain a generator action from a series 
motor, therefore, requires reversal of rotation. 

It has been shown that, with generators, a forward shift of 
the brushes increases the armature demagnetization. 

With a shunt motor the armature currents are reversed, the 
armature ampere-turns are reversed, and the effect of the arma- 
ture, in shifting the resultant flux, is consequently reversed. 
Therefore, the brushes of a motor require to be given a backward 
shift. The effect of a backward shift on a motor, like the for- 
ward shift on a generator, is to increase the armature demag- 
netizing ampere-turns. 

With direct-current motors, the impressed e.m.f. is the sum of 
the counter e.m.f. and the ir drop. 

Thus, the fundamental equation is 

E = Ei + ir 
T 97 



^obyGoo»^lc 



98 ELECTRICAL ENGINEERING 

where E ^ impressed e.tn.f., 
Ei = counter e.tir.f., 

t = current, 
and 

r = resistance of armature, brushes, etc. 

The generator equation (20) also applies to the counter e.m.f., 
since the counter e.m.f. is the generated e.m.f. of the motor due 
to the rotation of its armature conductors in the field. 



Substituting this value of Et, 

E = kU + ir (24) 

vhence 

/ = frequency. To transform frequency to speed, 



p = number of poles. 
For ordinary operation, 

/ = rr' approximately. 

There are three ways of changing the speed of a direct-current 
motor: (1) by changing E, the impressed voltage; (2) by changing 
ij) by means of a field rheostat; (3) by changing <l> by shiftily the 
brushes. 

Shifting the brushes is not an effective means of speed regula- 
tion since it introduces trouble from sparking at the brushes. 

Types of Direct-current Motors. — The principal types of 
direct-current motors are known as shunt, series, ciunulative- 
compound, in which the series and shunt turns act in the same 
direction, and differential-compound, in which the two field 
m.m.fs. are arranged to oppose each other. 
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o 

Speed Characteristics of Direct-cturent Motors.— These are 
curves between speed and load, the latter being the independent 
variable. To determine the effect of load upon speed, in the case 
of shunt motors, it is seen from Eq. (25), 
, E -ir 
^" fc* ' 
that an increased ir drop tends to reduce the speed. It has also 
been shown that ^ is reduced by armature reaction, in pro- 
portion, roughly, to the load. Therefore, for shunt motors, the 
relation between the armature reaction and the ir drop will deC' 
termine whether the motor will speed up or slow down with an 
increase of load. In general, if the magnetization of the field 
extends above the knee of the saturation curve, the motor will 
slow down, while below the knee the motor will speed up. Evi- 
dently, a degree of magnetization might be obtained which woiild 
result in practically constant speed. 

The cimiulative-compound motor slows down with increase 
of load, since the effect of the series turns is to strengthen the 
field. 

The differential motor speeds up 
with increasing load, due to the op- 
position of the series and shimt field | 
m.m.fs. * 

The series motor speed is governed 
almost entirely by its field, which is 
nearly proportional to the load cur- Pi'^'tr 

rent. At %ht loads, the speed be- 
comes high and the operation of the motor is unstable. In Fig. 
76 is shown a set of speed characteristic curves. 

The student should be able to establish the general speed 
equations and derive curves for each type of motor. 

Power and Torque. — Power input to the motor is obtained by 
multiplying Eq. (24) by t, thus 

Wi - Ei = Ed+ i*r = kf<^ + i*r. 

In this, equation Ea represents the output of the motor in 
mechanical work, including bearing friction and windage; i*r is 
the power lost as heat developed in the annature. 

Expressed in horsepower, the output is 
Eg 
' 746" 




Hp. .; 
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Horsepower may also be expressed as 
2xRnF 
P* " 33,000 
where R = radius of armature in feet, 
Ti = revolutious per minute, 
F = force in pounds od the armature conductors. 
2irn = w — angular velocity, 
and RF = T ~ torque. 
, Eii _ 2mT 

■ ^"*^ 746 33,000' 

and 

33,000 £ii 



T = -. 



Also, since / = j^, where p ^ number of poles, 



This expression may be reduced still further, since k — - 



2)mX746 
But output is also, by (24), I^^. 

. _ 33,000 kfild 
• ■ 2im X 746" 

■ 120' 

it 

' lO*' 

where t = number of turns in series on the armature. Thus, for 
a motor of p poles and t turns in series, 

T = 0.2348 (p*i X 10-« ft.-lb. 

Torque CharacteriEctics. — From the above equation of torque 

ble to construct cuiyes showing torque variation with 

load current. It is necessary^ however, 

to be able to find the- value of ^ in 

e/^^ . each case. With shunt motore * is 

nearly constant, and torque is therefore 

-"^luosSii- nearly proportional to current. With 

series motors increases with i, and 

. torque therefore goes up as the square 

Fio' 77 "^ ^^ current, approximately,' Fig. 77 

gives a set of torque characteristica for 

the four types of direct-current motor. 

' When the field core becomea saturated, increase of current does not 
produce much increase of flux. Under heavy loads, therefore, the torque of 
« series motor increases more nearly in direct proportion to the current. 
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Problem SB.^Direct-cuireat motors and generators being entirely 
similar as reepectfi fundamental equations, armature reaction, etc., it is 
thought beat to submit to the student the problem of the direct-cuiront 
ahunt motor instead of presenting it here in detiul. Let the generator 
whose design waa worked out in Chap. X be "now considered as a ahunt 
motor. The series turns will then be disconnected. With 250 volts im* 
premed on the armature and maintaining constant shunt field amp. -turns 
of 7500, lei it be required to calculate the speed and plot ita values against 
those of the load current. 

Choose current values of 0, 1000, 2000, 3000 amp. Assume a constant 
brush ahift of 15°. 

The fundamental speed characteristic, Eq. (20), has been found to be 

, , number of poles X r.p.m. pn 
„here / 2 xW" T2o' 



lO*' 
where t — number of turns per pole on the armature and ^ is the flux cutting 
the armature conductors. For this last it is sufficiently exact to assume 
» at load amp. -turns at load 

^ at no-toad amp. -turns at no-load 
(See armature reaction, Chap. X.) 

Problem M. — The same problem as the preceding should now be worked 
out, using (1) B = 270 voiU, (2) B - 220 volts. 

Quettion. — ^What, in general, is the efiect on shunt motors of increasing 
or lowering the terminal voltage, as regards (a) speed, (b) torque, (e) output, 
(d) efficiency? 

Problem 97. — Let the above motor be calculated as a differential-com- 
pound machine, the series ampere-turns to be so adjusted as to give the 
same field strength at full-load as at no-lotCil. 

Plot speed vs. armature current for impressed voltage B — 250. 

Problem 88. — Same as 37 only the motor is to be connected as cumulative 
compound. 

Problem 89. — If, now, the entire field strength were determined by the 
series turns, so that at full-load there should be 10,427 series amp.-tums,' 
calculate and plot the speed for variation of load. 

Series field circuit resistance may be taken as 0.00134 ohm. 

Problem 40. — In problems 35, 37, 38 let the speed be maintained con- 
stant by variation of the shunt field current. Let this speed be that of the 
shunt motor at no-load {E = 250). 

Plot curves between field current and load current. 

Koblem 41. — Show how to obtain constant speed by shifting the brushes, 
and work out numerically, as far as possible, the case of the shunt motor. 
Plot a curve between degrees of brush shift and load current. 

' Same as required for the generator at fuU-ioad, Chap. X. 
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CHAPTER XIV 

THEORT OF THE BALLISTIC GALVAITOMETER 

This particular type of galvanometer is of importaace in 
magnetic measurements, especially in the detennination of the 
_ hysteresis loop. 

It consists, usually, of a coil of 
fine wire wound upon a steel cylin- 
der, freely suspended between the 
poles of a magnet as illustrated in 
Fig. 78. 

It has been shown that the force 
exerted on a wire carrying current, 
when placed in a field perpendicular to the lines of fiux, is 

F = Bit dynes, 
where i is current in abamperes, I is length of wire in centimeters 
and B is flux density in lines per square centimeter. 

If the wire is one side of a rectangular loop, then the turning 
couple of the loop is 

C = 2pBli dyne-cm. 
When the loop is displaced by an angle, 
0°, from the direction of the flux lines (Fig. 
79), the couple is 

Cf = 2pBli cos fl = ABi cos 9, 
where A =2/^ = area of the loop. 

When the current is sent through the 
loop, the action of the couple produced is 
to turn the loop through an angle, 0. In order to oppose this 
action, a spring ia so attached to the loop as to introduce an op- 
posing couple, kS, which balances the swing of the loop. Then 

ke = ABi COB 
and 

K$ 
^ " AB coB$ 
where A: is a constant of the spring. 




Fia. 79. 
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For small angles, = sin 0. Substituting thia, 



' AB cos $ AB 



tan 0. 



Thus, the current in the loop is directly proportional to the 
tangent of the angle of deflection; hence, the "tangent" 
galvaQometer. 

For small angles, also, 8 = tan $. 

■ * - AB-'"'^- 

Thus, the galvanometer may be used as an ammeter to 
measure directly the current, so long as the angle of deflection is 
kept small. 

In the ballistic galvanometer the moving part is designed 
to have much inertia, so that its natural period of vibration 
shall be long in comparison with the time of change of the flux 
to be measured. Thus, a chai^ of flux, produced in a sample 
of iron under test by altering the number of ampere-turns on 
the iron, will take place before the loop can move, that is, while 
6 = and COS tf = 1. 

The couple on the loop is then 

C - ABi, 
which causes the loop to accelerate. 

Therefore, ABi is the couple of angular acceleration, and 
. du 
" <^' 

where 7o = moment of inertia of the moving element, and w — 
at^ular velocity. 

But idt is the quantity of electricity flowing in any time, dl. 
Therefore the total quantity 



ABi ~ h- 



«-/**- is/''" -% 



AB 

where ug is the final velocity attained. 

The deflection is, however, limited by kd, the torsion of the 
spring. The work done in overcoming this torsion is then 



w.£,. 



\kede - H'»".' 

where Sa is the maximum deflection. 
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Solving this equation, 

—5— = Hhfot,^ 



D =- «,^-i. 



But by (26), 

QAB 

Wo ™ —J — . 

Substituting this value of wo, 

e = ^^. 

" V/ofc 
whence, 



(27) 



In thia equation all terras are constant except Bq, the n 
deflection of the loop. 

If, now, the change of flux is d^ in a time dt, the e.m.f. induced 
Id the coil surrounding this flux is 

N d4> 



10« dt 



= tr, 



where N is the number of turns of the coil, r is the resistance 
of the circuit, and i is the current set up in the circuit. 
Then, transposing, 

"*' = - oooi- 

The total quantity of electricity set flowing by the change 
of flux is then 



«-/'*--r^.£^* 



N ,„ , N 

whence, from (27), 

_ QrXVy _ hrx WVITk 
*" ~ N ~ ABN 

is the maximum value of the Sux. 

There is thus a direct relation between flux and maximum 
deflection, and $a is therefore a measure of the flux. 
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CHAPTER XV 

VECTOR REPRESENTATION OF ALTERNATING- 
CURKENT WAVES 

Id Chap. VIII the graphical relationships of the waves of 
voltage and current in an alternating-current inductive circuit 
have been developed, and the values and meaning of average 
and effective valu^ of a sine wave have been discussed. 

The waves of Fig. 37 may also be represented as vector pro- 
jections .of their maximum values on the vertical axis, as shown 
in Fig. 80. Since i = 7« sin 8 the length of 
the current vector is taken as 7« and the 
value, 1, at any instant, is the vertical pro- 
jection of /„ as it uniformly rotates, at speed 
2ir/ about the origin. The vectors all have 
the same speed of rotatioo bo that their re- 
lations to each other are constant. Hence their position in 
space at any desired instfint may be chosen. Let that instant 
be when $ = o, in Fig. 37. Then t = /„, sin (t = o, and /„ 
must be laid off horizontally. r/„, the maximum value of the 
e.m.f. consumed by the resistance, since it is in time-phase with 
/«, is also laid off horizontally; xl^, the maximum value of the 
e.m.f. consumed by the inductive reactance, x, is 90° ahead of 
/iu f^d is therefore laid off vertically upward. Thus z/„ 
is poutive maximum when /„ is at zero, becoming positive. 
r/„ and xl„ may now be added vectorially, giving Zl„ or 
E^ which is the maximum value of e. E„ is seen to be placed 
at an angle a ahead of /«, such that tangent a = —^ — -- 

This relation is also of fundamental importance. The numerical 
value of B. is obtained by the relation 

> -f- X* is called the impedance and is denoted 
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Problem 42. — Draw the vectora of e.m.f. and current of problem 28, 
Chap. VIII, and show that the an^ of lag of current behind e.m.f. it 
38° 40-. 

In the representation of waves by vectors, the vectors are not, 
in reahty, moved, but their relative positions ilj space are con- 
sidered. Since no rotation is required, they may therefore be 
drawn in length equal to their effective values, and this is the 
common method of representation. 

Also, since (I^)* = (I„r)' + (I„x)' (28) 

z*^r*+ »» (29) 

and the vector relationship holds for (29) as for (28). There 
can be constructed what is known as the im- 
pedance triangle, Fig. 81, in which a = T,b = 

X, c = z, and tan « = -■= — 
or 

Thus, 

r - a CCS «, 

X — 2 sin a. 

Substituting these values in (19), « = /„(r sin 9 + x coe fi), 
gives, 

e = /n2(sin cos « + cos 9 sin a) 
= l^am{0 + a), 
or, substituting for 0, its equivalent, ut, 

e = I^mi{ut + a), (30) 

in which ut is a vtuiable angle depending on t, and a is a constant 
angle determined by the relative values of x and r. Eq. (30) 
shows that e, hke i, is a sine wave quantity, but that there is a 
constant angular or phase difference, a, between them, a is 
called the angle of lead or lag, depending on whether it is pori- 
tive or negative. 

The relations indicated in Fig. 81 may also be expressed by the 
notation of complex quantities. 
Thus, 

c = a + jb. 

The addition of the letter j to the equation simply means that 
the quantity, b, is to be drawn vertically upward. If it were 
— j,b would be drawn vertically downward. A dot is put under 
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e which means that c ia dealt with as a vector quantity. Without 
the dot, the scalar or numerical value of e, only, is meaot. 
Thus, 

c=- Vo» + 6'. 

ProUnn 4S. — Show graphicalljr thst 3-3*3 is a vector of length 4.24, 
which malcM &n angle of — 45' with the horiiontal axis. Show that a vector 
of hagth 12, at angle 120°, ia represented by the expreaoon, —6 + j 10.4. 

Calculate and draw the following vectors: e — 3— j2, c"! + j, c — 
-2+Ae- -4-j2. 

j also means a rotation of 90° in the positive or couutercloclc 
wise direction. If the vector, a, is multiplied successively by j, 
several times, its direction is shown as follows: 

Vtotoc Anal* 



jlja - -o 180' 

iija - -ja 270* 

iUJo-tf 360- -0" 

Thus may be written, 
whence 

or, j is identical with t, used commonly in mathematics to denote 
imaginary quantities.^ 

If it is desired to rotate a through 30°, we can write 

a = aco8 30°+jaflin 30°. a^^ 

To rotate a" correapondin^y, ^^^y " •■■*' 

a = « cos a° + j a sin a", ~ "" ° 

= a (cos a" -l-j sin a"). 



Fio. 82. 



Suppose a is first rotated 30°, then 60° more. Then a = a (cos 30° 
+ j sin 30°) (cos 60° + j sin 60°). 
Problem M. — Prove that this double rotation reaulta in 



CoDBidw the simple case of alternating current in an inductive 
resistance, Fig. 83, where current, /, re^tance, r, and reactance, 

■ In electrical engineering j is used in8t«ad of i, because i is used to denote 
current. 
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X, are known. / is chosen as the zero vector. Then / = t. 
Frequently it is well to choose as the zero vector, or vector drawn 
at 0°, some known' quantity. In order to determine the positions 
of the vectors of electromotive force, etc., with respect to the zero 
vector, there are two rules, previously brought out, which are 
important to remember: 

Rule I. — The e.m.f. consumed by resistance is in time-phase 
with the current, and in the same direction. 

Rule II. — The e.m.f. consumed by inductive reactance is in 
time-phase 90° ahead of the current 

By these rules may be drawn the vector diagram, Fig. 84, in 
which the vector sum of ix and tr is iz, which is the total electro- 
motive force consumed. 



FiQ. 83. Fia. 84. 

This electromotive force consumed, or vector E, numerically 
■ equal to m, is represented by the relation 

E = ir +jix = i(r + jx). 

The impedance is thus expressed as r + 3^, and it is a vector of 
magnitude z = -y/r^ -f x*, and the angle between the impedance 
and the resistance is defined by the relations. 

z cos a = r 



The e.m,f. consumed in the circuit is, in general, 

E = IZ = {i ± ji') {r + jx). 
The current may or may not be chosen as the zero vector. If it is 
so chosen, I = i. If not, then I = t ± ji', where i' is the wattless 
component of the current. 
The impedance is always z = r + jx. 

Assigning positive or negative values to the wattless component 
i', we may write, in any case, 

I = i+3i'. 
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It should be remembered that a leading component requires a 
+ sigHj and a lagging component requires a — sign. 
Therefore, E = IZ = {i + ji') {r + jx) 

= ir - i'x + j{i'r + tar) (31) 

If the current ie taken as the zero vector, then 

E = i(r + jx) (32) 

In the general expression (31), an (U"bitrary zero line is chosen, 
as in Fig. 85. In the simpler case (32), the direction of / is 
chosen as the zero line, whence I = i and i' = 0, and the vector 
diagram becomes that of Fig. 86. 




Problem 45. — One ampere flowa in a circuit of 1 ohm resistance and a vari- 
able 'reactance. Plot curves of /r, Ix, It drops and phase angle against x, 
when X varies from to 5 olune. Take / as the cero vector. Tbea I > 



» - 1; r - 1; tr = 



s 0.5 


■ I ^ 


3 


4 


^ 






OS 
1.12 
1,12 

O.S 


1 












1 

1 










X 




', 













The blank spaces may be filled in by the student. 

Consider the same case, Fig. 79, but with E known and / 
unknown. E, then, may conveniently be chosen as the zero 
vector, and 

e{r - jx) 






z T+jx {r + jx)ir - jx) 



(33) 
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The last expression of (33) is obtained in accordance with a third 
rule, as follows: 

Rule III. — Never allow an equation to remain with a complex 
denominator. Thus (33) becomes 



I = 



r* + x* 



where 



ff-r 



= «(ff + 3b) 



b= -- 



(34) 



(35) 
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r' + i' 

g +jb = Y, is called the admittance; g is called the conductance, 
and b the suaceptance of the circuit. The diagram of currents 
' may now be drawn to correspond with 
Fig. 87, for e.m.fs.i in which eg is the com- 
ponent of the current in phase with e, that 
is, it represents energy expended, and — e6 
ia the component 90° behind e, called the 
reactive or wattless component because 
it does not represent any expenditure of 
energy. 
The power input to the circuit is then 

Power input = c X eg = e*g, 

and this is found equal to I*r. 

The numerical value of the current = / = ey/g' + b*. 
Problem 46.— Let B - e - I; x - I; r varies from to 10. Plot curves 
of / VB. r, and /V vs. r. 

Calculate the m&ximum value of the power lose and find the value of the 
lesiBtance which gjves the greatest dissipatioa of power. 

Plot the 3 current wavee, that is, the power current, eg., wattless cur- 
rant, eb, and total current, ej/, far the condition of maximum power loss. 
Solution. — 

E - e ^ 1; X ~ i; I ~ - 



Vr*4 



Vl +? 



r 





^ 


' 


e 


8 I ,0 


Z 


1 


2,27 


4.12 








/ 


1 


0.44 


0.243 








/• 


1 


O.IM 










/T 


* 


0.388 
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dW , r fr*+a:')-ar' 1 «' -r' 
dr "' L (r' + x')' J " (I'+O'' 

For maummn power -^ — 0. .'. *' — r« — 0, and r' — x", ,'. r» ■■ 1, 
r - 1, and ff = 1 X jjj^ - 0.5 w^tt 
To get current wavea for maTimum power low, tbea 
r - 1; X - Ij Z - 1.41. 

' -,-T5 -'-frri? -f.-)5 -•"+« 

where g — -™-,Hiid 6 — — =j- 

The effective values of current are, therefore, 

eg — 1 X H ~ 0-fi) in phaae with «, 

M- ->«^. --Jl XK - -J06. or 0.S, Wbehindi, 

«(; + ;'b) ■> ef - 7 - — ;: - 0.707, lagging behind «, by an angle t«n~* 



Maximum values are Em " \/2E ~ 1-41, 

{Bg)m - 0.707! iBb)„ - 0.707; iEY)„ - 1. 

Circnit of Resistance in Series with an In- 
ductire Impedance. — The impressed e.m.f., 
E, of the circuit is known, also the resistance, s 
r, and impedance, Zi= Ti+ jxi (Fig. 88). E 
is taken as the 2ero vector. Then, 



r + Zi r + ri + jxi ro + jx, 
where 

and To = r + ri. 

The drop across the impedance, Zi, is 

Ei = IZ, = e(ff + jfc) Cn + jx.) 
e(ffri + jffxi + jbri — bxi) 
e(jri - fcii + jigxi + bri) 
e(ai+jbt), 
where Oo - fffi — bii; fto = gxi + bru 



Fia. 88. 
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PTebUm 47. — In the above circuit, Fig. 88, let £ — 10, r — 1, ri — O.S, 
I, =. 2. 

Draw tile vector diagram and wavea of e, B, and I. 

Circuit of Two lodactlve Impedances in ParalleL— Let B, 2iandZib« 
linown (Pig. 89). To determine /, I, and /i. 



We have: 

/i - eKi, /. - «y., 

7 _ /', + /, - e(K, + r,). ■ 

Or, 

/ - «(ti + ». + j(ii + W - «(C + )B), 



..-?.• 



G = gi + gt, B^bi + b,. 



Problem 48. — In the circuit of Fig. 89, let E = I, i 
r, - 2, *, - 2. 
Dntv vector diagrams and waves of E, Eg, Eb, and /. 
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CHAPTER XVI 

THE STUBOUC METHOD IN TRANSMISSION LINE 
CALCULATION 

Khnnbllt and Stbinhetz have introduced the so-called 
eymbolic method of representing electrical relations. 

This method is neither vector analysis nor quaternions, but 
is in many ways similar to both. It enables the use of simple 
algebraic transformatioQ when dealing with vector quantities of 
the same rate of rotation or frequency. Thus, it is directly 
applicable when, for instance, multiplying a current by an 
impedance, since the resultant e.m.f. is of the same frequency as 
the current. But when multiplying current and e.m.f., it is 
applicable only after some modification, since the product 
represents power, which is a vector of double frequency. 

Addition. — ^Let there be two vectors, 

ai + jat, and 61 + jbt, and let their sum be a vector C. 
Then, 

C = ai + jth + bi + jh, = ai + fci + j(aj + fcj) = Ci + jc, 
where 

Ci = Oi + hi and cj - oi + hi. 

Multiplication. — We have, evidently, 
(oi +io,)(6i +i6i) = aibi - aj}, +j(oii>t + biOj) - di + jdt, 
where 

di = ttibt — Oj6i; dt = O161 + biUi. 

In general, if ai + jai = bi + jbi then ai = bi and at =• bt- 
Power. — At any instant, 

P ~ ®*i 
where e and i are instantaneous values of voltage and current. 
In the case of sine waves, where e = E^ sin ut and 1 = /„ sin 
("* + «), 

p ' et - Enln sin wt sin {at + a). 
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Problem iS. — Plot waves of voltage &nd current, and by multiplyiDg 
their values at certain instante along the curves show that the resulting 
power curve is a sine wave of double frequenc;. 

Let Em - 1-4, Im - 0-7 

(1) « - 0" (2) « - 46' (3) a - flO". 

Fig. 90 shows the curves plotted for the case of a >= 0°. The 
enei^ developed in the citcult, in any time dt is pdt. The total 
enei^ during a cycle is then X^ 
pdt, where T is the time of one 
complete cycle. But this is the 
area enclosed by the power curve 
and axis, shown shaded. Aa the 
values of power are always posi- 
tive, the area represents energy 
expended, or work done. 
The student should show that when a is not 0, there is also 
negative power, which represents energy returned to the source, 
the total energy expended during a cycle being the difference 
between the podtive and negative areas enclosed by the power 
curve and the axis. 
Average Value of Power during a Period. — This will be, 

1 n 
- :S7 I E^m sin 0)1 sin (u( + a)dt, 

which, the student should show, is 



Pia. 90. 



This m&y be written 



,- EIc 



(36) 



where E and / are effective values as usual. 

Thus the important result is found, that, in 
case of sinusoidal current and voltage waves, 
the average power is equal to the effective 
value of the current times the effective value 
of the voltage into the cosine of the phase 
angle between the two. This is illustrated in Fig. 91, and it is 
seen that when / is zero vector = i, P = EI cos a — e/ = et. 
Similarly, when E is zero vector ^ e, P " Ei ^ ei. 



Fia. 91. 
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Power 18 obtwned by multiplying either quantity by the pro- 
jection of the other upon it. 

In general, if E makes an angle y, and / an angle with the 



where 


« = /S - T, 


Therefore, 


P>y. 




P = EI COB a = EI eaeifi ~ y) 




= EI (cos /S cos T + sin ^ sin t) 


But coa /3 = 


V C08T-I; 



i' . e" 

sm p -' j; sin y = ^■ 

Substituting these values in (36) 

P = « + e'i' (37) 

which is the general expression for the average power. 
Example.- — Let E = e + je' j 

i -i + ji: ^, E 

Then by (37) P = ct + e'i'. /^^^^^""'^ ' 

Suppose, however, that we carry out the ^"^ f 
multiplication of the vectors. Thus, Fio. 92. 

EI - {e + je'){i + ji') 

= «t — e'i' + j(fii' + e'i). 
The numerical value of this expression is 



\(«- e'i')' +(e't" -«"')' 
which is obviously not the same as (37), neither ia its real com- 
ponent the power, since it has a minus sign. 

It has been shown in Fig. 90, that power is a quantity of double 
frequency. It can therefore have no phase relationship with 
E or I. Hence, in the case of power or any double frequency 
quantity, the operation of multiplying single frequency quanti- 
ties is inadmissible. 

On the other hand, it is known that the product 
(i-ji')(r+3x) =E 
is quite correct, since the fundamental frequency only is involved. 
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The operation of obtaining the power from two vectors • 
E and /, is called "telescoping" the vectors. Thus, the prod- 
uct of the "real" components is added to the product of the 
"imaginary" components, without any change of sign due to 
the presence of j. 

Power Factor. — In the expression for power (36) the term 
cos a is called the power factor. The product EI represents true 
power only in certain special cases, particularly with direct 
currents. 

Power factor may be defined aa the ratio -- ■ -- ^ — > 

apparent power 
where apparent power = EI. 
EI is also called the volt-amperes. 
Since EI cos a is the true power, 

, . , £/cosa 

power factor = p.f. = — ^ — = cos a. 

Tiansmission Line Calculation,— The calculation of circuits 
may now be continued to include the case which represents a 
simple transmission line possessing concentrated resistance and 
inductive reactance, being supplied with power at one end by a 
generator, or source of alternating 
current, and terminating at the other 
end in any prescribed load. A cus- 
tomer usually desires constant volt- 
age, E, at the load. 

In Fig. 93 is shown a generator 
supplying power over a transmission line of impedance, Z = r 
+ jx, at voltage Eo to a load, the current of which is t -|- jt' 
at voltage E. E and i are in time phase; E and i' are in time 
quadrature. 

(1) Let E be known, and be taken as the zero vector, = e. 
Then, the voltage at the generator terminals, 

E„ = e + IZ = e + {,i+ ji') (r -1- jx) 



= e + ir — i'x + j{ix + i'r) = a + jb, 

= e + ir — i'x, 
= ix + i'r. 
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The power factor of the load, cos a = -5 = ■■■ 

Generator volt-amp. = JEo- 

Power of Generator.— Po = Ed cos 7, where y is the angle 
between En and 7, 

Vector relationships are shown in Fig. 94: (a), for leading 
and (&), for lagging current. In the first case 

T = a — ^ is the angle between Bo and /. 

.', Cos 7 = coa {a — S) = COB a cos y3 + ain a sin 0. 



But 


cos a 


- 


V 


andi 


«n 


«- 


r 


likewise. 


,cos/S 


- 


1 


and 


sin 


S- 


b 
'E, 


.'.Cos 7 


_ 


1 

n 


r (to 


+ 


n). 





Substituting this value into the 

equation for power of generator, 

Po = Bo/ cos 7 = ia + i'b. 

Po could be more quickly obtained ^^^ 

by simply telescoping the vectors a '**' 

+ jb and t + ji'. 

Power factor at the generator = —^ = cr-f " 

" volt-amp. Eol 

Ei 
Efficiency of transmission = p— 

Apparent efiSciency = ratio, y . r = p—j' 

^ 

E 

Having obtained the general expression for the various quan- 
tities which enter in, we may now take a specific example of 
transmission line calculation. 

Problem CO.— In Pig. 03, let £ - 1, r - 0.1, x - 0.2, i •= 1. 

Let t' vary from — 1 to +1. 

Determine all the quautitiea, i.e., current, generator voltage, volt- 
amperea, power factor, power, transmiaaioQ efficiency, apparent efficiency 
uid regulation. 
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U.6 

0.1 

M -0.1 



0,08 0.03 



Problem 51. — Draw vector diagrama for the cases of »' — — 1, — 0,5, 
0, 0.5, 1, of problem 50 showing the relative poeitions of So, E and /. Also 
plot the curves of regulation vs. power factor of generator and load. 

The preceding example, like many others included in this book, is con- 
structed on the basis of percentages. That is, by choosing e ^ 1 and i ~ 1, 
whence p — ei = I, the results obtained may be made to apply to any 
case in which the constants, r and x, give the same percentage of ri and xt 
drops. In this example, — =- 0.1 = 10 per cent., ^ = 0.2 = 20 per cent. 

If, now, 10 per cent, resistance drop and 20 per cent, reactance drop be 
specified, let it be required to find, with varying power factor of the load, 
the same quantities determined in problem 50, when e = 2200 volts and 
i = 300 amp. 

All that is necessary, now, is to mi)ltiply those quantities representing 
voltage by 2200, those representing current by 300, and those representing 
watts, or volt-amperes, by 2200 X 300 -= 660,000. 
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Thus, for »' = - 1 X 300 = - 300, B, = 1.31 X 2200 - 2882, / - 
1.41 X 300 = 433, Bo/ - 1.86 X 660,000 - 1,221,000, P„ - 1.2 X 660,- 
000 - 792,000. 

The other quantities sought — power factor of load and of generator, 
efficiency, apparent efficiency and regulation — are the same as already 
calculated. 

The advantages of problems on the percentage haalu are thus quite 
obvious. 

Problem SS. — A traosmisBioa line 1 mile long supplies power to a load of 
100 kw. and 1000 volts at power factor of 0.8 and frequency of 60 cycles. 

The line is composed of two parallel No. 000 B. A S. wires, IS in. apart. 

Find generator voltage, current, power factor, power output, tine effi* 
ciency, apparent efficiency, regulation, with the current both lagging and 
leading. 

The resistance of. No. 000 B. & 3. hard-drawn copper wire may be taken 
as 0.06 ohm per 1000 ft. at 20''C. 

The reactance is 2t/L, where L is the inductance, in henrys, per centi- 
iiieter length of wire. L may be calculated from the formula, 



i + 2 log, - 



r are, respectively, the distance between 
es and the radius of the wire (Fig. 95). 



t-J 
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CHAPTER XVn 

CONSTAHT POTENTIAL— CONSTAHT COSRENT 
TRANSFORMATION 

It is sometimes desirable that tbe current in a circuit shall 
remain constant while the load varies. In series lighting circuits, 
for example, the current through each lamp must be nearly 
constant, while the number of lamps may vary from none at 
all up to the most that the system can sustain. Generally, 
however, it is desirable that the enen^ shall be supphed from 
a source of constant potential, such as a constant potential 
generator. Such a system is possible with a circuit arrangement 
like that shown in Fig. 96. Here, a high resistance, r, is placed 
in series with the lamps. When the lamps are comparatively 
few, changing their niunber will not alter the total resistance of 
the circuit very much, and the current will therefore be fairly 
constant. 

This arrangement is not, however, economical, as a large pro- 
portion of the power developed is always lost in the resistance, r. 



@B L..-P.6 M' 



Fia. 90. Fio. 97. 

We may, therefore, try substituting inductive reactance, x, for 
r, and determine if this will give better results. 

In this case, Fig. 97, let the generator voltage be unity, that 
is e = 1. Let the largest value of the permissible current in 
the circuit also be unity, that is, / = 1, and let the resistance of 
the lamps, that is, the number of the tamps, vary. We may 
then find the maximum resistance of the lamps which may be 
obtained without reducing the current lower than, say, 0.925, 
which will be considered the minimum, permissible current. 
The current is obviously a maximum when the resistance is 
zero, that is, when no lamps are used. 

Then, z — y — t = 1 ohm. 
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Let r be the resistance of the lamps, r Ib variable, depending on 
the number of lamps in circuit at any time. 
Let E be made the zero vector, = e 

J ^ e _ e ^ e(r-jx) 
z r + jar ™ r* + x* 
= e{a + jb) 



Then 



r* + x* 



I = evV+T'- 
Tabulating for varying r: 



' 





0.1 


0.2 


0.4 


0.6 


0.8 


1 




1 


-1 



1 
1 
I 
1 


1.01 
0.099 
-0.99 
0.009S 
0.98 
0.9898 
0,994 
0.994 


1.04 
0.192 
-0.96 
0.0369 
0.921 
0.9579 
0.978 
0.978 


1.16 

0.345 

-0.861 

o.iie 

0.741 
0.86 
0,927 
0.927 


1,36 
0.441 
-0.735 
0.195 
0.54 
0.735 
0.857 
0.857 


1.64 
0.488 
-0.61 
0.238 
0,373 
0.611 
0.782 
0.782 














0.25 










Va>+6* 


0.707 







It Ib evident from the calculation that the hmit of current 
is reached by a resistance of 0.4 ohm. This resistance could 
evidently be obtained by directly substituting the value 7 = 0.925 
into Eq. (38) and solving for r. However, it is frequently prefer- 
able to carry out the tabulation, thus gaining the material for 
plotting the curves. These curves are far more instructive than 
the mere numerical answer. 

Id this case, where reactance has been used instead of resist- 
ance in order to obtain (approx.) constant current, all the 
energy is consumed in the lamps themselves since the reactance 
(assuming zero resistance) does not consume any energy. Thus 
the system is efficient. However, the power factor appears to be 
very low. 

Problem SS. — Determine the power factor of the circuit and plot it 
against the resistance of the lamps. 

Altogether, it may be said that in practice this arrangement is cheap and 
practical. A constant-current "tub" tranefornier has a higher power 
factor, but is also more expensive. In this machine regulation is obtained 
by altering the reactance in the circuit by means of the repulsion between 
the primary and the secondary coils. 

Problem S4. — A constant-current system is supplied with power by a 
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generator at 2300 vc^ta and 60 cycles. The line reaistanoe is negligible. 
Each lamp has 6 ohms resistaDce. Current must be maintained between 
the limits of 7.2 and 6 amp. 

Find the maximum number of lamps, both by the "resistance" and by 
the " reactance " method of obtaining constant current. Plot and compare 
curves of number of lamps vs. current for the 2 cases. 
Sotution. — (a) Resistance method. 
Let r — res. in series, tl = res. of lamps. 
2300 



Then r 



7.2 



ohms. 



• 10.fi - 10 lamps. 



Lamps 


2 


4 


6 


8 


10 


12 


rt 


0.0 


12.0 


24.0 


36.0 


48.0 


60.0 


72.0 


r+TL. 


320.0 


332.0 


344.0 


356.0 


368.0 


380.0 


392.0 


I 


7.2 


6 93 


6.68 


6.46 


6.26 


6. OS 


5.87 



(6) Reactance method. Neglecting the resistance of the reactance coil, 
X * YJ = 320 ohms. 
g . ?^ _ 333.3 ohme. 
■\Jtl* + 320' - 383.3 .■. rt - 210.8 
No. lamps - — g^ - 35.1 - 35 lamps. 



Lamps 





10 


20 


30 


35 


40 


^ 






102,500 

102,500 

320 

7.2 


60 

3600 

102,600 

106,100 

326 

7.05 


120 

14,400 

102,500 

116.900 

342 

6.72 


180 

32,500 

102,500 

135,000 

369 

6.23 


210 

44,200 

102,500 

146,700 

383 

6.00 


240 
57,700 


', 






160,200 
400 
5.75 


W+i' 

/ 



Note. — In an example of this kind it may be oa convenient to work 
directly, without the use of complex quantities as has just been done. 
With more complicated circuits, however, it mt^r be far more convenient 
and far safer to ad&ere strictly to the complex method. 

There ai« many other schemes for obtaining constant current. 
Some of these involve the use of condensers which are treated 
in the next chapter. 

This subject will be discussed further in Chap. XXI. 
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CHAPTER XVIII 
CAPACITT AND CAPACITT REACTANCE 

Two conducting surfaces, insulated from each other, are said 
to possess electro-static capacUy. Such an arrangement em- 
bodied aa a piece of apparatus is called an electrical condenser. 

Condenser, — When the plates of a condenser are connected 
resi>ectively to the positive and negative terminals of s direct- 
current generator, the condenser becomes charged. That is, 
when a switch, 8, Fig. 98, is closed, completing the circuit con- 
taioing the generator and the condenser, ammeters A , placed in the 
leads, will indicate a momentary current in 
the direction of the arrows. No current, in 
the ordinary oense, could pass between the t(^^ 
plates. The phenomenon thus resembles 
the piling up of electricity, as so much ma- Pia^oa 

terial, on one plate, the positive plate, since 
it ia connected to the positive tenninal of the generator, and 
the withdrawing of an equal amount of electricity from the other, 
the negative plate. This quantity of electricity which seems to 
have been transferred from one plate to the other is the charge 
placed upon the condenser. The condenser is maintained in an 
unstable state by the e.m.f. of the generator. If the generator 
is disconnected, the condenser continues tu remain charged so 
long as its plates remain insulated from each other, but as soon as 
electrical connection is made between them, the condenser dis- 
charges itself by a rush of electricity from the positive to the 
negative plate, as indicated by the flow of electricity or current 
through the meters. If the condenser is charged to a difference 
of potential which is excessive, the insulating dielectric breaks 
down, allowing a discharge to take place between the plates. 
This indicates that the dielectric is placed under a'strain when the 
condenser is charged. In fact, the dielectric behaves much like 
an elastic medium compressed between plates. When the 
pressure is removed the medium assumes its normal condition. 

The plates act merely as carriers or distributors of the charge, 
138 
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while its actual seat, as found out by Franklin, is the surface of 
the dielectric. 

The capacity of any given condenser is detcTmined by the 
dimensions of its plates, their distance apart, and the nature of 
the dielectric which separates them. 

Capacity is not a property solely of apparatus arranged in the 
form of a condenser, but any body may be said to possess 
capacity — for instance, a metallic sphere, insulated and isolated 
in space. But this may also be considered as a limiting form 
of condenser in which one plate is the surface of the sphere and 
the other is a surrounding sphere of infinite radius. la this 
case the strain in the dielectric may be represented by the lines of 
force, or tubes of force, extending radially outward from the 
surface of the sphere and terminating on the surface of the 
imaginary sphere infinitely distant. This conception of lines, 
or tubes of force, due to Faradat, makes the direction of a line 
or axis of a tube the direction of the force at any point, and the 
number per square centimeter, or density, of lines or tubes be- 
comes a measure of the force at the point. 

Fabadat assumed that the number of tubes is the same 
numerically as the charge per unit surface, and that the number 
of lines emanating from a charge Q is ^ = 4xQ. Thus each tube 
contains 4t lines of force. 

By connecting a sphere to one terminal of a battery. Fig. 99, 

and connecting the other terminal to earth, assumed infinitely 

distant, we establish a number of electric lines 

v\j/yc of force extending outward from the sphere. 

^^ /^-^ The number of lines established is 4*^,' where 

^L-^y-^Y^ Q is the amount of the charge placed upon the 

Y /|^ sphere. 
■ i''^ If the sphere is in air, the practical Umit to 

"'fiq 99 *'^^ number of lines which it is possible to 

estabUsh is very closely 100 per sq. cm. of sur- 
face. Thus, to produce 100 lines per sq. cm. requires a charge 

100 
Q " -7— = 8 absolute electro-static units per sq. cm. 

To increase the number of lines established in any given 
case, the difference of potential, or volt^e, should be increased. 
These lines are conceived to displace the ether, until by continu- 
ally increasing the voltage, the crowding of them becomes so 

) See Advanced Course in Electrical Engineering. 



^obyGoo»^lc 



CAPACITY AND CAPACITY REACTANCE 125 

great that the dielectric breaks down. The ability of any dielec- 
tric to withstand rupture under the strain of potential-difference 
is called "dielectric strength." 

With a parallel plate condenser, Fig. ^ 
100, the lines or tubes are parallel, -^ 



outward. 

By definition, the charge due to ""' *****' 

current i during interval dt is: 

dq = idt. (39) 

The practical unit of charge or quantity, q, is the coulomb. 
Another fundamental relation is that 

q = Ce (40) 

where C is the capacity, and e the e.m.f. or difference of potential. 
This law, found experimentally, ahowa that the numberof tubes 
which can be set up in a condenser of capacity C depeni^ directly 
on the potential difference. In practical units, the charge in 
coulombs is equal to the product of the capacity in farads and the 
potential difference in volts. "Charge" is not a material quan- 
tity, but may well be thought of as a measure of "tubes." 
Substituting from (39) into (40), since 

* dt' 
and 

dq = Cde, 

.■=C| ,41) 

which is called the chatting current, or capacity current of the 



Assuming a sine wave of e.m.f., impressed on a condenser 
then, e = £j|f sin col (42) 

i - CE^a cos wt. (43) 

The capacity, C, is a constant of the circuit, that is, like resists 
ance and inductance, it is a quantity fixed by the mechanical 
arrangement of the circuit. 
Eq. (42) may be written: 

» = CE„a sin («i + 90°). (43a) 
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Comparing (42) aad (43a) it is seen that the charging current 
ia 90" in time phase ahead of e. Also, 
/„ = CE^u. 
The effective value of the charging cmrent is then 



' V2 Vz 



whence 



E J_ 

I " 2t/C " ^'■ 

The quantity x, is called capacity reactance, and its use in cii^ 
cult calculations is similar to inductive reactance. 

Ezpressicm of Condensive Impedance. — It has been shown that 
the charging current leads the impressed e.m.f. 90° in time. 

Thus, if the charging current / is made zero vector, the im- 
pressed e.m.f. is — jkl where k is some constant and is obviously 
Xf Thus ^ = — jxj. 

In an inductive circuit the current lags 90" behind the im- 
pressed e.m.f. 

Thus E = 3x1. 

Convention has settled that an inductive impedance is Z a 
r +jx; thus the condensive impedance \s Z = r — jx, where x, 
as well as X is always a positive number. 

Circuit Containing Resistance, Inductance and Capacity in 
Series. — To find the current. Let E, the impressed e.m.f., be 
the Eero vector. Then 

= e(a + jh) 



' T + jx-jx, r+ j{x - z,) 



6 = - <»-^ -£L- i 

r* + (x - Xt)» F,y_ 101. 

To find the voltage E^ across the condenser. We have: 
B. = /(- JX,) 

- e(a +jb)(- jxc) = c(- ajxt + bx,). 
Similarly, the voltage across the inductance is 
El = / X ji 

= c(a + jb)jx — eiajx — bx). 
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]ho1>l«in M. — Let the constanta of a circuit be r = 1 ohm, L = 0.0265 
heniy, C - 0.000265 farad, and let 100 volte be impressed on the circuit 
at variable frequency. Find, and plot against 
the frequency, /, Ec, Bh B, for frequencies from 
to 100 cycles per sec. 

SoIutMHi. — We have: 

ey/af + 6'. 



I = t{a+3by,I 
E, = e(~a}x. + fc&); B, 
Bl - «(ajx — hx); Ei. 







Br - e(a + jbyr; E, - ery/a' 
Tabulating: 



asi.2 
S.U 
17. u 

-12.0 



D.OOU 

D.OOU 

0.0374 

S.7« 

112.2 

12. S 

3.74 



000076 

0.0086 
.0OS7 
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e. — Curves of the fonn shown in Fig. 103 are 
called resonance curves, and their nmxiinum points of the de- 
pendent variables are called resonance points. In this case, it 
is said that 60 cycles is the frequency of resonance. 

On examttuQg the problem it is seen that resonance is attained 
at that frequency for which x — x, = 0, ov when the effect of 
inductance is just nullified by that of capacity. The circuit then 
behaves as though it possessed resistance only. 
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CHAPTER XIX 
PARALLEL CIRCUITS 

Let /i and It be any currents in the branches of a parallel 
system, such that /i — ii + ji', and 7i = t'a + ji't. 

Laying off these vectors (Fig. 105), and adding them, gives 
I = Ii + It = ii + U+j{i'i + i',). (44) 

Let the impedances of the branches (Fig. 104) he Zi = n ~ jxi 
and Zi = fj + jxi, respectively. 



F 



To find the currents /i, 1%, and /. 

r * fi _ „ (ri + jx,) 



Fia. 105. 
We have: 

eigx + ii),) = 



where Oi = — rr' — i is the conductance, 



bi = - 



~i is the susceptance, 



and Yi = gi + jbi is the admittance of the first branch circuit. 
egi- is the power component of 7|. 
eE>i is the wattless component of /i. 
Similarly, 

_ e(ri - jxt) 
ri' -i- :ci* 
where 



'.-^■ 



■ e(S! + A) = fV, 



ti- 
e- 



rs' + arj' 



/.;, + ;,. e(5, + 5, + j(i„ + 6,) = eY. 



(45) 
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To find the joint impedance, Z, of the branches, 











Z 


" I 


- 


^ 


■P 


Bxamph.- 


-In 


Fig 


104 


let 


ri - 


rt 


-0, 


ud 


■nirf 



















' - S7,7' •■ - W. 







^"-r,* + x^»- x!' - z. 


- 2,ic, 




Then, 


from (45), 


6.= ^' = > 
"' r,' + 1," X, 


1 

■-WL- 




From this it iff 


seen that the line current is ii 


)• («) 

Q time quadrature with the 


ir , 


- 0, then from (46) we have the reUtioo 








'^'<:-m 










*r»fK?L - 1. 










■■'- ^../tt! 







that is to say, that if in a circuit such as is here considered the frequency 
be varied, s value may be reached for which the Ime current will be reduced 
to sero. In such a case the currents ui the branches will be 
/, -e(0+iS,) -.(flr/O, 



/, -e 



'WJ' 



-■"25 

Both of these currents are in time quadrature with the voltage, but 
/i ia leading while /i ia lagging. 

Thus, they are in time phaae opposition to each other. 

Problem B6. — In the circuit of Vi%. 104 let e - 100, ri •• ri - 1, L « 
0.026S, C - 0.00026S. Let the frequency vary, as in problem 64. Find 
/, /], It, and plot them against the frequency. 

Transmission Line Supplying Power to Parallel Loads. — Let 
a transmission line of impedance Zo = ro + jxo be used to supply 
power to a load consisting of two impedances, Zi = ri + jxi and 
Zt = ra+ jxt, which are in parallel. Besides the impedances, 
let E the voltage at the receiving end be known. 

Find 7, /i, It, E^, P.F. of generator and of combined load, 
regulation and efGciency of the line. 

E is chosen as the zero vector = e. 
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= «(», +ji>l); 



Similarly, 



: ^.(r,-j.,) 
ja;, ri* + «i* 

), 

1 " 


% 


"' 1-,' + 1,' 




<0 


K 


Flo. 


106. 



/. -«toi+i4.) 



/./, + /,_ e(j,, + „ + j(i, + 6.) 
= m + jn, 



where 






m = «((ji + ff,), n = e(b, + 6,). 


Then 






Eo = e + IZ, = e + (m+ jn) (r, + ji.) 




= c + mro — nxa + >(nre + mxn) 




= ao+j6o, 



Oo = e + nwe — nxa, bn = tir^ + mzt. 
Power of generator, by telescoping Et and / — P« — atm + ben. 

• ■ P-F- of generator = ^ ^^^^, 

P.F. of combined load = -j = — f' 
e/ el 

Ea— e 
Regulation = 

P em 

Efficiency = -^ = —--r-r — 

Problem 6T. — In tbo some circuit (Fig. 106), let Et be known and B 
unknown. Find all the quantities obtained in the last problem. 

Note. — In solving this problem the student is agam urged to pay 
particular attention to the form of his work. In order to add emphasis to 
this matter these similar problems are here given, the one being worked out 
and the other left for the student to do. 



^obyGoo»^lc 



132 ELECTRICAL ENGINEERING 

Tbo numerical oi scalar expieaaiona are not put down. It is assumod 
that they may always be obtained when needed by the ainiple procesa of 
rationaliEing a simple complex expression. By omitting them m the process, 
confusion is eliminated. 

^mraxiiiiate Transmissioii Line Calculation. — The two parallel 
wirefn a transmission line may be regarded as constituting the 
plates of a condenser. When alternating e.m.f. is impressed 
upon the line there will therefore flow a charging or capacity 
current over the line, whether the distant end is open or closed. 
Fig. 107 gives an approximate representation of such a line in 



m 



1 nJ 

Fig. 107. 

which the line capacity is replaced by two condensers, one at 
each end, so proportioned that each shall take one-half of the 
charging current. The charging current is taken as 2ii. i) is 
always positive, whereas i', the wattless component of the load 
current, is positive or negative depending on the load. 
Then 

7 = 1+ j(i' + it) = i + jit. 

Et = e + I Zo = a, + jbo, 
where Oo >= e + ir„ — t,xo, 
bo = t*ro + ixD. 
/b = / + jii « i + jH'' + 2it) = i + ju. 

From these, the power, power factor, efliciency, etc., may be 
determined. Expressions should be obtained by the student for 
practice, as follows: 

Power given by generator = Po = 
Apparent power at generator = Etlt = 



" Eali, 
Ei 



P.F. at generator = cos ao 
Efficiency of transmission 
Apparent efficiency = -p-i- 
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CHAPTER XX 
DISTORTED WAVES. RESONANCE EFFECT|L 

So far, only current and voltage waves have been dealt with 
which followed a sinusoidal variation with respect to the time 
and had the same frequency or period. In the laboratory, re- 
sults obtained are found not always to agree with those expected 
from the theory. This is frequently due to the assumption in 
theory of pure sine waves, whereas, in practice, a pure sine wave 
is only approximately attainable, and the actual waves may 
differ greatly from that form. 

It can be proven that any curve representing changes occurring 
with time can be resolved into a number of sine waves of differ- 
ent frequency — as long as the curve representing the changes 
is a univalent 'function of time — which it always is in electrical 
problems. 

It can also be proven that if the curves traced are symmetrical 
above and below the axis — no matter how distorted — the sine 
waves contain only the odd frequencies. 

Thus assume as the simplest case that the current is distorted 
in such a way that it can be represented by the first two terms 
of the series, that is that: 



i = Ii„ sin ut + /*„ sin {Sut + a). 



nponent wave 



It ia seen that the frequency of the second c 
is three times that of the first. 
The first wave is called the 
fundamental of the complex 
wave, the second wave is 
called the third harmonic. 
The angle a denotes the per- 
manent phase difference be- 
tween the waves. Such a 
combination of waves is seen 
to be a distorted wave, as ^"'' ^""' 

shown in Fig. 108. To find the amount of heat such a wave 
will develop in a circuit, that is, to find the effective value of 
the complex wave. 




133 
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Evidently the heat developed at any instaat is proportional to 
'■*, and 

I* - [/,„ sin «f + Ih. Bin (3«( + a)]*. 

The mean value of the heat developed during a cycle of the 
vave^lill then be proportional to 

mean i* = j,i lh« sin ut + It^ ain (3«i + ay\*dt. (47) 

Thus, the effective value of the current ia 



„ sin «f + Ii^{^^t + u)\*dt. (48) 



The student should solve (47) and (48), and show that 



(49) 



7, 



r = effective value of the fundamental, 



and I = V/i* + /.* 

where Ii„ — maximum value of the fundamental current wave, 
/iM = maximum value of the third harmonic, 

"V2' 

/, = -~ = effective value of the third harmonic. 
V2 

Also, in general, where there are any number of component 
harmonic waves in a circuit, 



/ = V/i' + /.' + /.*+. . . (50) 

Thus is found the important rule that the effective value 
(ammeter reading) of any number of currents of different fre- 
quencies is equal to the square root 
of the sum of the squares of the in- 
dividual effective values. 






»^: 



. 



Fia. 109. 
cept during transient periods not considered 



Note. — Eq. (50) holds for any cambina- 
tion of harmonics whatsoever. With alter- 
nating-current machinery, we have to deal 
only with odd harmonics, as the positive 
and negative waves are always symmetrical 
this volume. 



Example. — In Fig. 109 are represented three generators which 
supply respectively 20 amp. at 60 cycles, 15 amp. at 25 cycles, and 
10 amp. at 10 cycles. They all use a common wire for a part 
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of their circuits. Then the current which Sows in the common 
wire is 

/ = V20* + 15» + 10' = 27 amp. 

PrDblem 68. — If etiU aaother generator is added bi the above ayBtem and 
it mppUea 12 unp., direct current, to its load, usmg the common wif^ find 
the current, I, that will then be in the common wire and explain the result. 



Ejui. Which Causes Distorted Waves of Current— If the 

current in any circuit is given by the equation 

t = 7i sin ul + Itaa (Sat + a) (51) 

the question may naturally arise as to what kind of e.m.f. wave 
will cause such a current to flow. Will the e.mS. wave be more 
or less distorted when the current ia supplied to a circuit of re- 
sistance and inductive reactance? 
We have (Eq. 15), 

Substituting from (51), 

e •= Iirsin (U + If sin (3wt + a) + L(Iiu coa <at + 

3/iu cos (3b)t + a)) 
™ IiT sin wi + L/i«t cos wi + /»r sin (Sut + a) + 

3LI»a cos (3(dt + a) 
= IiT tin tut + /ix cos ui + /iT sin (3w( + a) + 

/^, cop (ZtU + a). (52) 

Let " = tan fi; ~- = tan ^t. 

Then 

r = ?i 006 (S = Zi COS ^f 

Substituting these values in (52), 

e = /iZi(co8 fi sin ut + sin j3 cos ut) + IiZtiooB fit sin 
[Zid + a] + sin J3, COS [3«i + a]) 
- liZi sin itd + &) + 7,2, sin (3«i + a + fl,) 
-Eisin (w(+0) +B,8in (Sm* + a+0i). (53) 

Thus the amplitude, Ei, of the fundamental voltage wave is 
Zi times that of the current fundamental; the amplitude £| of 
the triple frequency voltage wave is Zt times that of the cur- 
rent triple frequency harmonic. 
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The difference between the multipliers, Zi and Zt, is due to 
their respective reactancee, x and x», since r is the same in each. 
But Xt is Sx. 

Therefore, it is seen that the triple frequency voltage wave 
is greater in proportion to its fundamental than the triple fre- 
quency current wave to its fundamental. In other words, the 
voltage wave is more distorted. 

Conversely, it may be said that when a distorted voltage is 
impressed on a cirouit, the effect of the inductive reactance is 
to smooth out some of the distortion in the current wave. 

Probi«m 69. — Show that when the e.m.f., 

e ^ El ma at + Et ehi (at + a), 
is impressed on s circuit of resistaoce only, the current flowing will have 
the same amount of distortion as the voltage has. 

Problem 60. — Show that whan the e.m.f. of problem fi9 is impressed on 
a circuit containing resistance and capacity, the effect of the capacity is Ut 
inoreaee the distortion of the current. 

If the voltage (63) is measured by a voltmeter, what will the 
reading be? From the development of (51) in respect to dis- 
torted currents, since both currents and voltages are similar 
in form it follows that the effective e.m.f . shown by a voltmeter 
will be 



-V¥" 



= VBi' + E.» 



Problem 81. — In Fig. 110 let E be the known impressed v( 
capacity •• C farads, inductance — L henrys and resistance ■ 
Then 



Find the current, and the voltage drops across the inductive Impedance 
and the capacity, when the impressed voltage ia composed of a fundamental 
and a third harmonic. The fundamental component of current will be 






*•' = r' + {!£- x,)>, 
and E, ^ tiia the aero vector. 
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The voltage drop acroea the inductive impedftnee, z, due to /i, is 
Eu - liZ - t,(g +j6)(r +j*l) - a +jb' 

a — €ifT — tibx; b' •• (jbr + gx)ei. 
The voltAi^ acroaa the capacity reactance due to 7] ig 
E„ - ;,{0 -jjt) -d+jf, 

d = rtbx,;f = — eigx,. 

The third harmonic components of current and voltage are umQarly deter- 
mined, remembering that 



Problem 68.— In the circuit of Fig. 110, 
let r - 1, L - 0.0265, C - 0.00026S, E ~ 
100, £i =■ 30. Find and plot the current 
waves /|, /] and /, as the fundamental 
frequency is varied. 



J" 



Note. — Solve tor frequem 
Sobdum. — We have, first, 
Ei - v'S' - E,* = VlOO* 
Then 



Fio. 110. 
of 15, 30, 25, 35, 50, 6fi, 60 ,05, 75, 100. 



I, - 



95 



95 (r -jr.) 



Xu - 2r/,t - 2-.-^ = 0.167/, 



/i - - 



- Xu - 2t/^ - 



2ir/,C 



. 0.167/, T- - 0.5/, 



0.167/, - ~. or, at the frequency/, = 60, and it is /,« - , =95 amp. 

Maximum 7| occurs when x,i. = :f,c, i.e., when 0,5}i = -i-^ or, at the fre- 

30 
quency /, - 20 and it is /m — y - 30 amp. 
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■0 1- 4 

« * — + 

e » 4a (0 to iM 



Fia. Ill, 

Fig. Ill gives a striking illuBtr&tlan of teeooance, in that there are two 
diBtinct reaotiAiice points. 

Correspondingly more pointa of resonance would be produced if the 
e.m.f. wave possessed more hannoniGs. The higher the hannonio, the 
lower the frequency at which n 
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CHAPTER XXI 

CONSTANT POTENTIAI^-CONSTANT-CURHENT TRANS- 
FORMATION (Conf d from Chapter XVH) 

It has already been shown bow a fairly constant current may 
be obtained from a constant potential source by the use of re- 
sistance and inductive reactance. 

It is recollected that either the efficiency or the power factor is 
poor, and that the range of fairly constant current is quite narrow. 

While a far better control can be obtained by the introduc- 
tion of a condenser in connection with the reactance, this latter 
method has found little practical application because of the 
rather high cost of condensers and their unsatisfactory operation 
with the distorted current taken by arc lamps. It is, however, 
probable that Buch system will be extensively used in the future 
on account of the fact that series incandescent street lighting is 
being used to an increasing extent. 

In Fig. 112, let En be the constant voltage impressed on the 

system, and let E be the variable voltage across that part of the 

system in which the constant current, /, 

I a^' is to be maintained, lict the system be 

f" composed of zi = ti + jxi, in series with 

*' ''i m ^^^ parallel circuits, zt = rt + jxt and the 

i*'f 1 1 ^*"*bl^ I<**tl impedance, z = r + jx. E, 
~| the voltage across the variable impedance, 

Fio. 112. "'^ ^ taken as zero vector, = e, although 

it might seem more It^cal to use £« 
which is known. (With E^ chosen, the calculations are some- 
what more involved, yet, of course, perfectly possible, and the 
student is advised to apply both methods and verify results.) 

/ =? ^eia+jb), (54) 

/. = I =e{g,+jbt), (55) 

7, = / + /, = e(ff -H ffj -H jib + 6.) = e((?o -|- ;6o) (56) 
^0 = e + IiZi ~ e(A + jl). 
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Nmnerically, 



and 



/A» + I' 

which is the value of the sero vector. 
Substituting this value of e into (54), (55) and (56), 



/ 



h '- 






(58) 
(59) 
(60) 



" Vk' + I* 

These equations give the currents in the three branches of the 
circuit, but there is nothing about them which determines that 
/ shall be constant. Eo, gi and bt are constants, g and b are 
variable, and go and feo are, respectively, g + gt and 6 + 6j. 
k and I are made up of combioations of g, gt, b, bt and ti and Xi, 
where ri and Xi are constants. 7i and It are essentially variable 
because of the variation of z, the load impedance. 

Problem S3.— Let a circuit be cbosen as in Fig. 113, 
such th&t fi -• r, — 

X] — — Zi — 129 ohms 
I - 0. 



Find e, /g, / and the power factor. Mid plot 
tfaem against r for varying values of r from 
to 500 ohnu. 



c - Cj - -; b -0. 



. (54) becomes 



Similarly, (55) becomes 
and (56) becomes 



.-a->a- 
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B, - 250 -. + .()- J j-_)>i, 

»-('+i:)^'-7' 



Substitutinf values for Xi and Xt, 



■V(7 



(57) then becomea 

(58) becomea 
(60 J becomes 



125^ 126^\ _ 
125' "'"'■'/ 

2r 
/ ■ — - 2 - constant for all valuea of r. 

„ (FTT Vr' + 125' 
/. ^2r^-, + -, g^^ 

This case is, of course, ideal in that it assumes absence of te- 
siatance in both reactive branches of the circuit. 

In Chap. XVII, it was found that with the system which used 
only inductive reactance to obtain constant current, the power 
factor was quite low. 

To obtain an expression for the power factor in the present case, 

£5 = e(A +3I) = eh+jel, 

■ r ■'xj 

whence, by telescoping, the power is 

^ e^ _ e'i 
' ~ r Xt 

_«J(l +'■)_!!'-..!■• 

r \ Xt/ XiT T 

Substituting numerical values, Pg = 4r. 
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Volt-amp. - EJ, - (eh + jel) (| - j i) 

, Ih' , I" , 2ftl , !', A' 2Ai 

■*\? + j? + s7 + ? + j;i-r-s"' 

Substituting valuee for A and I, 



, / V Xif , Ii* ^ X,* \ ^ x,J 

■'\|— P~+F^ + -F+ „• • 



This equation reduces to 



-xj, and, substituting numerical valura. 



EJi = 4Vr* + 125*' 



. Power factor ■ 



V?' 



16,726 
126.2 



40 
400 
16,025 
12«.5 
0.168 
2.02 
0.32 



60 

100 

2,600 

18,125 

134.5 

0.372 

2.15 



10,000 
26,625 



1,000 

260,000 

266,625 

515 

0.97 

8.25 



Fig. 114 shows the curves of current, voltage, and power factor 
for change of resistance of the load. 

In this case, the power factor is seen to be very much better 
than it was found to be where inductive reactance alone was used. 

n^biem U. — Let the lo&d In the preceding problem be made up of both 
r and x. Find the effect of reactance in the load and make a general itndy 
of the conditions under varyii^ power factor of the load. 
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Thu may be done as tollows : Imagine the load to consist of any number 
of lamps, each lamp possessing a certain reeist&nce and a certain reactance. 
Then the ratio of - will be constant. 
1. Let X — 0.5r. The power factor of the load will then be 



__ r 1 



= 0.88 



2. Let X - r. The load power factor \a then 0.707. 

Supplying these values in turn to Eqs. 54, etc., as in the previous problem, 
tabulations and curves may be obtained from which a report on the effect 
of power-factor variation of the load may be made. 

In order to bring the subject to a practical basis, the effects of 
actual Constanta of the apparatus should be investigated. It 
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Fio. 114. 

will be found that the resistance of a suitable reactive coil for 
such a ease as developed above, would not need to be above 
0.5 ohm, and that the resistance in the condenser circuit would 
be very much leas. Consequently the effects of resistance are 
extremely small, and the case, as worked out, may be considered 
as approximately attainable in practice. 

Many schemes have been proposed for the attainment of con- 
stant current from a constant potential source, in which more or 
less elaborate combinations of reactances have been arranged. A 
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study of the possibilities of different schemes is profitable for the 
student as it affords excellent practice in circuit calculation.* 

Power snd Wattless Components of Volt-amperes.— The 
quantity EI cos a is called the power component P of the volt- 
amperes. 

By a similar conception, EI ^n a la called the "wattless" 
component/" of the volt-amperes. 

Thus 

EI =■ V{EI cos a)* + {EI sin)*- 

Referring to £q. (36) 
EI sin. a '- EI sin (fi — y) 

= EI (sin fl COB 7 - COS ^ sin y) 

(61) 

' For some of these developmeats see Steinuetx, " Altemating-current 
Phenomena," Chap. X, 
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CHAPTER XXII 
THEORY AND USE OF THE WATTMETER 

The most accurate way of obtainiDg results in the measure- 
ment of alternating current, voltage or power is by the uee of the 
electro-dynamometer. 

As generally employed the electro-dynamometer, invented by 
SiBUEHS is a combination of 2 coils, one movable and the other 
fixed, whose planes are set at right angles to each other. When 
current is sent through the coils, each sets up a nu^netic field 
in the region occupied by the other, thus causii^ forces which 
tend to move the coils relatively to each other. The forces are ' 
balanced by tension on & calibrated spring. 

If the same current is sent through both coils, the scale, prop- 
erly calibrated, measures the current. If the instrument is 
placed in series in a circuit, the current measured is that of the 
circuit, and the meter becomes an ammeter. If it is placed in 
shunt to a given circuit, the current in the coils is proportional 
to the voltage drop ui the circuit, and the meter becomes a volt- 
meter. 

If, however, one coil is placed in series and the other in shunt 
to a given circuit, the effect on the instrument is proportional to 
the product of the amperes and the volts at any instant, and the 
electro-dynamometer becomes a wattmeter and measures power.* 
For practical construction, the coil to be connected in series is 
made of few turns of comparatively heavy wire, and is usually 
the fixed coil, while the coil to be connected in shunt is made of 
very many turns of fine wire and is movable. 

Accurate results are obtained by the dynamometer because the 
coils, while readings are made, are alwajrs kept in the fixed rela- 

> The flux aet up by 1 coil (fixed) is proportional to the current flowing 
in the circuit, while the flux set up by the other coil (movable) is proportional 
to the voltage across the circuit. But the force at any instant acting on the 
coils is proportional to the product of the fluxes set up by the coils, that ia, 
the force on the coils b proportional to the product, JS X /, where 
he circuit, and 
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tive position at right angles to each other, thus eliminating mutual 
flux;' also because no iron is used in construction, and there are 
no other materials which might cause variation in the results. 

Accuracy must be obtained, however, by the correction of 
certain errors in the readings. The error due to friction of the 
movable coil is small. The error due to changes of resistance 
by temperature is obviated in good 
instruments by the use of resis- 
tance which is not affected by 
chai^ of temperature. When 
used as a wattmeter, the readings 
of the dynamometer must be cor- 
rected for error due to the manner 
of connection in the circuit. This 
correction is of great importance. 

Let the wattmeter be connected 
as in Fig. 115 '(A), in which the 
power consumed by the impedance, 
Z -^ R + jX, is to be measured. 

The current coil is represented 
by the impedance z" r +jx; the 
voltage coil by the impedance zi = 
Ti + jxi. The load voltage is e, 
which is chosen as the aero vector. 
The meter should be first calibrated by direct current, so that 
ito reading for any given direct-current power is known. 

Wftttmeter Connections. — Connection (A) is wrong, because 
the current coil has to carry 7i, the current taken by the volt^;e 
coil, in addition to the load current 7, thus causing the wattmeter 
to indicate the power lost in the volt^e coil, plus the load. There 
will thus be a reading even at no-load. If /iVi, the power lost in 
the voltage coil, is subtracted from the wattmeter reading this 
error is eliminated. This error is usually negligible in connection 
with circuits carrying large current at low voltage. 

In the connection shown in Fig. 115 (B), the current coil 
carries only the load current. The voltage coil, however, is so 
connected as to include the drop in the current coil as well as 
that across the load. Thus the wattmeter indicates the power 

' Mutual induction will be treated more fully in connection with the 
study of the tnnafoiraer. See Chap. XXVI. 
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lo8t ID the current coil in addition to the load. This error may be 
corrected by subtracting the h^r power lost in the current coil. 
Connection, {B), is best Eidapted to measurements at high voltage 
and low current. 

A third arrangement, Fig. 115, (C), ia known as the compen- 
sated wattmeter. In this there is wound a fine wire coil of the 
same number of tu]*n8 as the current coil directly upon the latter. 
By its connection, it is seen that this coil, c, carries the current of 
the voltmeter coil. It therefore supplies to the current coil juat 
enough back ampere-turns to neutralize those due to that excesa 
of current in the current coil. This arrangement causes the 
wattmeter to read correctly bo far as its connections are con- 
cerned. 

Readings of the dynamometer calibrated by direct current 
must also be corrected for an error due to change in frequency. 
In connection (A), Fig. 115, the load current is 

Current in the voltage coil is 

Current in the current coil is 

/. = / + /, = e{j,o+A). 



These currents are plotted in Fig. 
116. Usually, the angle of lag of /i, is 
very small, even less than 1°. This 
slight iag may, however, give a large 
error. 

T.n,.^- 

Fio. 116. 

Since the coils are at right angles, the 
torque at any instant on the movable coil is proportional to 
the product of the currents. 
Thus, 

T = kioi,, 

where io and ti are instantaneous values of current in the two coils. 
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= lom sin wt, and t'l = /i„ sin (_<at + a). 
Then the average value of the torque through one-half cycle ia 
H Bin ut)(,Ii„ sin (ut + a)dt 
2khl 






J (sin* <i)t cos a + sin ul cos uf sin a)(U 
2kJJ, 



\dt 
2kIiJi rat cos a cos a sin 2Mf an a cos 2<jfl " 



T L 2 4 4 




2ft/(Jir* an a , sin al 2fc , , 


)S a 


= fc/o/i COS a, 





/o and /i being, as usual, the effective values. 
The wattmeter reading is then proportional to 

7i7o cos a, 

where a is the angle between /« and It. 

But the true power is el cos fi where P is the angle between 
e and /. 

In order that the wattmeter shall read true power it is therefore 
necessary to correct each term in the reading. These corrections 
are; (a) for the current in the voltage coil; (b) for the current in 
the current coil; (c) for the angular displacement. 

(a) Assuming the meter to be calibrated by direct current, the 
current in the voltage coil at any frequency, /, will be less in the 

ratio / .-: — i ' due to the inductance of the coil. 
Vn* + xi* 

The reading should therefore be corrected by the factor — » 

in order to bring it proportional to e. 

(fe) The current in the current coil is too lai^e in the ratio, -j ■ 



The correction factor is therefore, 
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(c) The correction factor for aagular displacement is evidently 

' where and « are as shown in Fig. 116. The complete 

correction factor is then 

r 

The constants of the wattmeter are assumed known, which per^ 
mits of obtaining all angles except the phase angle of the load. 
Thus, a is known, but not p. In order to obtain 0, a reading may 
be taken of the wattmeter, voltmeter and ammeter as in the ex- 
ample below. Then, roughly, 

cosfl--^- (62) 

Substituting this value of cob into the correction factor, a 
new value of W is obtained. Replacing the approximate W of 
(62) by this new value, a new value of cob ^ is obtained in which 
the error is of the second magnitude. By repeating this process 
any desired degree of precision may be obtained. 

Example. — To find cos 0, when by 
reading of instruments the approxi- 
mate power factor is found to be 

P F = watte =-^ = 05 
volt-amp.' 100 



-H^ 



■'' ttw^t^uf^ ° There must be a correction-factor 
Fia. H7. ciarve of the dynamometer for varying 

power factor. 
From this curve.let the value of k beO.99 for P.F. = 0.5. Then 
multiplying, 0,5 X 0,99 = 0.495 = power factor to second ap- 
proximation. It is evident that a repetition of the process will 
be hardly necessary in most practical cases. 

Problem U,—^With the wattmetei coomected as above (115, A), determine 
. aod discuas the coirectioa factors: (1) with non-inductive load; (2) when the 
power factor of the load is just equal to the power factor of the volta^ 
coil; (3) in the theoretical case when there is no self-induction in the voltage 

Problem 66. — By a process similar to that just given, find the correction 
factors for wattmeters when connected according to (Pig. 115, B and C). 

The errors actually obtaining in practice with good commereial 
indicating wattmeters are quite small. Thus, at normal voltage, 



^obyGoo»^lc 



THEORY AND USE OF THE WATTMETER 151 

2000 cycles and power factor from 0.8 leading to 0.8 l^ging, 
the error is usually less than J4 P^ cent. 

As the power factor is lowered the error becomes larger. At 
normal voltage, 60 cycles, the error may be less than 0.2 per cent, 
with the power factor down to 0.1. 

If the impressed voltage is tow, say 15 per cent, of normal, the 
error may, however, be several per cent. 

In operation there are also errors which enter . 
with the use of "current" and "potential" trans- 
formers. When these are used, the error is 
practically negligible for power factors above , 
0.8 except for small loads. With non-inductive- *"'■" 
load of, say 10 per cent, normal, the error may, 
however, be several per cent. 

Problem 67. — ^An uncompenaated wattmeter (Fig. 115, A ftttdB and Fig. 
118) haa a ratbg of 400 watta. At 100 volts the reeistance of its voltage 
coil is 2000 ohms. At 50 volts the reeiBtance ie 1000 ohma, at 10 volts it ia 
200 ohma. The inductance of the voltage coil ie 0.007 henry. Reaiatance 
of the current coil ia 0.03 ohm. Inductance of the current coil is 0.0003 
henry. Find the wattmeter reading, the actual watta and the coireotion 
feuttor for all combinationH of voltage, cun«nt and power factor, when 

t - 100, 50.0, and 10.0, volts 

/ . = 4, and 0.4 amp., 
P.F. - 1, 0.1 lead, and 0.1 lag. 

/ - eOcyclee. 
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SIMPLE PROBLEMS IN ELECTRO-STATICS 

It is desirable at this point to introduce certain principles of 
electro-statics. These should, of course, be more or less familiar 
to every student who has bad an adequate course in physics. 

PotentiaL — By definition, the potential at a point in an electric 
field is equal to the work done per unit charge in brit^ing a 
poutive charge from a place of eero potential (usually infinity) 
to the point. 

Intensi^, — Also by definition, the intensity of the electric 
field (lines per square centimeter in air) is numerically the same as 
the force which that field exerts on unit charge. 




Thus, if R is the intensity of the field at a distance r from a 
point charge, Q (Fig. 119). See also Chap. XVIII. 

jj ^ 4^ = M = «. 

area of sphere of radius r 4Tr* r* 

Therefore the potential at p is 

Vp fRdr = - fReoaBda (63) 

where ds is an element of the path of the unit charge and 

dr = da COB 6. 

The minus sign is used because work is done in bringing unit 
positive charge against the char^ Q which is also assumed posi- 
tive. Thus, the repulsion between the charges must be overcome 
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and work haa to be supplied. This designation is, of couree, a 
matter of convention. 
Substituting the value of R, just obtained, 



Vp - - I Rdr = - I ^, dr - ■ 



where p ie the distance from Q to p. 

Capacity of a Sphere. — Suppose the charge, Q, to be on an iso- 
lated sphere of radius, r,. Then, at the surface of the sphere 

p = Ti, and the potential is Fi = ■ 

The capacity of a condenser is defined as the charge per unit 
Q 

potential. ThuB, C = y, where C is capacity, and V is the 
potential of the charge Q, 

Since, therefore, with an isolated spht 
of the sphere is 

C = -Tj- = ri in cm. 

Thus, the capacity of a sphere is numerically equal to its radius ; 
the value of the capacity expressed in farads, C is found by 
dividing C in centimeters by the constant 9 X 10^'. 

Potential Gradient — The potential gradient, ustially denoted 
by Q, or the rate at which the potential changes at a given point, 
is of very great practical importance since it is a measure of the 
electric stress to which the dielectric is subjected. The poteotial 
gradient, G, and the electric field intensity, R, are the same nu- 
merically. Thus, if the potential of a certain point falls at the 
rate of 5 units of potential per cm., the actual number of lines 
per sq. cm. at the point is also 5. 

By definition, 

dr 
Since, 



In a dielectric of specific inductive capacity, k, the intensity 
aa well as the potential gradient for a given charge is less than in 
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sphere, 

The maximum [toesible value of G, or R, under ordinary con- 
ditions in air, is not known exactly, but is in 
the neighborhood of 30,000 volts per cm., or 
100 electro-etatic units of potenti^. 
Capadty d a Spherical Concentric Con- 
>/ds denser. — Consider 2 spherical concentric bodies 
with charges pluB and minus Q. 
By (63), the potential difference is 




-c 



Rdx, 



where r and ti are radii respectively of the inner and outer sur- 
faces of the condenser. 
But 



:.v = 






.ri - r 



Therefore the capacity of the condenser is 

^ Q rri . 
C = ^ = ■ , m cm. 
V Ti + r 

Potential gradient between concentric spheres. 
Since 

(?= -^> 
dr 

and 

dV =• -Rdr, 
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ri - r x' 
At the surface of the smaller sphere, i = r, whence the gra- 
dient is 

^^ r{r,-r) 

The Capacity of a Concentric Cylinder. — ^Let the charges be 
± Q per cm. of length of the cylinder (Fig. 121). 
Then, by Gauss' theorem, the flux emanating 
from each centimeter of length = 4xQ. 

Lines of flux are here assumed to extend radi- 
ally, which they actually do. 

At any distance, x, from the center of the 
cylinder the intensity at a point is the total pT^^i 
number of lines divided by the area, or, 

"■ 2ii- X 
Thus, the potential differeace is: 

r4t= -Zenogr-logrJ 




-l-'-jS^ 



--i-2giog^' 

and the capacity is 

C " — " in cm. 

per cm. length of the concentric cylinder. 
The gradient at any distance, x, from the center is 

„=« = ?«. ?C!.?!x^ '_ 

' ' ' 2Iog^ xlog'- 

At the surface of the inner conductor, x -= r. 



(68) 



'.(?•= > and this is the greatest value of the gradient. 

'■logy 
* See "Advanced Courae in Mectric&l Engineering." 
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In these formulfe no account is taken of any effects due to the 
ends of the concentric cylinder. For the special case of an outer 
cylinder of radius ri = m , C = 0. 

Capacity ot Two Parallel Plates so Large that the Effects of 
Their Edges may be Neglected. — The total flux set up by a 
charge, Q, is irQ (Fig. 122). 

The intensity, R = ^' 

^ ^ ^ where A is the area of one side of 

/t * +0 1 / t ^^^ P'^*^- 
f * — I t ' 4 The potential difference is: 

where d is the distance between the plates. 
The capacity 

^ Q A kA . 
C = — = T — ; >= ■; — ; In cm. 
e iwd ifira 



(70) 



where the dielectric has a specific capacity k. 

The potential gradient, G, is a constant in the dielectric be- 
tween the plates, since the flux lines are parallel. 
Thus, 

de _*rQ _ AirCe _ efc 

*'" dx~ A ~ A ~ A 

in which e is the difference of potential of the plates and fc is a 
constant, = 4vC. 

Capacity of a Transmissioii Line.' — The line is represented in 
section in Fig. 123, with, r, the 
radius, and, D, the distance be- ^,_ 
tween centers, of the wires A and 
B. Let A b^ charged -|- Q, and 
B, -~ Q. The flux lines emanat- 
ing from A enter B. The inten- 
sity at a point, p, due to the charge on A, is R^; that due to 
the charge on B is Rg. 

' For more exact deduction see "Advanced Course in Electric&l 
EngiDeeriuK." 



JT 
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Then 






R. ^ 



2t(Z> -x) {D- x) 

The intensity due to the two charges is the sum of fi^ and Rb, 
since the direction of the linea of electro-static force from A, due 
to a positive charge, is the same as that due to B, which has a 
n^ative charge. 

■••«-^[^^]- 

The potential difference is: 

- 40 log 5^ (71) 

and the capacity is therefore 

C-5 = — i— 

e .. D~T (72) 

41og— — 

per cm. length of circuit not of wire. 

This capacity is expressed in centimeters. If the line is in a 
dielectric of specific inductive capacity, k, the capacity in air as 
determined above, must be multiplied by t. 

To transform capacity, expressed in electrostatic units in (72), 
into electromagnetic unite, the former should be multiplied by 
-^ where v is the velocity of hght = 3 X lO" cm. per sec. 

The practical electromt^netic unit of capacity is the farad. 

Capacity in farads = -j X 10*, 
where C is capacity expressed in electro-static units. 

.'. Farads = electro-static units X av-\r^' = d ' ylT m 
Thus, C/cm. of circuit, in farads, = 

k 0.434A: 

4 log ^-^ X 9 X 10» U logi, ^^^ X 9 X 10»' 



^obyGoo»^lc 



158 ELECTRICAL ENGINEERING 

When coDDected to a source of alternating e.m.f., the effective 
value of the chai^g current is 7^ ~ 2rfCE, where E is the effect- 
ive value of the line voltage. 

The voltage ia frequently taken from one 

f 5^ ade of the line to neutral, that is, to the 

s -^-'- point of zero potential of the system (Jig. 

I 124). When this voltage to neutral is used, 

Fia. 124. ^^^ capacity to ground, or to neutral, is 

twice as great as the capacity between lines. 

This follows since /„ = 2rfC^n, where C^ and £„ are capacity 

E 
and voltage to neutral, and for single phase systems, E^ = « ' 

E 1 



, farads per cm. of line, unce in 



2 X 9 X 10" 



usii^ the neutral, the length of line is the transmission distance. 
Reducing values to practical units, C/IOOO' = 'ti — 

is the capacity- to neutral per 1000 ft. of line, in micro-farads. 
/e/1000' = — ", is the charging current per 1000 ft. of line, in 



Capacity of a Three-phase Cable. — Cajjaoity to neutral per 
1000 ft. of line is given in micro-farads by the formula 
0.0074 I 



C»/1000' 



logio 



VR* + a* + fl'a' 




Such a cable is represented in section in 
Fig. 125, where R is the radius of the sur- 
rounding sheath, a is the distance from the 
center, or neutral point, to the center of one 
of the wires and r is the radius of 1 wire. 

PtoU«m 68. — (a) Prove that the greatest charE^ which may be put on a 
bnil of 10 cm. radius is 10,000 electro-static units. (Assume tjiat the moxi- 

> This will be understood from l&ter diacusaion of polyphase BjBtotaa and 
deduced in the rolume dealing frith advanced electrical engineering. 
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mum gradient is 30,000 vaite per cm. when air at atmoBpherio prenure 

"bnaks down " and a glow called corona appean around the wire.) 

2.66 
(6) Prove that the greatest surface charge, incoulombflpereq. cm., is-Tj^* 

(e) Show that if the inside conductor of a concentric cable has a radhis 
<rf 1 cm., and the outside conductor ia 2 cm. in radiun, 0.0027 coulombs 
must be put into 1 mile of cable to cause it to glow (corona). Show that 
the potential difference between the Z conductors is 20,800 volta. 

Inductance of a Concentric Cable. — The inductance is recol- 
lected to be the interlinkages of the flux and turns per unit current. 

In general, if the m.m.f. acting in a circuit is F then the flux 
. 4»-f X area of magnetic circuit 
length of magnetic circuit 

The interlinkage factor is the fraction of the total current en- 
closed by the flux, and 

L = J 2 flux X interlinkage factor. (73) 

Consider first the flux in the inside conductor due to the as- 
sumed uniform distribution of the current 
in it. 

At a distance x from the center (Fig. 126), . 

the m.m.f. is — ^/where/isthe total current. 

The area enclosing the flux per centimeter 
length of conductor is dx and the length of 
the magnetic circuit is 2irx Fia- 126. 

.■.^..-ir^l^-ll^d. 

This flux interlinks with — ; of the total current: thus the 

interlinkage factor is -y 

1 r; , I* J 1 

(Assuming that /» = 1) (74) 

, Between the conductors, the flux inter- 
links with the whole current (Fig. 127). 
Thus by a similar reasoning we get: 
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The curreDt in the inner conductor iuterlinka with the entire 
flux wliich is in the outer conductor but which is caused by the 
difference in m.m.f. in the inner and outer conductors. 
At distance Zt the in.m.f. is thus 

- xq* .— R* J J. Rtt* — Jo' 
^ ~ Ro*-R*^ ~^ B„*~R* 
The ioterlinkage of this flux with the current in the inner con- 
ductor is, of course, unity, thus 

The inductance of the outer conductor should be added to give 
the total inductance of the cable. 
The m.m.f. is shown above to be 

_/ fi«* - ^* 

1 «■>* + fl* , 2B,* 
" . 2 Bb' - fi' "*■ (flo* - B')* 
The total inductance L = Li + Li + Li + Lt which is readily 
proven to be 

2fl»* fi? _ 1 3B,* - B' 

' {B,» - B»)* '^ fl 2 Bo* - B* ""■ 

This inductance is expressed in the absolute system of units. 
By dividing by 10* the inductance is expressed in henrya. 

Problmt S9. — Prove that there is no flux outside of the sheath, the flux 
set up there by the current in the ahe&tb being exactly neutraJiied by the 
flux set up in the same spaise by the oppositely directed current in the 
inner conductor. 

Inductance of a TransmiSEtoa Line. — ^E^t a transmission line 
be represented as in Fig. 128 by 2 conductors, A and B, of 
radius r. Let the distance between their centers be D. Each 
conductor surrounds itself with flux lines, the directions of which 
are indicated by arrows. The flux through any zone of width, 
dx, between the conductors, due to the current in A, is 



B^''*^ 



d'i>A 



2Ftfidx 
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where x Ib the distance of the sone from the center of A , and 
Ft 18 the m.m.f. due to A. 

Similarly, the flux through dx, due to the current in fi is 
. 2F.Mdx 

The flux due to both A and B is then 

The inductance due to the / ,' * a-ITx /NM/ \ --'I'K \ \ \ 

intertinkages of the conductors ; I [ pi ^ f ) J, % \ (y ^i \ I | 

with the flux between them is \ I V ^sB^mK/'^^-' / ,' / 

then, since f , = 7 in this case, v, --A — ■ \ / ^-. '— -'' // 



FiCI. 128. 



— 4/1 Ic^ ' cm. or t^ log hennes per cm. 

To determine the total inductance per centimeter length of 
circuit, that due to interlinkage within the material of each con- 
ductor must be added. This has been found (74) to be ^ for 
each conductor. Therefore, the total inductance is 



In practical formulfe, this becomes 

L = 0.000015 + 0.00014 logi,^^^ 

in henrys per 1000 ft, of wire, not 1000 ft, of circuit. 
Note that if the capacity between transmission lines is given 

in farads and the inductance in henrys "/ff, is only very little 

less than the velocity of light which is 3 X 10" cm. per sec. or 
187,000 miles per second. 

Problem 70. — Explain the effect of increasing the size of the wire on the 
inductance of a transmission line. 
Similarly, explain tbe effect of increasing the distance between the wires. 



^obyGoo»^lc 



CHAPTER XXIV 

DISTRIBDTED IHDUCTANCE AND CAPACITY 

Id the electric and magnetic problemB dealt with so far it has 
been assumed that the electrostatic and magnetic fields propa- 
gate with infinite velocity. In other words, it has been assumed 
that the instantaneous values of the currents and e.m.fs. are the 
same at all [mints of the circuit. This of course is practically 
true except in very long transmission hues, since the propagation 
of the electric and magnetic fields in a dielectric such as air is the 
same as that of light, or very nearly 3 X 10"* cm. per sec. or 
187,000 miles per sec, and along a transmission line it is re- 
tarded only a small percentage due to the fact that the current 
is not confined to the surface of the conductor. 

Assuming, however, that the transmission line is very long, 

say 300 miles, then the time interval between, say, the maximum 

, , value of the current at the beginning 

J j*~— -f and the end of the line is evidently 

[ [ I ^20 sec, corresponding in a 60-cycle 

I I - — system to approximately one-tenth of 

one cycle, or, approximately, 36° in 

time phase. 



^ 



Fia. 129. 



It is thus seen that in a long transmission line not only do the 
instantaneous values of the currents and e.m.fs. vary from instant 
to instant, but at a given instant the values of the currents and 
e.m.fs. are different at different points of the line. 

This problem has been treated very completely by many 
authorities. The simplest solution appears to be that by Stsw- 
HBTZ,> which is largely followed in the succeeding paragraphs. 

Let Fig. 129 represent a long transmission line. Let r^ ^ re- 
sistance per unit length of line, Xo = reactance per unit length 
of fine, 1^0 = leakage conductance per unit length of line, t» = 
capacity sueceptance per unit length of line, r = rol = total 
resistance of the line. Let dl be any email section of the line. 

Then assuming sine wave of current when complex repreaenta- 

' "Electric Diachargea, Wavea and Impukea." 
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tion can be used, the current entering this section is / + d/. 
The current leaving the section is /. 

Then I + dl — I = Eisa + jba)dl is the small difference in 
current in passing through <U, or is the combined lealcage and 
capacity current across the section of width dl. This may be 
written 

dl - EYM (76) 

Lilcewise, dE = /(ro + jxii)dl is the e.m.f. consumed by the le- 
sistauce and reactance of the section d!, or 
dE - IZ^ 



(76) and (77) become, then, 

i 

dE 

~i 

Differentiating these. 



-MY, 
- IZ, 



(77) 



(78) 



W dE 

'S-' X'~di- 

dl dE 
Substituting values of -^ and -if from (78), 



d-E 
dl' " 



EZ.Y, 
IZ,Y. 



Thus, the second differentials of E and / are found to be pro- 
portional to E and /, respectively. Since the two equations are 
similar, their solutions are similar, differing only in integration 
constants. 

The equations (79) are of the form 



dx' 



• »». 



whose solution ii 



y - At •v'- + B€ " 
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The equation of the current then becomes 

or if, for the sake of briefness, KoZo = v 

I ^ At'* + Bt-" (81) 

We also have, from (78), 

1 J7 

(82) 



(83) 



-f; 


<i7 






3r " ^" " 


Bw-" 


Substituting this into (82) 




E'Y, 1^"'" " 


- Bw-"1 


- -^ [A.' 


- S.—1 


Representing tlie exponentials of (81) and (84) in series 


." - 1 + i« + ijl" + 


T----. 



Substituting these into (81) and (84) gives: 



= A + B + iv{A ■ 

= iA +B){l+^)+{A -B)lv+ ■ ■ ■ I 
and, similarly, | (85) 

E = y^^[{A-B){l + ^^-i-HA+B) + . . . I 

If I is made any length counting from the receiving end of the 
line it I = 0, E = e, the receiving end voltage, and / — 7i, the 
load current, both of which may be known. 
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Subetituting these values (85) becomes, for the receiving end, 

I, = A+B 



By substituting these values of Ii and e in (85) we get finally: 

■!■''(' + ?) + •>/?> 

where / and E&tB the values of current and voltage at any point, I, 
along the line. The current and voltage at the generator are 
found by substituting in (87) 

2 2 

where Z and Y are the values of impedance and admittance for 
the entire line. The equations (87) become 
YZ\ 



I, -7i 1- 



f) + 



eY 



(88) 



YZ is found from the constants of the line, thus: 

YZ = (ff + ^6) (r + jx) =gr + gjx+ jbr - bx 

= gr - bx +j{gx + br). 

Problem Tl. — Tnuunilwion Lina CxlcuUtlon. — A 200-mile, three-phue 
transmiBaioii line is composed of three No. 000 B. & 8. wirea, and runs at &n 
altitude of 1200 ft. where it may be assumed that the corona loaa ia 1 kw. per 
wire per mile at a potential difference of 12S,000 volts between the Udm. 

Let B — 125,000 volts at receiving end, between wirea; 
/ — 60 cydee; r — 64 ohms per wire; 
z - Ifi4 ohms per wire; g - 0.00003S per wire; 
b - 0.00107 per wire; Z> - 10 ft. - 304.6 cm. between wires. 
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Check the constantfl of the line and find: 

Power per phase at the generator — P*. 
Current per phaae at the generator — /*. 
Voltage per phase at the generator * Et. 
Volt-UDp. p«r phase at the generator > E»I^ 

P, 
Power factor at the generator — rTT' 

Power per phaM of the load — P. 

Volt-amp. per phooe oi the load — et. 

p 

Power factor of the load — -j- 

p 

Efficiency of tranamuaioti — -p-- 

Voltage regulation -(£*-«)+«. 

Hot the voltage and current vectora for both ends of the line. 
AofuJioA.— Reaiatance of No. 000 B. A 8. wire, from toblca, 
- 0.0605«/1000 ft. at 60"F. 
.-. r - 0.0606 X 5.28 X 200 - U ohms. 

..£lll. -.,wv„.,„,. »)'«-°°V ,l« 
:t., where r, - radius - 0.6202 em. 

.*. L/IOOV - O.OOOU lc«i, 686 - 0.00014 X 2.767 - 0,0003874. 
L - O.00O3874 X 5.28 X 200 - 0.409 henry. 
X - 0.409 X 377 - 1H.2 ohma. 
C/IOOO' - —■ ^~. - 0.O074 X 0.361 - 0.002672 microfarad 

C - 0.002672 X 6.28 X 200 - 2.82 micro-farads. 
6 - 2»/C - 377 X 2.82 X lO"* - 0.00107 
W corona loaa per wire MO.OM 
" «• (voltage t« neutral)' (72,260)' ""*'***» 
> The voltage to neutral on a balanced three-phase system is the lii 
ifoltage divided by y/l - j-^- 
The current supplied from the generator ia found from (88) to be: 



Induotanoe - 0.00014 log,. — -■ ■- - 0.00014 log,* 



»(' + ¥)^ 



h-l[l+^j + eY - (100-jS0)^l+-2-j + «l'. 
YZ ~gr-bx +}Ups + br);Y~g +jb; e - 72,280- 
.-. ^ - - 0.081 +J0.037. 

I + -^ - 0.919 -I- jO.037; «Y - 2.741 + j77.3. 
Substituting values, 

/. - (100 - j50)j;0.919 +/0.037) +2.741 +fnS 

- 93.76 -J42.2-I- 2.741 +;77.3 - 96.49 +J36.1 - 102JSmdii. 
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The voltage at the generator terminals is obtained in a similar way, and is 
B,-t{l +^ +/Z- 72,250(0.919 + i0.037) + {100 -j50)(M+jl54) 
=■ 80,625 + jU,d38 - 81,200 volte. 
The power per phase at the generator is, by "telescoping" BuTt, 
P*~UH+ W - 80,625 X 96.49 + 14,928 X 35.1 - 8200 kw. 




Fig. 130. 



The tqiparent power input to the line is 

£*/* - 81,200 X 102.5 - 8325 k.v.a. at the generator. 
The power Factor at the generator is 
P, 



P.F., 



■ 0.986. 



EtI, 8325 
The power supplied to the load is 

P -ei - 72,250 X 100 - 7226 kw. 



3^- 



Fia. 131. 
The apparent power supplied to the load is 

«/ - 72,250 X VlOO' + 60> - 72,250 X IU.9 - 8060 k.vji. 
The power (actor of the load is 

7226 



P.P. - 
Efficiency o( transmitsion = 



el 



^ - 0.895. 



7226 
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72,250 

Th« vectors £d, /t, e and / are plotted to scale in Fig. 130. 

Problem 73. — Consider a circuit as shown in Fig. 131. Let the con- 
ataata be: 

r - O.OI X - 0,02 

r, - 0.01 X, - 0.02 

r* * 0.01 Xt ~ 0.002 

When the load voltage is « - 1, and the load current is / - I + 0.5;, 
find the generator voltage, current, power factor, and the voltage and current 
of the branch (r«, xg). 
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CHAPTER XXV 

NOTES ON THE MATHEMATICS OF COMPLEX 
QUANTITIES 

This chapter is inserted id order that the common mathe- 
matical operations shall be kept fresh in mind by review and 
frequent practice. It is very desirable that tbe student shall 
possess and retain facility in common, though not always fre- 
quent, operations. For instance: 

Solve </0.008, using Ic^ tables. 

Solve e""-**', using It^ tables. 

Differentiate y = ax"; y = a*""; 

y = sin x; V = cos x; 

u 
y = ur; y = -• 

Find the log, and differential, of 4 — 5?. 
Find V^. 

Representation of Complex Qoantities. — The general expres- 
sion for a complex quantity is A = ai + jat- The numerical 

Pi<3. 132. Fro. 138. 



value, or modulus, of the complex ia A = \/at* +. at* and the 
vectorial angle is tan~' a = —. 

These various quantities may be represented as in Fig. 132. 
Then Oi = A coa a; at = A sin a, whence A = 4(co8 a + j 
sin a) = A^", the tatter relation being proved later. 

Addition of Two Complex Quantities. — 

Let C = A+B (Fig. 133). 
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C = a, + jfl, + fr, + jbt 



Tan-y = 



ai + bt 
' at + ftj* 
MultipUcfttiOQ of Two Complex Quantities.— 

Let C ~ AX B. 

C ' {at + jatUbi + fit) 

= flifii — ot&i + j(aibt + ot&i) 



= V(o,6, - (nfc,)* + (a,&i + a»6,)»' 



Tan-,-- 



Divjsion of Two Complex QiuntitieB. — 

A 
Ut C - j. 

• ^ h + jh" 6;* + W 
Oi6i + oifc* + j"(fli6i - aibj) 
V + in' 
and 

a,t>i + aj6» 

Similar processes may be carried out when the complex 
quantities are expressed in polar coordinates. 

Mult^cation. — 
C = AB = a(coa a + j sin a)fc(co8 3 + j ain 3) 

— AS(c08 (V cos j3 + ; sin a cob -|- cos aj' sin ^ — sin a sin 0) 

- AB(c08 {a + p)+ 3 sin((K + ff)). 
Involution and Evolution. — 

A* = AV'" = A'{cos 2 a + j sin 2a). 
A" = A"(cos na + J sin no). 
VA - A= =As(cos^+jsin^ (89) 
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Since cos a = COS (a + 2tp) and an a = sin (a + 2wp) where 
p is any int^er, the simple complex ezpressioQ should be written: 

A = A[coe (a + 2wp) +j sin (« + 2^)], 
where there is any question about the number of different 
solutions. 

In evaluating such expressions, a is in radians. 
. Sin X and cob X may also be written as aeries,^ in which 



Sini-x-j|- + |j- . 



(90) 



Example. — Calculate, from series expressioD, the value of 
sin 2". Since the angle must be expiessed in radians, 
2X2t «■ ,. 
' - '3W' - 90 ""''^- 
Substituting ttus value into the series, 

™ 2° - S) - r>^> + miw - ■ ■ - »■'"«• 

The Roots of a Complex Quantity. — Using the more general 
expression, Eq, (89) may be written: 



"f-r aHV a + 2rp , . . a + 2rp1 
\A=A' [cos — ^— *^ + J sm — ^— ^ J 


(91) 


To find the roots, put p = 1, 2, 3, 4, etc., and solve, continuing 


until repetition begins. 


ExampU.— Find Vl = VA, 


where 


A = 1 = l+jo. 


^ =4(co8a+jsina) = l;a=- l;n = 4;tana = J =0;a = 0. 


Tabulating, and supplying values to (91): 




p 12 3 4 


i 


cos ?^ 1 -1 1 -* 


1 


;sin^ jO jl jO -jl jO 


■i 



VA 1 j -1 -3 1 

The roots are represented as vectors in Fig. 134. 
' Developed by Maclaitbin'b theorem. 
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Exponential Representation of Complex Quantities. — The ex- 
ponent t" may be written as a seriefi known as the exponential 
series, developed from Macladhin'b theorem. 

Thus, 

'■-i + |i + il' + |+ 

Let 

Then, 

^. . 1 + j» + i^ + 

li lA 

. 1 + J? _ »-' _ j»? + ?! + 

-l-[2+|T- +'W-|I + |l) <''* 

These two component series are seen to be those of the sine 
and cosine (90). Hence (92) may be written: 

e^ = cos ff + i sin fl (93) 

Since A = A{co8 a + j ain a), 

substituting from (93), 

A = At'". 
Thus, a third form of writing the complex quantity, A, has been 
developed. 

This last may be extended by letting A = t". Thus, 
A = ("V" - «"•+'*'" 
in which the exponent is complex. 

Differentiation of a Complex Number or Vector. — 
Let 

A = A^. 
then 

dA = Aj^'da + ^'dA 
' = ^'[Ajda + dA] (94) 

Logarithm of a Complex Number or Vector. — 



fdu 
log « = J -■ 
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from (94), 

- Ha + arp) + log A. 

The logarithm of a vector has thus an infinite number of 
values. 
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CHAPTER XXVI 
THE TRANSFORMER 

The alteTnatiDg-curreDt transformer is used to cbai:^ electric 
energy from one voltage to another. This is done by interlinking 
two electric circuits having different numbeis of turns with the 
same magnetic alternating flux. 

If the two circuits enclose exactly the aame flux it is evident 
that the voltages induced in the windings will be proportional to 
the numbers of turns. If, however, as is the case, the flux is not 
exactly the same for each circuit, the ratio is slightly affected and, 
as will be shown later, the secondary voltage has a value differing 
slightly from what the ratio of turns would demand. 

When one circuit is connected to an alternating e.m.f., the 
other circuit being open, a current flows in that circuit (Fig. 
135). This current is called the no-load or the exciting current, 
and may be assumed to consist of two components, one of which 




Fio. 135. Fia. 136. Fia. 137. 



supplies magnetism to the core and is called the wattless com- 
ponent, while the other supplies power for hysteresis and eddy 
current losses and is called the power component. 

These component currents of the exciting current may be rep- 
resented as flowing in a circuit of resistance and inductance in 
parallel as in Fig. 136, where « is the e.m.f. which sets up these 
currents. They may be represented vectorially, as in Fig. 137. 
In the latter representation im, in quadrature with e, produces 
the flux ^, but no power; in, in phase with e, supplies the core 
loss. The exciting current, /go, lags behind e by an angle tan'* -^. 

It is not strictly correct to represent the core loss by a reaist- 
ance r. Fig. 136, with varying e, for part of the core loss w pro- 
portional to e'-* and part to e*. 

174 
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Neither ia it correct to assume that the magnetizing component 
is proportional to the e.m.f., since the magnetization curve is not a 
straight hne. However, in most cases, the variation of e ia 
slight, and proportionality may be assumed without appreciable 
error. 




The Transformer Diagram. — The relations of voltage, current 
and Sux which exist in a transformer under normal operation are . 
shown with great clearness by the aid of the transformer diagram. 
^ represent* the flux that iaterUnks with the primary and second- 
ary of the transformer; e, is the e.m.f. 
induced in the primary and secondary 
windings (assuming the same number 
of turns in each). This e.m.f. is 90° 
in time behind the flux, as is Been 
from F^. 139 and by the following 
simple proof: 

If 




Fio. 139. 



i<of, 



then 



N_dl 
■ 10* d( " 



i4„ cos tat. 



It is the secondary or load current which in this particular 
diagram is shown lagging behind the induced e.m.f. /iri and 
IfCs are respectively the e.m.fB. consumed by the secondary 
resistance and reactance, ItU being in phase with It and ItXt being 
90° ahead of It. I^t iB the e.m.f. consumed by the secondary 
impedance, which subtracted vectoriaUy from e« gives Et as the 
secondary terminal voltage. 

The primary current may be assumed to consist of three com- 
ponent parts: the first I'l, which corresponds to the eecondary 
current and is equal and opposite thereto; the second /_ which is 
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the magnetizing current producing the flux ^ and is in phase 
with the flux; and the third h, which is the power loss current due 
to the core Iobb and is in quadrature to the magnetizing com- 
ponent, that IB, in phase but opposite to the induced e.m.f. Cj. 

/_ and Ijt combine in lot, which is the exciting current. ' 

To overcome the induced e.m.f. Ci in the primary winding an 
impressed e.m.f. — «< is required. 

To overcome the resistance and reactance drop in the primary 
windings an e.m.f. IiZi needs to be supplied. Thus the pri- 
mary impressed e.m.f. Ei is the vector sum of these. 

01 is evidently the an^e between the primary current and 
e.m.f. 

6t is the angle between the secondary current and e.m.f. 

The total primary current, 7i = I'l + /«. 

In phase with 7i is the voltage, /in, consumed by the primary 
resistance, fi, and at right angles ahead of /] is the voltage, 7iXi, 
consumed by the self-inductance of the primaiy coil. 

These two voltages combine to form IiZt, the voltage consumed 
in the primary of the transformer. 

The total impressed primary voltage, Ei, is the sum of UZ, 
and — et. The angle 9i is the phase angle between Ei and /i. 

The transformer diagram is obviously not suitable for accurate 

calculation. For this purpose, another de- 

T ^ velopment will be made. 

j S ' Let there be two mutually inductive coils, 

one of them, called the primary, having Ni 
turns, ri ohms resistance, and Lt henrys in- 
ductance, while the similar quantities of the 



HNt 



Fia. 140. other, or secondary coil, are Nt, ri and Lt 

respectively. 
Then, in Fig. 140, if the secondary current It — 0, the primary 
impressed voltage, ei = iiTi + Li ~^> where ei and I'l are instan- 
taneous values of volt^e and current, and L\ is assumed con- 
stant. If a secondary current flows, there will be induced in the 
secondary an e.m.f. «% = —Lt-r*- The secondary induced e.m.f, 
& Lt di'i 

If it be assumed that there is no leakage, that is, that all the 
magnetic flux links with both the primary and the secondary 
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coils, then the induced e.m.f. ia tlie primaiy due to /i mu8t be 
AT, , *, 
~ N.'^'dl' 
Tlieu, 

The s^n of the laat term choQges from — to + hecause the in- 
duced e.m.f. must be overcome, or baUnced, by an e.m.f. of the 
opposite sign. 
But 



^^.= 


^L,U, 






for, from fundamental relatione, 






Li = 


J^.aud*. 


K ' 




Substituting, 


W," 






Li = 


lO'K 






Similarly, 


JV,' 






U' 


'lO-K 






Then the ratio 










Af,' ,W, 


'^ 




whence 








F>.- 


■ ^Ljr,. 






(96) then becomes 








Cl ^ 


.i.r, + L,-^ 


+ "VlS5f- 


Let y/hXt be denoted by M. 






Then, 








ei = ^im sin orf = tVi 


+ ^.f 


+ «f 


SimUarly for secondary, 








di. 


dt, 




61 = 


i,r.+L,-^ 


+ ^i 


-0 



(97) 



since no e.m.f. is impressed on the secondary coil. 

The constant, M, is called the coeflficient of mutual induction, 
and may be deSned as the number of interlinkages of flux with 
both coils of a mutually inductive circuit wlien unit current is 
flowing in one of the coils. 
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Mutual inductance, like self-inductance, is measured in henrys. 

It does not always follow that M is equal to -y/LiLf In fact, 
that condition is attained only when no magnetic leakage exists, 
which never occurs. If part of the flux set up by the primary 
does not interlink with the secondary, that part constitutes the 
primary leakage flux. Similarly, when current flows in the 
secondary, some secondary leakage flux is set up. Whenever 
there is leakage flux, 

M <VLd7i- 
£qs. (97) and (98) hold at all times provided the proper value of 
M is supplied, and M is usually about 95 per cent, of VLjLi. 

Equinlent Transfoimer Circuit — The differential equations 
given above are not readily used, but, fortunately, Stbinmbtz 
has evolved a simple treatment involving a diagram of umple 
series and multiple circuits, which, while not showing the physics 
of the phenomenon, lends itself to very simple and quite -accurate 
tt«atment. 

He represents the transformer by a circuit which is shown in 
Fig. 141. 






WU^" 



\tfi,*ni 



Fio. Ul. 

Let the secondary or load current be /j ™ tj + ji'i, and le 
the secondary terminal voltage be et, the zero vector. 

Then the secondary induced e,m,f. J?( = «i + ItZt ~ e% + »ir, - 

i't xt + j(i'%rt + i»x») = Bi + j'e'i. 
The exciting current is 

/„ = EiKM - (Ci + jc'.)(ff»» + J6«) 
= (7oo« — hwfiU + j(6(n)ei + gttefi'ii 
= »«i + ji'w- 
The primary current is 

/i = /» + /w = I'l + iw + jii't + i'w) " i\ +}i'u 
The impressed voltage is 

^1 = Ei + l^x = ei + iir, - i\Xi + j(e'( + iiXx + tV,) 
- e, + je'i. 
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From these values may be obtained: 
power output •= ejt'i, 

power input ^ = eit'i 4- e'lt'i, 

, . ^ . ^ ■ , power input Cit'i + e'ti'i 
power factor at pnmary terminaJa = ~ — It-am — " — Wl ' 

w Ei~et 
r^ulation ™ , 



efficiency 



" eiti+«i'ti' 



In using these equations ri, rj, Xi and x, are positive, b^t is 
negative becatise the magnetizing circuit is necessarily inductive, 
it is negative for lagging, positive for leading current. 

Transformers are rated on the basis of kilovolt-amperee, not 
kilowatts. 

Exan^ile of Transformer Calculation. — Given a 2200 to 220- 
volt, 60-cycIe, 50-kv.a. transformer, in which ri = 0.97, r» — 
0.0097. Assume that on test 98.5 voita on the primary produces 
full-load current^in the short- 
circuited secondary (142, a). 
At no-load, with the normal 
voltage (220) impressed on the 
secondary, the primary circuit 
being open, the watts input are 
Wt = . 1000, and the exciting 
current /oo = 12^5 amp. (Fig. 
142, b). The percentage rl 
drop in the primary is 




22.7 X 0.97 



0.01 = 1 per cent. 



where 22.7 is the normal primary current, 

In the secondary, 

per cent, rl drop 

The total impedance, calculated from the short-circuit test 
(142, a), is 



227 X 0.0097 -„, , 
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Total per cent, impedance drop, referred to the phm&ry 
voltage, ia , . 

^'22w'^^ = **-***^ " ■*-*^ per^cent. 

Percentage total reactance drop is then V 4.48* — 2* = 4 per cent. 

totiJ per cent, resistance drop = 1 + 1 — 2). 

Therefore, assuming primary and secondary percentage react- 
ances to be equal, 

per cent. Xi = 2 per cent.; per cent. Xi = 2 per cent. 
Thus, on the percentage basis, or assuming ei = 1 and i ■= 1, then, 

r, = 0.01 Xi - 0.02 

rj = 0.01 xt - 0.02. 

The core loss of 1000 watts obtained on test is supplied at 220 
volts by the component of no-load current, u. 

■ ■ _ 1000 
■ ■ ** ~ 220 

The per cent, n of the secondary current is 
4.55 
'' 227 
ik 0.02 



The magnetizing component of the no-load current is obtained 
from 7oo and the core-loss current. Thus, 



t» = V/oV - u* = Vl2.25' - 4.55' = 11.35 amp. 
The percentage t„ = ^- = 0.05 = 5 per cent. 



Having obtained the above constants, values may now be tabu- 
lated to find the effect of variation of the load current with 
constant power factor. 

Problem 72.— Let power factors of 100 per cent., 80 per cent, lagging and 
80 per cent, leading be assumed, and let the calculatione be in«de for 
secondary currentB of 0, 0.5, and 1. 
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^oblsm 73. — Write a discussion of the results obtained in problem 72 for 
the three values of current and the three power factors. 

Approximate Melliod of Detennining ttie Regulation, Bffl- 
ciency and Power Factor of Transfonners. — ^Let It « t'l + ji't be 
the secondary current. 

Then the primaiy current is approximately 

/i = /j + n - ii. = it + n + jiy't - *■) " t'l + jt'i- 
In the secondary winding only the secondary current, It, flows; 
in the primary winding, the primary current. The average cur- 
rent in the two windings considered aa one is, then, 
7a = it + 0.5i; + jd't - O.Si,). 

If the secondary voltage, referred to primary, is the jrero vector 
and is ei, then the primary voltage is 

£,-«» + I^t, 
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where Z,, = ro + jxt is the 8Vim of the impedances of the primary 
and secondary referred to the primary. 

Ex = et + [it + 0.5t» + j(t', - 0.6u)] (r, + jxt) 
- cj + tVo + 0.5i>o — i'iXo + 0.5weo 
+ j(»tro + O.&iiXa + i'tro - 0.5i«ro) = Ci + je\, 
and the real value of the primary voltage is, n^lecting second 
power of small terms, 

El = Vej* + 2ei{i,rg + O.Siiro - i',Xo + 0.5i.,io) (99) 
Regulation is 

^!^^' - ^ - 1 (100) 



Let El and /i represent the primary 
e.m.f., and cmrent, as in Fig. 143. 
Then the power input is 

P - EJi COB e. 




' cos (i 



- j3) = cos a COS |3 + sin a sin $ 



+ r. ^ F. " I 



1 



[iiei + i'le'il 



7, ^1 "^ /, ^ ^1 E,^i 
.: P - J5,7i X ^ (eiti + i'le'i) - dt, + t'te'i. 

The secondary output is eitj. 
The primary input is «iii + ^ti'i, 

= etii + tjti'"o + O.^ikiin — i'tiixo + O.Bi^iiXt + iti'tXa 

+ 0.5ii>i'iXi, + i'ti'in — O-bimi'in 
= etii + etik + /»*ro, approximately. 
The efficiency is 

output _ «iH -. . 

input etii + etik + It*r<i 
Similarly, 

Pj - — eti't + etim + /j'xo, approximately. 



. Tan «, = =' = 



Pi _ It*xo + e»t- 



(102) 



" P /,»ro + eiu + etit 
and cos 0i is the power factor of the primary. 

Problem 7i. — (A) Determime the numerical v^uee <rf the primary and 
secondary registaaces and reactancee, the core-loea current, the magnetiiing 
current, the exciting current from the lOOO-volt side, the oore Ion in watta, 
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&nd the short-circuit unpedance when taken from the 1000-rolt side, for the 
following, 1000-100 volt tnuiefonners. The primuy and Beeond&ry re- 
Bistance drops are each I per cent. ; the primary and secondary reactance 
drops are each 2 per cent. 

The conductances, gtt, and euBceptances, 60s, are calculated at 1000 volts. 



Hating in k.v.a. 


10 


20 


40 


80 


ISO 


320 




0.0002 
0.0006 


0.0004 
0.0012 


0.0008 
0.0024 


0.0016 
0.0048 


0.0032 
0.0096 













Problem Ti.^(fi) Find the power factor, regulation and efficiency of these 
tranafotmeni by the approximate method, assuming unity power factor of 
load. 

Problem 71. — (C) ' Fbr any one transformer, plot the r^ulation and effi- 
ciency vs. power factot, and find the points of per cent, regulation and 



(A) SotuHoafor the 10 k.v.a., lOOO-lOO VoU Trantformer.—SwuM, with'non- 
inductive load (on the secondary) the primary voltage and current wilt be 
nearly in phase, the approximate primary current ia 
, 10,000 k.v.ft. ,„ 
^■° 1000 volts -^°"°P- 
riJ drop - 1 per cent, - 0,01 X 1000 volte - 10 volts 
_ _ 10 volte ^„ 



, . ri — 1 .», iTnl ■■ u.ui onm. 
Similarly, 

Xi » 2 ohms. 
Xt ~ 0.02 ohm. 
The core-loss current is 

4 = egu - 1000 X 0.0002 " 0.2 amp. 
Magnetising current is 

j. - eboo - 1000 X 0.0006 ^ O.G amp. 
.'. no-load current is 

/.. - Vt»' + t.' = "i/OM + a36 - 0.632 amp. 
The core loea is 

e'troD - 1000' X 0.0002 - 200 watts. 
The short-circuit impedance is 

-V('-'-(^-;)r-(--(f;)r 

- •\/2'' + 4* - V20 - 4.47 ohms. 

(B) SoIuHkm.— £, - 1000 - V'l' + 2e.(itf-o -t- ttSitr. + 0.5 t.x,) 



TahuUting tor equations (100), (101), (102): 
Kw. 10.0 €1 



9820.0 
196.4 
100.0 
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&' 



&■ 



t,'T. + Bit, 



-589.2 
-189.2 
10,216.4 
-0.01853 
0.999S 



Iteg. 



1.018 
0.018 



{O Solution. — In finding tlte efficiencjr and re^atioa it makes no differ- 
ence in the tcaultB whether the problem is solved on the percentage basis or 
by supplying numerical values for any given machine. 

The former method is more general in its application, and it will be used 
here, percentage values being taken from the data of the 10-kw. transformer 
and applied in fonnuUe (]00) and (101). 
The percentage data then, are: 



Bi - 1, /i - 1, tt - 0.02, i. - -O.Ofl 



g - 0.02, xt ~ 0.04 
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CHAPTER XXVII 
HYSTERESIS AND EDDY CUSItENT LOSSES 

Hysteresis Lobs. — The hysteresis loop is interesting in that it 
indicates by its area directly the work done on the electromagtwt 
per cycle of change of current. 

The work done in an electric circuit haa been shown to be 
yeiVfi. If T is the time of the cyclic variation of current then, 

W = I eidt, is the work performed during the cycle. 

But the induced e.m.f.'in a winding of U turns is 

e = — ij^s -^t where -^ is the rate of change of flux. 

r^Ni dA 
:.W=~ I i^-^ <^- But « = SB, where S is the cross- 

aectional area of the magnetic circuit in square centimeters. 

_ rivsidB 

■ Jo 10' dl *"• 

Also the magDetiiing force is: 

„ 0.4irtlV 

" — r~' 

where i is given in amperes. 
Thus, 

and, substituting this value. 

But SI is the volume,- V, of the magnetic structure. Thus, 



"^ - - ir^J "^^ 



XT 



But HdB is the area of the hysteresis loop corresponding to 
maximum density, B, as seen from the loop. The work is given 
in joules. 
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Steinubtz found that the hysteresis loss in watts could be 
expressed (approximately) by the following equation: 

where V is the volume and q is a constant which depends upon 
the quality of the iron. The equation shows that the loss is 
proportional to the 1.6 power of the maximum density and 
directly proportional to the frequency. In centimeter measure- 
ments ij varies from 0.001 to 0.002 in ordinary sheet iron and 
may be 10 times as great in tempered steel. In the best silicon 
steel it is 0.0006, which corresponds to 0.54 watt per lb. at 60 
cycles and a density of 64,500 lines per sq. in. or 10,000 lines 
per sq. cm. 

Eddy Current Loss. — Eddy currents differ in no way from other 
currents, and the loss of power by them is therefore PR or if £ 
is the e.m.f. causing the current and Z is the impedance of the 
path, then, 



and the lose is 

.•■8 - ^n. 

It follows, then, that the loss is proportional to the square of the 
e.m.f. or, what is equivalent, to the square of the maximum 
density and to the square of the frequency, since the e.m.f. 
itself is proportional to the frequency of flux variation and the 
maximum density. 

Even in the simplest cases it is difficult to calculate the loss 
since the distribution of the flux and, therefore, the e.m.f. in 
different parts of the material is often very complex. 

Consider as an illustration the simple case of eddy current 
loss in transformer steel. The cores are 
built up of laminations in such a way that 
the flux path is divided up into a number 
of elements each having the section of the - 
edge of a lamination and following parallel, 
or as nearly so aa possible, to the sides of 
the laminations. 

With the flux entering, as ia shown in Fig. 145, currents will 
flow as indicated by the dotted lines. The current flowing 
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through a section of area hdx encloses a flux which is -j- ^i where 
^ is the flux passing through the entire area of one lamination 
(assuming uniform flux density).* 
The effective value of the e.m.f. induced is 

4.44 X flux X turns X frequency ■</2w2x4f 
10» " 10»d 

The resistance of the path, neglecting that of the ends, is 

2lp 

hdx 

, , ■\/2w2x>^fl,dx \/2T^flix(<to) 

■ ■ * " I0»d2lp " 10"<flp ' 

where p is the specific resistance of the material. 
.'. iV in the elementary circuit is 

2TV/*fi*x'(di)' X 2if 4rVyiiJ*((to) 

10"(PZ»p* liidx) ° 10"d*lp ' 

and the total loss is 



-r- 



*ir'«yi|l'(<il) T'i'nd 



since the volume is Uid, the loss per cm.* 

W T'^TUd 1 rvy 





V 


6 X Wlp " 


IXUd 6 X Vf'l'f 


But 


- Bxld. :. 4" - 


mM', 


and 


W 

V 


■ ,'B'l'd^f 
6 X IO"i"p 


- '""^^watt. 
6 X lO'V """■ 


p for sheet iron is about y^ 


ohms. 



e complete discuBBion see " Advanced Electrical Engineer- 
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CHAPTER XXVIII 
WAVE DISTORTION IN TRANSFORMERS 

If on a transformer containing no iron a sine wave of e.ni.f. 
were impressed at its terminals, the flux and the exciting current 
would also follow sine waves. 

With the introduction of iron, however, while the flux values 
would still follow a sine wave, or very nearly so — being (Ustorted 
only due to the ohmic drop of the distorted current — the exciting 
current wave would necessarily be considerably distorted. 

Its shape is shown in Fig. 148, which is derived from the hyste- 
resis loop given in Fig. 147. 

Conversely, if by some arrangement the exciting current were 
made to follow substantially a sine wave, the flux wave, and 
therefore the wave of voltage across the transformer, would be 
greatly distorted. 

This distortion in current or e.m.f. waves is of considerable 
importance in connection with the grouping of transformers in a 
three-phase system, as will be seen later. At present, however, 
only the condition in a eiogle-phase transformer will bestudied. 

A representative hysteresis loop is shown in Fig. 147, which was 
obtained from actual tests with a sine wave of impressed e.m.f. 
The test data are recorded in Table VI. 

If the effect of the ohmic drop be neglected, then the impressed 
and counter, or induced, e.m.f. are the same numerically and 



: _ Jf 



- -*«. 



where N is the number of turns and is the flux. 
With a sine wave of flux = *„ sin ut, 

dt ' 

.'. Bi = — Nu^m cos w( = — E„ COR <d. 

The induced e.m.f. has its negative maximum when the flux 
b^ins to rise, and lags behind the flux by 90 time d^rees. Thus 
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the impressed e.m.f., E, vbich is equal and opposite to the induced 
e.m.f., leads the flux by 90° (neglecting the it drop), Fig. 146. 

If instead of being a sine wave the flux were distorted and yet 
Bymmetrical, it would be represented by Fouries's series of odd 
harmonics, thus: 



>i„ sin loi + *»„ sin (3orf + a) + *s„, sin (5wi + jJ) + . . 



i) cos wf — 3*»„u WM (3wi + a) - 



The e.m.f. wave would be relatively 
more distorted than the flux wave as 
is evident from the coefficients of the 
different trigonometric terms. 



f^ 
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Fio. 146. 



Fio. 147. 



When a hysteresis loop is given, if either the flux wave or ex- 
citing current wave is known, the other may be at once obtained. 
For example, let the flux wave be assumed to be sinusoidal. 
Table VI. — Htstebesib Loop Data 





Ocd. 


AU. 


Ab.. 




0.0 


0.5 


-0.5 




0.2 


0.56 


-0.43 




■ 0.4 


0.03 


-0.32 




0.6 


0.71 


-0.18 




0.8 


0.S2 


0.08 




0.9 


0.9 


0.35 




1.0 


1.0 


1.0 



ExciTiNO CcRRENT Data 



Tina, 


nui 


i. 





0.0 


0.5 


10° 


0.174 


0.6S 


20° 


0.34 


0.6 
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The exciting current data are obtained from the hystercflia loop 
by reading off the current values corresponding to the flux values 
which have been taken at uniform intervals along the Sux wave. 
Thus, at (y on the flux wave = 0. This value of ^, on the 
hysteresis loop, corresponds to loo = 0.5 amp. At 10° on the 
fiux wave, = 0.174. This v3lue on the loop corresponds to 
toa = 0.55, etc. Data for the exciting current are given in Table 
VI. It should be noted that the flux 
maximum and current maximum always 
occur at the same instant. 

The phase relations and character- 
iatic current wave shape for a sine wave 
of flux are shown in Fig. 148 The im- p,Q i^ 

pressed voltage wave leads the flux by 
90°. The scales to which the waves are plotted are quite in- 
dependent of each other, and should be so chosen as to exhibit 
the waves most clearly. 

When the induced e.m.f. is not a sine wave, the flux wave is 
also distorted. In this case the impressed e.m.f. 




■ N- 



dl' 
Transposing, 

edl - Ndi, 



where \ is the number of turns. 



f U"- f'm 



If ti is chosen as the time when is zero, and tt is the time when 
is maximum, then 



s'.t^r^''''" 



lO*** 



This equation shows that the maximum value of the magnetic 
flux or flux density — in which the electrical engineer is very much 
interested, since it determines the magnetizing current and core 
loss — is proportional to a certain area of the e.m.f. wave, and it 
remains to determine where this area is located. 



s zero; thus e is zero. 
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The value of U is therefore easily ascertained, as is shown in Fig. 
149. 
The ordinate through ti must bisect the e.m.f. wave in order 
that the flux wave be symmetrical, as 
can also be seen by shght consideration, 
since the flux wave must be symmetrical 
above and below the zero line. 

Thus, in finding the flux wave, the 
first step ia to bisect the area of the 
e.m.f. half-wave, which gives the posi- 
y of the flux wuve. 




tion of ti and the z 

ProblenL TB. — From the foUowing re&dingi c 
obtain and plot the flux find current w&ves. 
Note. — Choose a scale to give ^n = 1. 



% distorted ejn.f. wave 



' 


" 


1 


0" 


0.0 


100" 


0.73 


10- 


0.005 


110" 


0.90 


20" 


0.01 


130" 


1.0 


30" 


0.04 


ISO" 


0.98 


40' 


0.1 


140" 


0.91 


50" 


0.15 


150" 


0.78 


60° 


0.22 


160" 


0.5 


70" 


0.31 


170" 


0.12 


80° 


0,42 


180" 


0.0 


90° 


0.58 







Solution. — By bisecting the area of the e.m.f. half-wave it is 
found that the zero of the flux wave will be at 120° in this ex- 
ample. This is also the point of maximum e.m.f. Starting 
from 120° and tabulating values proportional to the areas 
enclosed for each 10° gives values proportional to the flux when 
these areas are successively summed up. Thus at 120°, flux = 0. 
At 130°, the area enclosed between 120° and 130° ordinates and 
the curve and base line is proportional to the mean ordinate, eay 

- — 2^~ " **"^" ^^ ^^^''' ^^^ '"^*° ordinate between 130° 
and 140° is 0.95. 

The area from 120° to 140° is proportional to 0.99 + 0.95 - 
1.94. Thus, three points on the curve are .obtained, namely, 
0, 0.99, 1.94. 



^obyGoo»^lc 



WAVE DISTORTION IN TRANSFORMERS 193 

These values may conveniently be reduced by a factor to 
bring the maximum of the flux wave to unity. 
The tabulation is as follows: 



( 


120* 


130' 


140- 


150° 


ISO" 


170' 


180" 




1.00 


0.98 
0.99 
0.99 
0.26 


0.81 
0.95 
1.94 
0.51 


0.78 
0.85 
2.79 
0.735 


0.50 
0.64 
3.43 
0.903 


0.12 
0.31 
3.74 
0.985 








Area 

0.263 X area 


0.0 
0.0 


3.8 
1.00 



^ 


190* 


200° 


210° 


220° 


230' 


240" 




-0.005 
-0.0025 

3.8 

1.00 


-0.01 

-0.0075 
3.79 
0.997 


-0.04 

-0.025 

3.77 

0.992 


-0.10 
-0.07 

3.7 

0.975 


-0.15 

-0.125 

3.57 

0.94 












0.263 X area. . 


0.893 



1 


250° 


260° 


270° 


280° 


290° 


300° 




-0.31 

-0.265 

3.12 

0.822 


-0.42 

-0.365 

2.76 

0.727 


-0.68 

-0.50 

2.26 

0.595 


-0.73 
-0.655 

1.6 

0.421 


-0.90 

-0.816 

0.785 

0.206 












0.263 X urea. . 


0.0 
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The tabulation is carried out for values of e< from 120° to 
300°, values from 180° to 300° being the same as from 0° to 120° 
but reversed in sign. 

The flux wave is then plotted from 0° to 120° by reverslDg the 
sign of the values of flux obtained from 180° to 300°. These 
waves are shown in Fig. 150. 

Problem 76. — With three-phase BjrstemB, the exciting current of Y-con- 
nected transformen resembles fairly closely a sine wave.' A winning. 




Fia. 151. 



therefore, a sine wave of exciting current, determine the flux wave from the 
hyetereaia loop (Fig. 147), and from thia find and plot «i. These waves 
are shown in Fig. 151, in which the characteristic form of the induced vol- 
tage, «, is noteworthy. 

Problem 77. — Analyse, by Fotjbibb's series,* the typical wave of exciting 
current shown in Fig. 148, determining and plotting the fundamental and 
third harmonic and, if sufficient time is available, also the fifth harmonic. 

Dependence of Core Loss on the Shape of the E.M J. Wave. — 
The core loss of a transformer, which is due to hysteresis and 
eddy currents in the iron core and is equal to cVooi depends on the 
maximum value of the flux, since the greater the maximum flux 
the greater the area enclosed by the hysteresis loop. In modem 
transformers, hysteresis loss is about 70 per cent, and eddy current 
loss about 30 per cent, of the core loss. 

But $M depends upon the area of the e.m.f. wave, as has been 
illustrated in the problems, and hence on the average value of 
the e.m.f . 

Hysteresis lose is approximately proportional to the 1.6th 
power of the maximum flux. 

Thus, if a comparison is made of two e.m.f. waves of equal 
effective value, but of different shape and average value, the 
ratio 

Hysteresis loss in wave A _ / av. e.m.f. of A \ ••• 
Hysteresis loss in. wave B ~ \av. e.m.f. of B/ 

> This is demonstrated on p. 228, Chap. XXXIL 
• See Chap. XXIX. 
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By defioitioii, 



Form factor (f.f,) = 

, HysteresiB loss in A _ r f.f. (B) ! '■* 
Hyateresis loss in B Lf.f. (A)J 

Therefore, the higher the form factor the lees the core loss. 
The form factor of a sine wave is 1.1. In general that of a flat- 
top wave is less; of a peaked wave, more. 

Wave A (Fig. 152) has maximum core loss. 

Wave B has mimmum core loss. 



±1 



T 
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CHAPTER XXIX 
DISTORTED WAVES 

It is often necessary to express a distorted wave in the form 
of an equation. This can readily be done since it has been 
found that any periodic univalent curve can be expressed by a 
series of terms involving a constant and sine and cosine terms. 
That is, 
y = at + Oi cos e + atC06 2$ + + o, cos n9 

+ fci8ine + b,sin2e+ +&.sinnfl (103) 

represents any distorted wave in which for every value of 
abscissa only one ordinate exists, provided that the abscissa 
is so chosen that the ' curve repeats itself at a value of 9 -= 2t, 
i.e., the wave is periodic. 

Obviously, if the distorted wave is given graphically it is 
always possible to read off the ordinate corresponding to each 
abscissa (Fig. 153). 




Fio. 153. 



The problem then resolves itself into finding the coefficients 
Oo, fli, a«, 6o, 6i, &» in (103). 

To do this a mathematical transformation has been worked 
out involving convenient integrations and the fact that sines 
and cosines have the same values &t $ = as at = 2t or any 
multiple of %r, that is, 2wn, where n is an integer number. 

To find ao integrate Eq. (103) between and 2t. Thus, 

( y**^ = ( Oodfl +1 01 cos AM + I o,- 

C08 nSde + ( bi sin 9d6 + . . . . . . ( h™ sin nftW. 



^obyGoo»^lc 



DISTORTED WAVES 197 

From what has been said above, all integrals except the first 
must be zero. Thus 

( !/'*9 = ( a^de = ao(25r - 0) = 2»ao. 

But I yds is the area of the curve during one complete 

period and 2ir is the abscissa. 

.'. Oo is the average value of all the ordinates, or the average 
value of y. 

To detennine any other coefficient, for instance a„, Eq. (103) 
is multiphed by cos n0 and integration is again carried out be- 
tween limits and 2t. 

In this case it is also remembered that the integral over one 
period of any product of sine and cosine terms is zero. 

.'. I V cos nBdB = "^0 1 cos nfldfl + "i I cos nfl cos ffdff 

+ a„ ( cos' nH0 +''»[, ^"^ "^ sin fldfl- 

+ ft, ( cos nff Bin nQii. 

All these integrals on the right-hand side must be zero with 
the exception of 



».f. 



'nftM, 

and this integral, as is readily seen, is = t. 

1 P' 
.*, a. = - I J/ cos nflrffl. 

But Xy "<» "ft'* is the area, not of the original curve, but of 
another curve which is obtained by multiplying each value of v 
by the particular value, at phase angle fl, of cos nfl. 

Since that area is divided by t the integral must be just twice 

the average of the instantaneous values of y, multiphed by cos n0. 

.'. a, = 2X avg. of y cos nfl between and 2ir. 

In a similar way all values of ft are obtained so that, 

ft> = 2X avg. of y sin nQ from to 2t. 

.•- Oo = avg. (v)|o 
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ai - 2X avg, (y coe 9)|o 

12, 

a, = 2X avg. (y cob 2«)jo 

Ilk 
ai - 2X avg. (y cos 3«)!o 

la. 
o. = 2X avg. (v cos nfl)|o 

6i = 2X avg. (y sin fl)lo 

b, - 2X avg. (!/8in2fi)io 
6« = 2X avg. (v sin nfl)|o 

It should be noted that dividing the curve up, say every 10° 
from to 360°, 37 reading are obtained. It is better then to use 
36 and to take the average value of the values at 0° and 360° 
instead of using both of them. 

In a symmetrical wave only those harmonics can exist, which, 
with an increase of the angle by 180° or r, reverse the sign of the 
function. 

This is only the case when n is an odd number. Since, if n is 
2, 4, 6, etc., then increasing the angle by w means 2ir, 4t, 6t, etc., 
and the values of the sine and cosine are the same for a, (a + 2r), 
(a + 4ir), etc., whereas if n = 1, 3, 5, etc., we get, », 3r, 6r, in 
which the sign of the function reverses. 

If sin a is positive, then sin (a + r) is negative. 

If cos a is positive, coe (a + t) is negative, etc. 

Thus, for symmetrical waves such as are given by alternators 
under stable conditions, the trigonometric series becomes: 
y "= fli cos fl + oi COS 39 + fli COB 59 + . . . + fti sin 9 
+ 6, sin 39 + 6, Bin 59 + . . . . 

Obviously, in that case, it suffices to analyze one-half a wave 
only.' 

Problem «.— Plot the wave, 

« - B, Bin # + £, Bin (SS + «), 
for 

£, - 1 
E, =■ 0.5 
a = 30', 
and uuJyn the ware, proving th&t the,uuilysia gives the oriBinal equation. 
Show also that do 6th harmonic exiala. 

'For a more complete discussion of this method of wave analysis see 
BrmmtmTz'n " Engineering Mathematics." 
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AtuUyti».~ai, must be lero becKuae the wave is symmetrical above and 
below the center line. The coefficients of the fundamental cosine and sine 
wavM are found from 

ai - 2 X avg. « coe «, 
6i M 2 X avg. e sin 9. 
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The Bum of the 18 cosine reEtdings, using the average of 0° ftud 180* u 
ma, is - 0.2486 and the average value is - 0.QI38. 
Thus, 

a, =2 X avg. - - 0.0276. 
Similtu'ty, the sum of the sine readings is: 9.007 
The averse is 0.5004, 
Thus, 

5, - 2 X avg. =- 1.0008. 
The coefficients of the 3d harmonics are found from, 
o. - 2 X avg. e cos 38, 
bi - 2 X avg. e aiu 3tf. 
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The sum of the 18 cosine readings is 2.261. The average ia 0.125. 

.', a,-2X avg. - 0.25. 
The sum of the sine readings is 3,899. The average is 0.2165; 

.'. b, = 0.433. 

The exercise of proving that no 6th harmonic exists is left for the student. 

Summing up the values already obtained, the equation may be written: 

e ~- 0.0276 cos + 0.26 coe 39 + 1.0008 sin S - 0.433 sin 39 

irhich is, approximately, 

S " tine + 0.433 sin 30 + 0.25 cos 38. 
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The second and third t«rms may be combined or added, being in quad- 
rature, by the vectorial method in which 

AainS + BcosS - V-*' + B* sin (* + a), 



Thus, 



«+ 0.25 COB U -VO.ISS +0.062SBin {3» + a) 

- 0.5 aui{39 + a), where a - tan"' =-^ - 30". 

The complete wave is, therefore, 

e - wn » + 0.5 un (30 + 30"). 

l^e w&ve ia shown plotted in Fig. 154, in which also the component 
waves are indicated by the dotted lines. 
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CHAPTER XXX 

MECHANICAL STRESSES IN TRANSFORMERS 

It is recollected that a mechanical force is exerted on a con- 
ductor carrying current if it is placed properly in a magnetic field, 
the force being 1 dyne per cm. of conductor per abamp. in a Geld 
intensity of 1 line per sq. cm. provided the field is at right angles 
to the conductor. 

Referring to Fig. 155, which represents the croea-section of a 
transformer, it is evident that the main fiux which interlinks with 
both the primary and the secondary windings and is confined to 
the iron does not cut through any part of the windings carrying 
current, but that the leakage Sux more or less completely cuts the 
windings and therefore is responsible for a force which tends to 
warp the coils out of shape and thus to damage them. The deter- 
mination of the mechanical stresses resolves itself therefore largely 
into the calculation of the leakage 
flux or leakage inductance of the 
■ transformer. 

To calculate the leakage induc- 
tance of the secondary coil, con- 
' sider this made up of the interlink- 

I ages of flux with turns in the space 

Fia. 165. occupied by the secondary coil 

itself, plus the interlinkages of the 

flux between the coils with all of the secondary turns. Similarly 

with the primary. 

Ap^-oxiiiution of the Leakage Inductance of the Secondary. — 

In Fig. 155, a portion of the coil of depth x, has Nt - turns, where 

a is the total depth of the coil, and Nj is the total number of 
secondary turns on 1 leg of the transformer. 
The magnetomotive force of this part of the coil is 

m.m.fc = IjNt — 

The flux which this m.m.f. produces is 



4F§ 
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where p is the reluctance, and p = = —y when we con- 

'^ . ' '^ area max 

Bider only the flux which posses through the small area of width 
dx and length m, m is the length of a turn at distance x in Fig. 
155. It is almost impossible to determine accurately the length 
lo- It is the equivalent length of the lines of force which going 
through section mdx return upon themselves. Fart of these lines 
can be readily traced. They go almost straight across the trans- 
former windings of length U; then they spread apart, and the 
equivalent length, as a result, is relatively short. Then, the 
majority of the lines enter the iron and their reluctance is insig- ■ 
nificant. Some, however, enclose the winding that is outside of 
the iron and these meet with considerable reluctance. Therefore, 
it might be fairly conservative to assume It, the equivalent length, 
as I the height of the "window" of the transformer. 

If ntt is the mean length of a secondary turn, this may be sub- 
stituted for rrij thus 

I 
** " niidx 

Then the flux in any elementary band, dx, is 
, Wida: X 



d«' - irItNr 



This flux interlinks with ~ Nt turns. Therefore, the interlink- 



l a a 
to the interlinkages within the space occupied by the coil is 

L', = ~ j MtNt*m §idx = ir^f*^ (IM) 

To determine the inductance due to the flux in the 
gap between coils, consider Fig. 156 which shows a 
section throi^ one side of the coils. The current is 
oppositely directed in the two coils, as indicated by 
dots and crosses. On a 1 : 1 basis, the turns and 
currents in the two coils are equal, and the Ggare may 
be r^^ded as merely showing a section through a 
single coil, of Ni turns, or of Ntit amp.-tums. 

Hie area of the core of this imaginary coil will be bmi, wh^re 
mj is the mean circumference between the actual coils, and b is 



FiQ. 156. 
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the distance between them. The flux produced in this region by 
the ni.in.f., ItNt, is then 



«" = ^I,Nt 



The number of interlinkages is AirltN^ 



This represents an inductance of L"i = s ^ 4i JVj* ytit, due to 
the secondary coil, since half of the inductance is due to the pri- 
mary and the other half due to the secondary. 

The total secondary inductance of this coil is then 

L. = L', + L"t = —^[^mt I + mth\> 
and the primary inductance is, similariy, 

where c is the depth of the primary coil. 

Since j- = j^ji the total inductance on 1 leg of the trans* 
former, referred to the primary is 

L = — (-^["13 + "itg + m,6jcm. (105) 

If two legs are in series, L (moQ = -^i 
or, if in parallel, L luuiy = 5* 
In practical units, 

L = 32 X 10-*^* [m,^ + m,| + m^] henrya (106) 

where the dimensions are in inches. 

The same reasoning may be applied 
to a core-type transformer in which 
the coils are differently arrai^ed, for 
example, as in Fig. 157. 

Here are two secondary coils, with 

the primary placed between them. 

Consider the primary as if made up 

_ - of two equal coils, separated by a 

dividing line shown dotted. The 

calculation should then be made of the combined inductance of 

the secondary, >S', and one-half of the primary, which are grouped 
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together as A in the %uie, and similarly, the secondary S" and 
the other half of the primary grouped as B. 
From (105), the inductance for A is, 
4TiV,'r , c , a 

•—r[""6+""3- 



V ' 



mjbjt 



and for B, 






"3- 



m'l = mean length of inaide one-half primary turn 
m"i = mean length of outside one-half primary tum 
m'l a mean length of inude secondary turn 
m"i •■ mean length of outside secondAry torn 
m, — mean length of inside gap 
mt » mean length of outaide gap 
m'l + m", - 2mi 
m', + m", - 2m, 
mi + "14 ~ 2nt. 
If coils are Byniroetrical, mi — mi. 

Supplying all of these values, the total inductance is 
, J, , j„ SwNi*r c , o , .1 
L = L +L = — Z~l"''6 + '"*3 + iraojcm-. 

where Ni is the number of turns in half the primary coil, 
is the number of primary turns per leg of the core, 

L = — j~|"*ie + "»»3 + mo Jem. per leg. 

If dimensions are in inches, 

I- = jQi ^["''e + ""'s + *"*] lienrys. 




If r, 



In a similar manner, shell-type transformers may be dealt with. 
Such a transformer is shown in Fig. 15S. In this, let m = mean 
length of 1 turn, iVi ™ number turns in half of a primary 
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coil, — oDe^uarter total primary turns. Using the same 
reaaoning as with core-type transformers, the inductance of a 
unit combination, A, in the figure, is 

l.-^^lt + i + o]'-^. (107) 

Note that ''^l s + a + M i^ the equivalent area, whence the 
total inductance is 

In inch units, 

^'^.= f''.-7[8+5 + »]'»-^- 
Calculation of Stresses. — Under ordinary conditions of load, 
these would not be excessive, but for maximum current, as in the 
case of short-circuit, or heavy tratisient currents from switching, 
they may be very great. Calculation may properly be based on 
the short>-circiiit current, remembering again that a wire 1 cm. 
long, carrying 10 amp. (unit current), if placed perpendicular 
to a field of 1 line per sq. cm., is repelled by a force of 1 dyne; 
or the force in dynes = BI'l, where /' is expressed in absolute 
values — abamperes. 

If the flux density in the gap, 6, between coils, is £«<» then it 
may be assumed that the average density of the fiux leaking 



density of the flux passi^ through the coils of any section A, 
Fig. 158, and the force per turn on any coil, will be 

F, = — ^ Xl'aXm dynes 
B«, I'm 



where m is the mean length of the turn. 
If /| is in amperes, 

' 2 9810 



grams per turn. 



Let the effective value of the short-circuit current be It, and 
let the total secondary turns be Tt, then the turns in a half coil 

(Fig. 158) are ^'■ 
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The maximum value of the force will be 

~ 2 X 9810 ■^ 4 

V2I,T,mB. „„„ 

- 8X9810 «^' <™' 

or in the case of the primary short-circuit current / 

8X9810 ^^^^ 

where / is the effective value of the primary short-circuit current 
and T the total number of primary turns. 

The leakage flux must, in the case of Bhort-circuit, be the main 
flux (neglecting the flux due to the voltage which is consumed 
by the ohmic drop), if it is assumed that the generating station 
is large and the voltage impressed upon the transformer is 
normal even though the transformer is short-circuited. (See note.) 

The maximum value of the flux between a group of coils is 
obtained by multiplying the maximum value of the flux density 
Bm by the equivalent area as given in (107). 

That is 

*.^B,m[^-H6]- 

The group contains in this case one-quarter of the turns and 
E 
the voltage per group is j where E is the effective value of the 

impressed e.m.f. 

The relation between the maximum ,value of the flux and the 
voltage is given by the well-known relation 



(UO) 





E 
4 


lO- 




.'. *. - 


£10' 


Substituting this in 


(109) 
F - 


4067B 



^n"^"] 



The average value of the force is obviously one-half of the 
maximum value. 
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The force between the coils is proportional to the rating 
assuming the same regulation. 

Note. — The actual flux enclosed by the secondary turns depends upon 
the terminal voltage and the ir drop. 

At short-circuit the aecondftry terminal voltage obviously is sero. Thus 
if as a limiting case the ir drop is neglected the secondary winding encloses 
no flux. 

As long as it is assumed that the primary voltage is normal voltage and 
that the ir drop is again neglected the primary coil encloses the same flux 
during the short-circuit as it does at n<^oad. The path of the flux must 
therefore be essentially different. In the latter case it traversed the two 
windings and is ther^ore mainly in the iron, while in the former ease it 
must traverse only one winding — the primary. Thus the flux must find 
its way between the primary and secondary coils and is thus the B»«slled 
leakage flux. 
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CHAPTER XXXI 
GENERAL PRINCIPLES OF TRANSFORMER DESIGN 

Type. — Transformers may be classified as belo&giDg either to 
the "core type" or the "shell type." 

Core-type transformers frequently have a single magnetic 
circuit of rectangular form. On the two vertical sides of this 
core are placed the windings, each side being provided with 
half of the primary and half of the secondary coils, the low- 
voltage coils usually being placed ne?ct to the core (Fig. 159). 

Shell-type transformers usually have a multiple magnetic 
circuit the coib being placed upon a central core, the outer limbs 
of which extend around the coils, somewhat resembling a shell 
(Fig. 160). As illustrated diagrararaatically in the figures, it is 




seen that the coik of the core-type transformer have the form 
of a cylindrical shell, while those of the shell type are in the form 
of discs. The former lend themselves readily to designs of great 
mechanical strength, while the latter tend to be mechanically 
weak. 

The present tendency seems to be more and more toward 
the core type, and it remains for the superiority of the shell 
type to be demonstrated in any given case in order to justify its 
existence at all. 

Recently transformers having a multiple magnetic circuit have 
been introduced. The coils are of the cylindrical form placed 
around the central core. Thus, this is called the cruciform type. 
i« 209 
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An important consideration with respect to tbe choice of type 
is the method of cooling the transformer. Core-type tranaform- 
ers are usually immersed in oil in such a way as to proyide free 
circulation pf the oil about all surfaces of the colls and core. 
The oil then receives the heat and carries it to the outside case 
which is frequently corrugated to present greater effective 
surface to the outer air. 

Shell-type transformers are cooled by the above method, but 
more frequently this is augmented by the addition of coils of 
pipe through which is forced a stream of cool water. These 
coils are placed in the oil above the transformer. 

The addition of the cooling water is essentially a feature of 
large transformers, siuce they have less area of possible cooling 
surface per tmit volume than have smaller units. 

A common form of the shell type is known as the tur-blast 
type. The method of coolii^ consists in forcing a continuous 
blast of cool air up through the ducts with which the core is 
provided, and between and around the coils. 

Efficiency. — Transformers are not designed to give the highest 
possible efficiency as this would involve too great an expense in 
materials and tnanufacture, but, rather, the highest practical 
efficiency, so as to meet competition both in price and in quality. 

Consequently, from results obtained In practice, it is easy to 
construct a table of efficiencies which might reasonably be 
expected of various sizes of transformers of moderate voltages, 
B&y up to 10,000 volts. This table is as follows: 



Kw. «puity 




EfflokBor 


















asorol- 






eoorelM 




1 


M.O 






98.0 




5 


96.5 






97.5 




10 


97.0 






98.0 




fiO 


ftS.O 






98. S 




200 


98.0 






98.6 





Knowing the approximate efficiency of the transformer which 
is to be designed, the total losses are of course also known. 
For example, let it be required to design a 10-kw., 60-cycle, 
^""^oo-^olt core-type lighting transformer. The efficiency is 
to be about 98 per cent. The losses are 2 per cent, or 0.02 X 
10,000 - 200 watts. 
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Losses. — These losBes are made up of the Ih loss in the copper 
windiiiKB and the hystereeia and eddy curreDt losses in the iron 
core and windings. 

Maximum efficiency is obtained at that load for which the. 
copper and iron losses are equal. It becomes a matter of choice 
in design as to what ratio ghall be given these losses or at what 
load they shall be equal. Thus, for power purposes, the copper 
and iron losses should be about equal at full-load, giving maxi- 
mum efficiency at fuU-load. For lightii^ purposes, however, 
owing to the peculiar conditions of operation, this is not generally 
desirable. A lighting transformer carries fuU-Ioad only for a 
very small period during each 24 hr., while the rest of the time it 
is operating practically at no-load. Thus the copper loss is quite 
small even with a large value of /*r, while the core loss is larger 
since it is continuous through the whole day. It would be better, 
therefore, to make the copper loss relatively greater than the 
core loss, at full-load, and thus reduce the total losses for the 
daily operation. Fairly good values to choose for these losses 
are: copper loss = 60 per cent., core loss =^ 40 per cent, of the 
total loss. 

In the example considered, 

copper loss = /»r = 200 X 0.60 -= 120 watts, 
core loss = 200 X 0.40 = 80 watts. 

The core loss may be further divided between loss due to 
hysteresis and loss due to eddy currents. The former is usually 
larger because it depends on the magnetic quality of the iron or 
steel used, whereas the latter depends largely on the degree of 
thinness of the laminations of the core, and this may be carried 
to any extent mechanioally practical. Values of hysteresis and 
eddy current losses when silicon steel laminations .014 in. thick 
are used are: 

hysteresis loss = 0.7 watt per lb. at 60 cycles, 
eddy current loss = 0.3 watt per lb. at 60 cycles, 
when the maximum induction density is 64,500 lines per sq. in. 
(10,000 lines per sq. cm.). 

Since 1 cu. in. of this material weighs 0.28 lb., the loss per cu. 
in. at 60 cycles and 64,500 lines per sq. in. is: 

hysteresis loss per cu. in. - 0.28 X 0.7 - 0.196 watt, 
eddy current loss per cu. in. - 0.28 X 0.3 = 0.084 watt, 
total core loss per cu. in. ~ 0.28 watt. 
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Hysteresis loss for any frequency and density is given ap- 
proxiiuately by the equation, , 

hj-rt. lt«6 - IT. - 0.196 X 4 X (^) "X Y, 

where V = volume of iron. 
Similarly, eddy current loss is 

w..o.mx{^yx{:g^yxv. 

From these two equations and the core loss which is given, 
the volume may be obtained for any value of B. Assuming, as 
will later be done, that B = 70,000, in the example, 

F = 80 -(- 10.196 X (Lose)" + 0.084(1.086)*] - 
80 



0.2205 + 0.099 



And the hysteresis loss is tr» = 0.196 X 1.125 X 250 - 55.2 
watts, and the eddy current lose is IT. - 0.099 X 250 - 24.8 
watts. 



Z I / S^^ 


Z \a^ ^^^ 


Z _£ ,^ 


^I 35 ;f 


ZS. v^ 


=ZJ - ^^^ 
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IM M U <U M 

WUM p« CuUc Inch 



B and V. — The relation between B and Y is shown by the 
following curve. Fig. 161, from which it is evident that values 
of B should lie between 50,000 and 90,000. 
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Hysteresis and Eddy Current Loss per Cubic Inch. — 



w 

V ' 
(l)/ = 60 



64,500- ■■ 
/_B_y., 
V64,500/ 



/_»_V 

\64,800/ 



50,000 

0.775 

0.65 

0.127 

0.601 

0.0505 

0.1775 



"T" 



60,000 



0.0727 
0.2452 



70,000 

1,085 

1.125 

0.220 

1.18 

0.099 

0.319 



80,000 

1.24 

1.42 

0.278 

1,54 

0.1294 

0.4074 



00,000 

1.396 

1.75 

0.343 

1.95 

0.1639 



100,000 
1.56 
2,05 
0.402 
2.41 
0.2025 



(2)/. 25; ^-0.417; (4) '-0.174 



0.072 
0.0127 



0.0917 
0.0172 



0.143 
0,0285 



0.1675 
0.0384 



As a matter of fact the usual limits are: 

for 60 cycles, B lies between 60,000 and 75,000, 
for 25 cycles, B lies between 80,000 and 90,000. 
In the example, let B = 70,000, which will be taken as a trial 
value. 

From Fig, 162 the volume per watt loss by hysteresis is 4.55 
cu. in. The total volume of iron is 4.55 X 55.2 watts " 250 cu. in. 
Magnetizing Current — Having chosen a suitable value of B, 
we can at once find out the required number of ampere-turns per 
inch length of magnetic circuit, from the saturation curve, p. 
Let 

3f ^ ampere-tums per inch and 

I = length of magnetic circuit. 

Then total ampere-tums =- M^ - V^i^f, where V^i, -■ 

maximum value of magnetizing current and t = number of turns 

oa the primary. 

Using the fundamental equation for e.m.f., 

E - 4.44/(* X H>-« = 4A4ftBA X lO"', 
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the magnetinng Tolt-amperes are 
4.4^iBXJtf»I 
*" " V2 ( X 10» 

- irfBAMJ. X 10-" - TfBMtV X 10-«, 
since 

4.44- v^,and V~Al. 

The percentage magnetising current is obtained by dividing by 
EI, thus, 

li. TfBMoV 
I °10»'Xkw." 

Id the example, JIf g is found to be 6.5. Therefore, substituting 
known values into the equation, 

»■ 3.14 X 60 X 70,000 X 6.5 X 250 



/ 10" X 10 



- 0.0215, 



or approximately 2 per cent. 

This is a reasonable value. In practice, magnetioDg currents 
range from 2 to 8 per cent., being larger in smaller transformers 
and at lower frequencies. 

Number at TwnB, Total Flux, Arat, and Lengtti of Magnetic 
Circuit. — Returning to the fundamental e.m.f. equation, it is seen 
that turns and flux are both unknown. A practical limit in help- 
ing to decide what value to assign to either one of these unknowns 
is found from the fact that the number of turns should depend 
upon the voltage. While it would not be safe to allow too great 
a difference of potential to exist between adjacent turns, this 
consideration is not the deciding feature. The choice of number 
of turns is governed largely by cost considerations. From prac- 
tice it is known that volts per turn should lie between 0.4 X v^kw. 
and 0.6 X v^kw. in core-type transformers. The former value 
is more suitable for distribution transformers when it is desirable 
to keep down the core loss, while the latter is suitable for power 
transformers. The value for shell type is from two to three 
times as great. 

In the example, it will be assumed that volts per turn =- 0.5 X 
■v/iO = 1.56, 

Then, turns on primary 
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= 8.37 Bq. in., 




29.5 in. 



Re^tance, Length of Mean Turn, Total Length and Size of 
Windings-. — Returning now to the windings, it ia possible at first 
to calculate the primary resistance, since the copper loss and the 
current are known. 

In the example I*r = 120 watte. This must be divided be- 
tween primary and secondary, and half may be assigned to each, 
as a reasonable approximation. 

Thus primary 

Also, 

= 5 amp. 



Knowing the resistance and number of turns, the size of wire 
may be found when the mean length of one turn is estimated. 
As a basis for this, the cross-sectional area, A , of the core is known, 
and experience tells about how much space is necessary for insu- 
lation between core and coils and for circulation of the cooling 
oil between the coils. Also, since the heat generated in the in- 
terior of the coils has to pass through the thickness of copper and 
insulation, it will be unwise to make the coils too thick. 

Practical thickness of insulation against voltage is given in 
the following table. 

Tablii VII 



/v 


120 
" 2 


-60ws 


/, 


W 


10,000 
2000 


Bi 


60 
" 25 


2.4 ohl 



*WW thioknw (mill) 

110 40 

440 60 

1,000 70 

2,300 100 

6,600 ISO 

16,000 200 
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For circulation c^ oil, space of not less than ^ in. width should 
be allowed. This width ia governed by the height of the coila. 

Thickness of the coila should hardly exceed I in., but may 
reasonably be % in. 

Applying this procedure to the example, it is found that with 
an area, A = 8.37 aq. in. of iron, the groes area occupied by the 
laminations will be about 



8.37 
" 0.9 



— 9.3 sq. in. 



If this area is in the form of a square, the aide of the square 
wiU be V93 = 3.05 in. Fig. 162 is 
next drawn, showing the relative 
positions of coils, core, inaulation, etc. 
In this ease, the length of mean turn 
of the secondary winding ia 

L, - 4 X 3.05 + 2t(0.26 + 

0.04 + 0.375) -= 16.4 in. 

Since the secondary winding is 

nearest the core, its features will be 

diacussed first, thus avoiding - any 

error in the final determination of 




Fio. 162. 



the mean length of primary turn. 
Total length of secondary is 



In practice, however, it is found convenient to put the two 
primary coils in series and the two secondary coils in parallel to 
obtain the 20: 1 ratio. 

If this procedure is adopted, the voltage impressed on one 
2000 



primary coil u 



■■ 1000, while the whole secondary voltage 



of 100 will be across each of the secondary coila. 
The secondary turns per coil will then be 
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and each coil will carry half of the total secondary current, or 
10,000 „ 
2X155- 50 "np. 

Total length of each secondary coil ia then 
164 
I-i X (. = -j^ X 64 = 87.3 ft. 

Resistance per 1000 ft. of secondary coil = „„-_; ■ 

Since the coila are connected in parallel, the resistance of one 
coil is 2Rt. 
The resistance of a secondary coil is obtained from the fact 
60 
that the secondary copper loss per coil is -s- = 30 watts. 

Thus, the resistance of each secondary coil is 
30 

— U.UIZ 

Resistance per 1000 ft. of conductor is ^^ ' (,-„ — 0.1375 ohm. 

This corresponds to an area of 0.07 sq. in. 

The conductor chosen must be of copper strip, of rectangular 
croes-section. In using strip, the practical dimensional limits 
are about 0.1 in. in thickness and 0.5 in. in width. These 
dimensions give an area of 0.05 sq. in. If greater area is re- 
quired, any number of strips may be wound in parallel. Each 
strip is, however, insulated, usually with double cotton covering, 
to prevent too great eddy current loss in the copper. 

In the present case there will be two strips required, each of 
0.1 X0.35-in. section. 

With insulation, the dimensions of the double conductor become 
0.36 X 0.22 in. 

It will be seen that the most practical arrangement of the 
turns will be to have two layers deep and 32 turns per layer. 
Then the thickness of the coil becomes 2 X 0.22 in. = 0.44 in.; 
the length of the coil is 32 X 0.36 in. X 11.5 in. 

The corrected mean length of turn is 

Li = 4 X 3.05 + 2* (0.25 + 0.04 + 0.22) = 15.4 in. 

Total length = ^^'^^^ ^ = 82 ft. 

Resistance per 1000 ft. = -^ = 0.147 ohm. 

Corrected cross-section is ^ . .^ X 0,07 sq. in, = 0,0655 sq. in. 
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MaiDtaining the same thickness, i.e., 0.1 in. the width of the 

strip, with inaulatioii, now becomes 0.332 in., and the coil length 

18 32 X 0.332 = 10.6 in. 

The mean length of the primary turn may now be found. It is 

Li - 4 X 3.05 4- 2r (0.25 + 0.04 + 0.44 + 0.04 + 

0.25 + 0.1 + 0.375) - 12.2 + 2ir X 1.495 = 21.6 in. 
Total length of primary is then 

21.6 X ^ - 21.6 X ^ « 2304 ft. 

Re^atance per 1000 ft. of primary is „^^I. = „ '-. — 1.042 
ohma. 

Referring to wire tables, this resistance is found to be nearly 
that of No. 10 B. &, S., which baa resistance of 1.18 ohms per 1000 
ft. at 65''C. 

If now it should be desirable to use copper strip for the 
primary winding, the requisite area may be found by comparison 
with that of No. 10 wire. Thus, 

area = ^~ X 0.00815 - 0.00922 sq. in. 

In this case, however, it will be practical to use No. 10 wire. 
Wire larger than No. 10 is not genenUly used, but smaller sieee 
are preferable to rectangular strip. 

Choosing then No. 10 wire the space which the 640 turns of 
each coil will occupy must be determined. 

With a layer 10.3 in. long there wOl be 

Q ,Qg = 100 turns per layer, 
and 

100" 

Obviously, the best arrangement of these 640 turns will be to have 
8 layers of 80 turns each, giving a coil length of 8.24 in., and coil 
thickness of 0.824 in. The thickness will be slightly less, owing 
to the bedding of the layers. Perfect bedding would give 0.824 
X 0.866 = 0.714 in. The value of 0.75 in. originally assumed 
may therefore conveniently be taken as correct. 

The mean length of the primary turn is then Li = 21.6 in. 
as previously calculated. 
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Total length of primary = ^ X 1280 = 2300 ft. Total 
primary resistance - 2300 X 1.18 = 2.72 ohms. 

This resistance deviates considerably from the value of 2.4 
ohms assumed, but not enough to warrant the choice of another 
size of wire for the primary. 

Having determined the core croes-aection, and the coils, an 
assembly sketch may be made, as shown in Fig. 163. Allowing 
0.3 in. between the coils on the two legs, the size of the window is 
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Fia. 163. 

found to be 4.24 in. wide by 10.75 in. high. The total core 

height is 10.75 + 3.05 + 3.05 « 16.85 in.; total core width is 

4.24 + 3.05 + 3.05 - 10.34 in. 

The total volume of iron is length X net cross-section, or, 

F = (2 X 16.85 + 2 X 4.24) X 8.37 

= 42.18 X 8.37 - 354 cu in., 

which does not compare very favorably with the first assumption 

ot 250 cu. in., but this is not very important since it should 

be noted that I calculated from core loss and I calculated from 
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the space required for the copper windiugB will generally not be in 
agreemeDt. We must have aufficient space for the windings, 
but I should not be any greater than necessary. Therefore, 
unless we wish aa entire recalculation of the design based on 
altered assumptions it is sufficient to accept the new value of I 
and the attendant new value of V. The mean length of the flux 
path is, 

I =- 2 (10.75 4- 4.24) + 2t X 1.5 
= 29.98 + 9.44 - 39.42 in., 
as against 29.5 in. in the preliminary calculations. 

Per Cent. Magnetizing Current and Core Loss. — Applying the 
new values of V and I, we may obtain new values for per cent, 
magnetizing current and the core losses. Thus, 

amp. turns = Jtfo X / - 6.6 X 39.42 =- 256. 
Max. exciting current = -y/^im = Tssji = 0.2. 
^ = ^ = 0.H>. 



Hysteresis loss, Wk, will be in the ratio of the two volumes thus 
far obtained, namely; 250 cu. in. and 354 cu. in. 

.■- TFa = 25Q X 55.2 = 78.2 watts, and similarly the eddy 



'250 ' 



= 35.1 watts, giving a total 



core loss of 113.3 watts. 
Effidenc;. — The approximate efficiency is then 
_ input — losses 
'' input 

where the losses are: 
Primary copper loss = 5* X 2.72 = 68 watts. 

Secondary copper loss = 2 X 50» X 0.012 = 60 watts. 
Core loss = 113-3 watts. 

Total loss = 241.? watts. 

10,000 - 241.3 



n =- 



10,000 



- = 0.976 = 97.6 per cent. 



It is seen that the efficiency is very nearly that which was 
assumed at the outset, so that the variations in values, even where 
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they have been large, as with volumea and lei^h, have not been 
such as to produce any considerable effect. 

However, the ratio of — ; has decreased, the former 

iron loss 

now constituting only 53 per cent, of the total lose, instead of 60 

per cent, as at Erst assumed. 

There is, of course, nothing hard and fast about theae relations 
as it is impossible to say just how the transformer will be oper- 
ated from day to day. If it is desired to approximate more 
closely to the original assumptions of losses and efficiency, it will 
be necessary to go back to the banning and choose from among 
the numerous variables, let us say, another value of turns and 
another value of the flux density. 

However, in the present instance, the values so far obtained 
will be regarded as satisfactory, and then there remains only 
to determine the regulation, heating and cost of material, to see 
if these also will be satisfactory. 

Regulation. — In Chap. XXVI, p. 182, the regulation of a trans- 
former was found to be 



where Ei = V Et' + 2£j(t»ro + 0.5t»ro - t'*to + 0.6t^o) 
approximately. 

Of these quantities, Ei = 2000 volts, assumed impressed on 
the primary, ij = /j = 6 amp. = the energy component of the 
load at unity power factor (assumed) and referred to the primary 
basis. On this assumption, the wattless component of the load 
current, i'» = 0. 

4 = enei^ component of the exciting current. 

To obtain »», we have: core loss = Eik = 113.3 watts. 
■'■ ** = ^^ = 0.0566 amp., 
and 

too - Vi.»+u» - Vonr* + 0.0566' = 0.152 amp. 

ro = fii + fl» =■ 2.72 + 0.009 X 400 - 2.72 + 3.6 - 6.32. 

To determine Xo, the combined leakage reactance of primary 
and secondary, we have 

xo = 2t/ (i, + L») = 2t/Lo. 

£>i and Lt may now be calculated by the help of equations, 
p. 204, Chap. XXX, but each must be done separately since the 



^obyGoo»^lc 



222 ELECTRICAL ENGINEERING 

two primary coila are in aeries while the secondary coils are in 
parallel. We have 

L. = 2 X 32 X 10- ^\^ + ^Jhenrya, 

L, = y X 10- —[-3- + ^Jheniys. 

Referring to Fig. 155, the constants in these equations are 
readily evaluated. Thus, we have, 
JVi - 640; Nt = 6i;l = 10.75, 
mi ~ mean length of primary turn = 21.6 in., 
iTij -= mean length of aecondary turn = 15.4 in., 
m» = mean length of gap between coiU = 18 in., 
a =• secondary coil thickness =• 0.44 in., 
b = distance between coils = 0.39 in., 
c = primary coil thickness = 0.75 in. 
Supplying these values, 

'_ J^ r 21.6 X 0.75 18 X 0.39 -] 

10.75 L 3 "*" 2 J 

= 0.00244 15.4 + 3.51] - 0.02175 henry 

= 6.1 X 10-« [2.26 + 3.51] = 0.0000352 henry, 
where Li is the actual secondary inductance. 

Referred to the primary, Li = 0.0000352 X 400 =>= 0.0141 
henry. 

Lo = Li + i» - 0.02175 + 0.0141 = 0.03588 henry 
and 

«o =2i-yi,o = 377 X 0.03588 = 13.53 ohms. 
Supplying all the values into the formula for Ei, we have, 

gi =2000= 

y/Et*+2Et{b X 6.32+0.5 X 0.0566 X 6.32 + 0.5 X 0.141 X13.53) 
Bjt - 4 X 10» = Ei* + 2£,(31.6 + 0.179 + 0.95) = 

Et* + 65.32£, 
.•. E, = 1968 volts, and regulation = ^ - 1 = ^^ - 1 = 

1.016 - 1 = 0.016 = 1.6 per cent, for full non-inductive load. 

Heating. — The total radiating surface of each primary coil is 
found by calculation to be 388 sq. in. Therefore, the watte per 
square inch which must be radiated from the primary coil are 

IT, - ^^ - 0.0875. 
tioo sq. in. 
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Similariy, the area of the secoodary coil radiating surface is 340 - 
sq. in. The watts per square inch that must be radiated are 

. §^!^ . 0.0885. 
340 sq, in. 

The radiating surface of the core is about 400 sq. in. Therefore 

wattfi per square inch that must be radiated are 

ll|3w^_ 

400 sq. in. 

Watts per square inch serve as an empirical guide by which it 
may be determined satisfactorily whether the design is sufficiently 
liberal to permit of dissipation of the heat without undue rise of 
temperature of any part. In general a loss of 0.4 watt per sq. in. 
of surface of the coils and core is quite satisfactory. 

In designing the case, however, about 0.15 watts per sq. in. 
only should be allowed. In the transformer, then, since the 
entire loss in watts must be radiated from the case we should 
need an area of 

7pj-= = 1610 sq. in., in contact with the oil. 

Wei^t and Cost of Material. — The core volume has been 
found to be 354 cu. in. At 0.28 lb. per cu. in. the core weight is 

354 X 0.28 = 99 lb. 
Cost of core at 3.5 c. per lb. is 

99 X 0.035 = $3.46. 
The primary copper volume is length X section, 
= 2300 X 12 X 0.00815 = 225 cu. in. 
Secondary copper volume is 

82 X 12 X 0.0655 X 2 = 129 cu. in. 
Total volume of copper ia 225 + 129 = 354 cu. in. 
Weight of copper at 0.32 lb. per cu. in. is 

354 X 0.32 = 113.4 lb. 
Cost of copper at 16c. per lb. is 

113.4 X 0.16 - $18.15. 
Total cost of iron and copper is $3.46 + S1S.15 = $21.61 

Of course, such a calculation of cost has comparative merit 
only, as it does not include labor or such materials as insulation, 
oil and case. 
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Summary of data of 10-kw., 60-cycIe 2000-100-volt core-type 
distributing transfonner. 



Kilowatts 

Fiequency 

Ratio of transformation 

Volta 

Amperes 

Window dimensiona, in 

Total width of iron, in 

Total height of iron, in 

Depth of lamination, in . 

Electrical 

Number turns in series 

Section of conductor 

Amperes per square inch 

Number of ooila 

Connection of coils 

Width of eoil 

Height of coil 

Number turns per coil 

Mean length of turn 

ReuBtance of circuit at 66°C 

Magnetic 

Total maximum fiui 

Effective core section, sq. in. 

Effective core length, in 

Core density 

Effective core ampere-tums 

Magnetiiing current 

Tbermal 

nRloea 

Radiating surface of coil 

Watts per square inch 

Core loss 

Radiating surface of core 

Watts per square inch 

Total loss, fuU-load 

External radiating surface 

Watts per square inch 

Efficiency and regulation 

Per cent, core loss, full-load 

Per cent, copper loss, full-load. . . 
Per cent, efficiency, full load. . . . 



lOH by 4>i 
10.34 
16. S5 
3.05 



£86,000 
8.37 
39.42 
70,000 
180. S 
0.141 



Parallel 
0.44 
10.6 
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Per cent, magnetising current. 

Per cent, reaistance 

Per cent, reactance 

Per cent, regulation 

Weight and cost 

Copper, pounds 

Iron, pounds 

Pounds copper per kilowatt. . , 

Pounds iron per kilowatt 

Coat of copper at 16c 

Coet of iron at S.Sc 

Total coat...' 

Coat per kilowatt 




Having now developed the general principles and procedure id 
tranafonner design, it is desirable that the student should carry 
through the calculations for some assigned machines. Trans- 
formers of different capacity may be assigned to the students of a 
section, each student being required to complete the calculations 
for hoth 60 cycles and 25 cycles, tabulating the specifications and 
making sketches to scale of the core and windings. 

Many of the finer points in design are omitted here, since the 
principles are the primary interest. For practical designing the 
fact that experience is a factor of the greatest importance should 
always be remembered by the student who is attempting to 
master the practical aspects of the subject. 

To assist in the further study of the principles of transformer 
design, the following suggestive questions are added. 

1. Find regulation at 80 per cent, power factor. 

2. Why are less volts per turn used with Ughting than with 
power transformers? 

3. If the core loss is too great, how may it be reduced? 

4. What relation does per cent, exciting current have to core 
loss, copper loss, efficiency and regulation? 

5. How may per cent, exciting current be reduced? 



^obyGoo»^lc 



CHAPTER XXXII 

COMBINATIONS IN MULTIPHASE TRANSFORMER 
SYSTEMS 

When the primary of a transformer is connected to a source 
of e.m.f . the following equation relating the impressed e.m.f. cur- 
pent, resistance and inductance obviously obtains 

e = ri + ^ {Li). 

The drop, rt, is small, being perhaps 5 per cent, of 1 per cent, 
of the normal voltage, if the exciting current is 5 per cent, of 
normal current and the resistance drop at full-load is 1 per cent. 
Thus the e.m.f. consumed by the transformer counter e.m.f. is 
approximately 

If the transformer were merely a coil having an air core, the 
inductance would be constant, and the induced voltage would be 
.di 
*=-^¥ 
If i were a sine wave of current, e would also be a sine wave 
displaced 90° behind i. However, with iron cores, as with trans- 
formers, the inductance is not constant, but ia a function of the 
current i. Hence 

/^ di , . dL\ 

and if 1 is a sine wave of current, the counter e.m.f. of self-induc- 
tion is no longer a sine wave. Similarly, if a sine wave e.m.f. 
is impressed on the transformer, the current will not have the 
sine shape, but will be made up of fundamental, 3d, 5th, etc., 
harmonics. 

In Chap. XXVIII, the characteristic wave of excitii^ current 

with a sine wave e.m.f. impressed was determined. On analysing 

this wave by Fourier's series as indicated in problem 78, it is 

found to consist of a fundamental and triple with higher har- 

226 
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monies of lesser amplitudes. The presence of the triple-fre- 
quency wave is an important feature in the exciting current of 
every iron-cored transformer operating with impressed sine wave 
e.m.f. 

If, however, the triple frequency wave is suppressed in some 
way, as is often the case in three-phase systems, so that the ex- 
citing current is of sine shape (neglecting small higher harmonics), 
the induced voltage, and consequently the terminal voltage, will 
not be of sine shape, but will have the characteristic form shown 
on p. 194. 

The transformer, of course, must generate its own counter 
e.m.f. or the induced voltage, and hence may be regarded as a 
generator, electrical energy being supplied to it instead of me- 
chanical energy. 

So far the transformer has been dealt with as a single unit. 
It is common practice, however, to group transformer units in 
various ways so that they shall serve as group units in the trans- 
mission and distribution of energy in systems other than the 
single-phase system. 

The Three-phase System. — While two-phase, four-phase and 
six-phase systems are used to some extent and under certain con- 
ditions, yet the three-phase ^ 

. system in its various forms 
is far more important than all 
of these. Its study forms a 
basis for the development of 
any multiphase theory. The 
principles of two-phase and 
three-phase working from the 
standpoint of the alternator 
are explained in Chap. 
XXXV. In the present in- 
stance, three-phase will be 

dealt with in reference to the pm^ jg^ 

transformer alone. 

Consider three similar transformers, A, B and C, receiving 

current from three sources of simple sine waves of e.m.f. (Fig. 164). 

- Let the voltage impressed on A be «i = £i sin 0, that on B, 

c, = El sin (0 + 120°), that on C, e, = Ei sin {9 + 240°). In 

each case the arrows in the figure indicate outgoing and return 



_ 

($) z 
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Neglecting higher harmonica the curreots flowing will be, re- 
spectively 

t'l = /, ain (fi - 0) 

it = /, sin (9 + 120" - «) 

U ■= /i sin (tf + 240" - *). 

If the transformera are so arranged 
that the return currents shall flow 
through the same wire, as in Fig. 165, 
the value of the current in this return 



===^j^ 



Fro. 165. wire will be 

i- - t't + it + it = /i (sin {0 - <f>) + sin (0 + 120° - *) 

+ sin [0 + 240" - *). 

The student should prove that this current is zero. 

He sh6uld prove, also, that if there is current of triple frequency 
flowing in the lines, the triple frequency current in the fourth or 
neutral wire will be three times that in any line. 

Problem 79. — ^Let the three line currentB be given bj the equations: 
it = /, sin (fl - «,) + /, fdn (39 - «.) + /• sin (Sff -♦»)+... . 
t. = /i Bin (ff + 120° - *i) + /, sin [3(tf + 120") - ^.1 

+ /,8in[5(fl + 120^-#d-f-. . . 
i."/i8in(9+240'' -*,) + /,8in [6(6 +240") - * J + 

/, sin (5 (fl + 240") -♦»] + . . . 

Prove that the current in the neutral wire will be 
t. -3(7.8in (39 -«,) +/,ein(M - *,) + At8in(15S -#i») + J. . ., 
that is, the current in the neutral wire is three times the sum of all 
odd harmonics which are multiples of three which are present in 
any line wire, all other harmonics becoming zero in the neutral. 

Voltage Waves in Three-phase, Four-wire System. — The neu- 
tral wire serves to make the system virtually three single-phase 
systems instead of a three-phase system having peculiarities of 
its own. Thus if a sine wave e.m.f. is impressed on each trans- 
former, the e.m.f. between lines is the vector sum of any twd"- 
of these and is also a sine wave. 

Since there is no current of fundamental frequency in the 
neutral wire, there is no necessity of having the wire there. Its 
absence will not be the occasion for any interruption in the circuit. 
However, ance the circuit of the higher harmonics has been inter- ' 
rupted, it becomes of importance to study higher harmonic effects 
in connection with three-phase and with any other systems. 
Transformers so arranged with or without the neutral wire are 
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said to be Y-conoected. If the circiiite were unbaloDced the 
situation would be Bomewhat different, as will be discussed later. 
For the present, however, it is sufficient to see that a three-phase 
circuit may be composed of only three wires, each Fepresenting 
the outgoing wire of one of the phases. 

Three-phase, T-connected Transf oimers. — ^Let it be assumed 
that the three, so-called, phase voltages are 

OA = ei = EiftinS + Etoa (3fl + a), 

OB =et = Eieinie+ 120") + Et sin (i[$ + 120°] -|- a), 

OC = e, = El Bin (tf + 240") -1- Et sin (3[9 + 240"] + a), 

these voltages being represented vectorially in g 
Fig. 166. To find the line voltage AB. Evi- X 
dently this is \ 

0jtB "AO + OB-^ - e, + et, \ "^ 

since it is taken in direction from A ia B. / 
Directions from outward are taken as posi- ' 
tive. Therefore 

eAB = - Ex tiia 9 ~ E» fm (39 + a) + £i sin (9 + 120") + Et 
sin (3[fl + 120"] + a) 
= Ei[8in $ cos 120" + cos fl sin 120" — sin fl] 
+ ff,[sin (39 + a) - sin (3fl + «)]. 

The last term vanishes since sin (3lff + 120"] + a) = sin (3ff + 
360" + a) = sin (3fl + a) and e^s = 1.73 B, sin (ff + 150"). 

The student should prove this by performing the intermediate 
operations. 

Thus, it is seen that in a balanced three-phase Y-connected sys- 
tem, a triple frequency e.m.f. cannot exist in the voltage between 
the lines. The same will be shown to be true also for what is 
called the A-connection. This does not mean, as stated, that 
there can be no triple frequency e.m.fs. in the phase windings, 
but simply that they cannot be between the lines. 

Likewise, the other line voltages are: 

eac = - 1-73 Ei sin (fi + 90") 
ecA. = 1.73 El sin (9 + 30"). 

These voltages are represented in Fig. 167 (a) and (6), which 
give two ways of representing the same thing. The line and 
phase voltage relations may also be shown graphic^ly, as in 
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Fig. 168. Here, as Id the equation for e^a, OB is combined with 
OA reversed. 

Carrying out the same process by which the assumed triple- 
frequency voltages in the line were eliminated, it could also be 
found that any higher harmonics which 
were multiples of 3, as 9th, 15th, 2l8t, 
etc., would vanish. Even harmonics are 
of necessity absent if the waves are sym- 
metrical. Thus there remain only the 
5th, 7th, 11th, 13th, 17th, 19th, etc., 
which could exist in the lines. 

In the three-phase Y-connection, the triple frequency voltages 
in the phases are all in time-phase with each other, and the phase 
therefore acts like three circuits in parallel. Their extremities 
could be joined without causing any triple frequency current to 
flow. If the neutral point, 0, be connected to ground, the triple 
frequency in the phases would cause all three transmission lines 
to oscillate just as would be the case with a single-phase line one 
side of which was grounded. 
In this case the three Unes cor- 
respond to the ungrounded side 
of the single-phase line. 

Three-phase A-connected 
Transformers. — When three 
transformers are so connected as 
to form a closed circuit, there 
are two facts in connection with 
their operation which are of 
great interest, namely; (1) 
there can be no circulating cur- 
rent of Fundamental frequency 
in the windings; and (2) there always flows in the windings a 
current of triple frequency or an odd multiple of triple frequency. 

In proof of the first fact let the phase voltages be assumed, as 
before, 

ei ^ Eimn 6 + Etoa (S e + a) 

e, = Ei sin (ff -f- 120") + Et sin [3(tf + 120') + a] 

e, = £i sin (fl -I- 240") + Et sin [3((J + 240°) + «)] 
Adding the fundamental components, 

fi, [sin tf + sin { $+ 120") + sin (tf + 240")] 




FiQ. 168. 
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- Ei[anS + sin$ooe 120° + coB0wa 120° + sin tf cos 240° + 

cos sin 240°] 
= El [Bin fl + sin fl X (- 0.5) + cos * X (0.866) + sin tf X 

(- 0.5) + COB X (- 0.866)] 
= fii [bid fl — sin S) = 0. 

Thus, if there is no e.m.f. of fundamental frequency acting in 
the closed winding, there can be no current of fundamental 
frequency circulating in it. 

In proof of the second fact, adding the triple-frequency com- 
ponents gives 

Et sin (39 + a) + Eton I3(ff -|- 120°) + a] + E^ sin [3(9 -H 
240°) + «) = 3^1 sin (3fl + a). 

Thus if the del ta is open at one point (Fig. 169) the triple voltage 
^js^ across the opening is three times the triple-frequency 

f^~^ voltage of one phase. Similarly, with a Y-connec- 
/ \ tion with neutral point grounded, the triple-fre- 
^ ^ quency current flowing into the ground is three times 

"■ ■ the triple-frequency current of one phase. When 
the neutral is grounded, it is no longer necessary to regard the 
system as three-phase, but it may be considered as three single 
phases having a common return, just as with the three-phase four- 
wire system already discussed. 

The triple-frequency current is 
then perfectly free to flow in each 
line wire, returning by way of the 
neutral, whereas without the neutral, 
the triple-frequency current cannot 
emt. •■»• "»• 

To find the relation between line current and phase current 
in a d-connected system. 

Let the direction of the phase currents be assumed as indicated 
in F^. 170 where 

ii - 7i sin ff -h /i sin (3ff + a) 

t, - 7i sin {$ + 120°) + /, sin [3(9 -H 120°) -f- a] 

it - /i Bin {6 + 240°) -|- 7, sin [3(fl -|- 240°) + a] 

Taking the direction of the arrows as positive, the funda- 
mental Une current, 

U = t'l - it = 7i (sin 9 - sin (9 -I- 120°)) - 1.737, sin (9 - 30°) 
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This relationship is similar to that of the voltages for Y-connec- 
tion. Similarly, also, there can be no triple-frequency current in 
the line. 

Voltage Waves wifli T-connected Transfonnera. — In problem 
76, was assumed a sine wave of excitii^ current. This is approx- 
imately the case with the three-phase Y-connection since there 
can be no triple-frequency current in the line or phase. 
The phase voltage must then look like that of Kg. 151. The 
,-^ ^,^ _ line voltage as previously seen wiU 

be a combination of two phase 
volt^es, one of which is reversed, 
as in Fig. 171. 

(The depression in the line volt- 
age wave is not actually as deep as 
Fia. 171. ^^^ "' would appear from using sine 

waves of magnetizing current.) 
If the generator develops a sine wave e.m.f. and the transformer 
counter e.m.f. is much distorted, due to the hysteresis loop effect, 
then the difference between these two waves must be taken up by 
drops along the lines and in the apparatus. 

Problem 80. — Given three A-eonnected transformers. Make a picture 
of the ejni. and compare it with that of a Bingle^hase circuit. What is 
the shape of the wave of phase current? What is the shape of the wave of 
line current? Show also, by a sketch that the sum of two exciting current 
waves of a three-phase ^-connected system makes nearly a sine wave, the 
triple frequency vanishing. How does the core lose in tUs system comp&re 
with that of three eingle-phaae circuits? 

Problem Bl. — Given three Y-connected transformers. The line current 
can cont^ no triple harmonics but only lat, 5th, 7th, 11th, etc., harmonies. 
The phase voltage, however, has a large triple harmonic. The line voltage 
is a combination of two-phase voltages. What is the ratio of the phase 
voltage to the line voltage? Is it 58 per cent.? Evidently it is higher, as 
the phase voltage contains also the triple- 
frequency voltage. How doee the core loss 
of this system compare with that of the A- 
coimected system and with the single-phnse 7 

The flux wave is flat, since there is no 
triple^requency current. Therefore the Fiq. 172. 

maximum value of flux is less, and the 

core loss is less (by about 30 per cent.), than with sine waves of flux. 
Moreover, the exciting current is less because the max. value of the flux 
density is less. 

With open delta connection what will the voltmeter read? Evidently 
three times the triple-frequency voltage per phase. Why? With the 
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neutral wire coDoected in a Y-flfstem as in Pig. 172, what would be the 
current in the neutral? 

Ab has been pointed out, this ia no longer a real three-phase Bystem, but 
thiee single phases in which the neutral wire is common to all the phasee. 

Evidently the triple-frequency currentB can flow in each phase, and since 
the^ are all in time-phase with each other the neutral will carry three times 
the triple harmonic current of each phase. 

What then, will be the effect on the core loss of connecting in the neutral, 
as compared with leaving it outT 

Theae probleme are stated in such a way as to form the baMS for a fairly 
complete discussion, on the part of the student, of the effects which would 
be produced by the different ways of c<Muiecting the transformer. 

Three-phase TransfoimerB. — ^A natural development in the 
uee of three single-phase transformeiB for three-phase work is the 
substitution therefor of a single three-phase transformer. 




Let th^« be three cores of laminated iron, symmetrically placed, 
connected by legs, each core having on it the windings of one 
phase. This may be done as in Fig. 173, a, b. How, then, should 
the sectional area of the core be calculated? This should evi- 
dently be done in the regular way since each leg has ite coil, and 
must have its flux set up by the coil. The yoke, however, cor- 
responds to a A-connection, and the flux in any I^ of the yoke is 

-^ — 58 per cent, of the flux in any core. 

The yoke may also be formed as a Y-connection (Fig. 173, c, b), 
in which the flux in any branch of the Y is the same as that in 
any 1^. 



^obyGoo»^lc 



234 ELECTRICAL ENGINEERING 

In practice, however, it is common to employ a form such as 
Fig. 173, d, in which there are three equal legs carrying the coils 
and the yoke is straight across the top and bottom. The whole 
core is built up of laminations, which, except for the diffi- 
culty of placing the coils, could be of one piece. In Fig, 173, d, 
the flux paths are outlined, by dotted Unes, and it is evident that 
so far as the magnetic core is concerned, coils 1 and 3 are sym- 
metrical with respect to each other, while coil 2 is unsymmetrical 
, with respect to 1 and 3. 

Assume the reluctance of one leg to be p, and the reluctance 
of one flection of the yoke to be po. 

Then there may be constructed an analo- 



'" i , gous electric circuit, as in Fig. 173, e. This 

Po ^ gives the m^netic circuit which is supplied 

_ 174. ""^^^ ^"^ ^y *^® m.m.f. of coil 1, on 1^ 1. 

It may be simplified to Fig. 174, in which 



^P + 2w 
, _ p(p + 2pi>) 
" " 2{p + po)' 

The total reluctance of the magnetic circuit of coil 1, is thus 

It is also evident that p\ = pj. 

For pj, the circuit may be considered aa i '"* i r"****"! 
made of two parallel paths, as in Fig. 175. ''I ""I I"' V 



Thus the relative reluctances of the two circuits are 



pi P + 2po 

In a good transformer, the ratio of height to width of the 
window is from 4 to 8:1; the average is about 6:1. 
.'. p is from 4 to 8 times as large as pg. 
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Aflsuming p == 6pa, 



.1p^ ^l. 



.'. Pi has S73^ per cent, as great a value as pi, and the exciting 
current in the middle coil is from 80 per cent, to 90 per cent, of 
that in the outside coils. 

Suppose it were necessary to have equal exciting current in all 
the coils. This could be accomplished by reducing the section 
of the middle leg. 

But, in this case, the core loss would be unbalanced, for it is 
approximately proportional to the square of the flux density 
which would be increased in the middle leg. 

Therefore, there must be some unbalancing. In practice aO 
parts are made of equal section, including the yoke. It is there- 
fore easy to calculate the saving in material over three single- 
phase transformers. 

Question. — Considering wave shapes as discussed above if the 
coils are connected Y, will there be a triple-frequency voltage? 

It has been shown that the triple-fre- 
quency currents are in time-phase in the _ 
different phases. Hence they produce 
fluxes in time-phase with each other. These 
then neutralize each other or pass around 
through the air which makes them very 
weak. The induced triple-frequency volt- 

i are therefore very small. Thus a three-phas 




Fia. 176. 



Y-connected 

transformer acts like three choking coils as far as the triple-fre- 
quency current is concerned. Their 
flux paths being largely in air, the 
hysteresis loops are very thin, causing 
small distortion. Therefore, core- 
type three-phase transformers behave 
much like three A-connected single- 
phase transformers as regards triple- 
frequency harmonics. 

Shell-type Three-phase Trans- 
fonners. — ^These could be made by 
placing three single-phase Bbell-type 
on the other. In such a case, the leg with the 
coil has a width, a, while the other legs have widths a/2 (Fig. 
177). 




Pio. 177. 
transformers one 
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The combined intermediate sectiona or widtlis, b, could be re- 

V3 
duced to -g" o, since the fluxes di£Eer by 30° in time-phase, in 

adjacent intermediate sections. This is seen to be the case by 
noting the dotted lines in the figure. Arrows indicate what may 
be called the positive direction of the fiux and these directions 
are opposite in the adjacent intermediate sections. 

If now the middle coil is reversed, the positive direction of the 
flux in the middle transformer is reversed, and the flux phases in 
intermediate adjacent sections have a 60° relation. The total 
flux in these sections is therefore 
exactly the same as that in the out- 
' I L^__J I side section, and required width of 

l__r t I section 6 is also that of the outside 

'A '"^ -y/: section namely, a/2. Transformers 

are therefore designed as in Fig. 178, 
with all width dimensions a/2, except 
the middle legs which have the 
width, a. 

To prove that in reversing the 

middle coil the flux produced is in 

amount the same flux as when the 

coil is not reversed. 

The flux produced by coil 1 is 4 sin 0. Flux produced by coil 

2, reversed, is — * sin (C + 120°). The flux due to the two coils 

is then 

*I-8intf-sin(9+ 120")] 
= * [- sin tf - sin ff cos 120" - cos 9 sin 120") 
= - * {0.5 sin * + 0.866 cos tf] = - * sin (ff + a) 

where a = 30". 

Problem 8S. — Discuss the Tare shapes of three>phBse transformen. 
Show that in the core type, it makes very little difference whether the neutral 
is connected or not. 

Show that, in the shell type, the waves are essentially the same as those 
of three sin^tle-phase transTarmers. 

Open Delta Transformer Connection. — ^If one of three delta- 
connected transformers is disabled it is possible to operate at 
reduced output with the remuoing two, connected as shown 
in Fig. 179. 

The following is a comparison of the use of two transformers 




Fia. 178. 
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and three tranaformets when the power delivered is assumed 
equal in the two cases. 



Current in transformer . . 

Voltage across transformer. . 
Rating of each transformer. . 
Rating of installation 3 



Ratio of transformer capacity = 

transformeFB. However, it may be cheaper, in a given initial 

insti^tion, to buy two large transformers * 

than three small ones. 

Now, assume a three-transformer in- 
stallation in which one transformer has 
been disabled. How much should the 
load be reduced to give normal operation 
of the remaining two on open delta? 

1 



A 


< 


E„ E 
EI 
V3 


I 
B 
EI 


s^-Va^/ 


2B/ 


V3 . , 
= -ij- in favor of 


the three 






Fig. 179. 



since the line current and the phase current are now the same. 
The output, which was Vs^^i therefore becomes "x/sS —^ =• EI. 

Therefore the ratio of outputs is — - .- -— = 0.58 or less than the 

ratio of transformer capacity which is 2/3 or 0.666. 

Two transformers are frequently 
used both for three-phase and for 
a combination of three-phase-two- 
phase transformation being con- 
nected in a manner known as the 
Fia. 180. T- or Scott connection. 

T-connectioa of Transformers. 
— ^This connection is Ulustrated in Fig. 180. The connection is 
used commonly in circuits with rotary converters, where a wire 
may be brought out from the neutral, k', and connected to the 
middle wire of a three-wire system on the direct^current side. 
In this case the direct current flowing in the transformer wind- 



4;^ 
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ings has no magnetising effect since it flows in opposite direc- 
tion in the two halves of the transformer windiags. 

It consists of a so-called "main" traasformra" with a tap 
brought out at the middle points of its windings and a "teaser" 
transformer of 0.866 times as many turns, one terminal of which 
is connected to the tap, d, of the main transformer. The three- 
phase lines are brought to the terminals, a, b, c, which are at the 
three vertices of an equilateral triangle. Thus, if the base, ae, 
of the triangle has the length, I, its height, bd, will be 0.866. 
The center of this triangle will be at a point, k, called the neutral. 

Rating of T-connected Transformers. — Three-phase output 
— y/SEI, where B and I are line voltage and current, respect- 
ively. Rated output of the two transformers 



= EI + 0.866EI = 1.866£:7. 

.'. Ratio of the output to the transformer 

rating is j-^ = 0.925 X 92.5 percent. This 

means that for the same values of E and 7, 

three single transformers would need to have 

only 92.5 per cent, of the kva. rating which 

the T-connected transformers would have. Thus, the T-con- 

nection is nearly as good. It may in some cases be cheaper, as 

it involves only two transformers. 

Two^hase — ^Three-phase Traasfonnation. — ^I^t two-phase 
currents be led to the primaries, 

while three-phases are taken |S 'fC^ 

from the secondaries. Con- f g/ \b 



FiQ. 181. 
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i^ 



Fia. 182. 
= three-phaf 



sidered as 1:1 ratio of the main 
transformers for convenience r^ 
only, the teasers would be in the 
ratio 1 : 0.866. Neglecting excit- 
ing current the two-phase input = 2EI, 
- v^B7,. 

.-.7, = ^7 = 1.167. 

The rating of a transformer may be taken as the average of the 
input and output, and it is therefore, 
Rating - M [2B/ + 1.16E/ + (0.866S X 1.161)] 

- H 12EI + I.WEI + ET). 

- M + 1.08 E7 = 2.08 EI. 
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The so-called coat efficiency is therefore nTjo = 0.96, that is, 

the rating is 96 per cent, of that of two transfonnere for an 
ordinary two-phase transfonnation, or for two single-phase trans- 
ftmners. That is nearly as good as using three transformers for 
the three-phase and, there being only two transformers, possible 
economy is suggested. 

The question arises as to how it is that, with such connections 
the magnetization is uniform. If it is not uniform, there will 
be complications due to over and under saturation in the different 
parts of the cores. Therefore, the sum of the magnetomotive 
forces due to the load current in the branches of the windings must 
add up to zero, that is, the two-phase load ampere-turns in each 
branch must be balanced by the correspond- 
ing three-phase ampere-turns. Let oa, ob, 
oc (Fig. 1S3), represent the three-phase A T, 
in amount and direction. Let de represent 
the two-phase AT in the main transformer. 
To obtain the three-phase projections on the 
two-phase line, it is necessary to take the p,g_ i^ 

components of oc and ob on the horizontal. 
These equal de. The components, however, are in opposite 
directions, but due to the fact that the ampere-turns from e to 
b are evidently all in the same direction, ob must be projected 
backward to oE>', This causes the vertical components, b'd and 
de to be in opposition and they therefore cancel each other. 
The proof of this by trigonometrical relations is as follows: 
m.m.f. of primary = /( ein 9, where t is the number of pri- 
mary turns. 

m.m.f. of od = -^ — sin (9 -f- 210°) 

, , 1.16/f . ,. ^„„ 

m.m,f. of oe = — s — sm (fl — 30 ). 

Total m.m.f. = /isinfl -f- 1.16^ [sin (fl + 210°) -H sin (tf - 30")] 
= /( sin tf - O.SSIt [sin (fl + 30") -|- sin (fl - 30°)] 
= It sin 9 - 0.58/( [sin $ cob 30° + cos ff sin 30° 

-f- sin tf cos 30° — COS e sin 30°] 
= It sin - 0.5811 (1.73 sin 0) = 0. 
This means that the load current does not increase the magneti- 
zation of the transformer. 
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In the case of the teaser transformer, both the primary and the 
secondary are in the same direction in space and time, that is, 
they bear the same phase relation as with single-phase trans' 
formers. Therefore, the ampere-turns relation is; secondary 
A.T. = 0.866 X I.IQEI = EI = primary ampere-tmiis. There- 
fore as turns are proportional to voltage, the m.m.fs. are equal. 
It is always possible to buy transformers of both 10:1 and 9:1 
ratios from stock. For practical reasons 9:1 is used instead of 
8.6:1. With these ratios, connection can be made to nearly any 
system in practical operation. 

Auto-transforment (also called compensators). — Auto-trans- 
formers are transformers with only one winding. The primary 
voltage is applied to the coil terminals; the sec- 
ondary voltage is obtained by connecting to tai» 
at any desired places of the winding. 

The general connections of the single-phase 
auto-transformers are as in Fig. 184. Let Xi and 
Fio. 184. Xi be the primary and secondary currents, respec- 
tively. 
Then 

7i = current in ob. 
/j — /i = current in 6c. 

The rating of the section ab is Ii(Ei — £.). The rating ol 
section 6c is (/i — Ii)Et. The rating of the auto-transformer is 
the average of the sum, or 

rating = H [hEi - IiE, + ItEt - IiBil 

= H [hE, + ItEt - 2/,B,]. (Ill) 

Neglecting exciting current, as in any transformer, the volt- 
Ej It 
age and current ratios are W " T' °' ■''■®' " ^*^'- Substi- 
tuting for liEt in (111), the rating becomes, 

rating - H I2/iBi - 27,B,[ - /j [£, - Et]. 
The per cent, rating for a given current is 
IijEi - Et) _ Ei-Et 
lyEi ~ El ' 

Thus, if £^t = 90 per cent, of Ei, 

Per cent, rating = — j— ^ = 0.1, or 10 per cent. That is, it is 
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necessary to supply only 10 per cent, of the rating of an ordinary 
transformer to effect this transformation which is obviously a 
great gain in cost efficiency. If the voltage is to be reduced in the 
ratio 2 : 1 the economy of using an auto-transf onner instead of an 
ordinary transformer is not so great. The saving is in this case 
about one-half. 

nroU«m 83. — Show the ftdvantage of using auto-tranaformen b^ plotting 
a curve between per cent, ratii^ of the auto-tranaformera and transfomutticm 
ratio. 

CompensatOTS for Two-phase — Three-phase Transfonnatton. 
— In Fig. 185, let the two-phase taps be th and ef, and let the 
three-phase taps be a, d, g, and let Et and /j be two-phase volt- 
age and current respectively and Ei and !» be 
corresponding values for three-phase. Neglecting 
losses, -y/sEtlt = 2EtIt, is the power relation be- 
tween input and output. A^ 

Considering separate parts of the windings, cur- 
rent in ab = It; voltage in a6 = 0.866^, — £», j^^ ig^ 
since voltage in oc = O.SGQEi; rating of a6 = 
(0.866^, - E,)It; current in fcA = /» - /,. In this case /, > 
/,, El being > Ex. Voltage in bh == Et - H 0.866 E, since he = 
Hoc; rating of bh = {It - ItHEt - H 0.866JS,); current in Ac 
= It — It, since the resultant 8um of two equal currents 120° 
apart is aumerically equal to one of them. The three-phase 
current in he is the sum of the currents of the phases Ad and hg, 
indicated by dotted lines. 

Voltage in Ac - >^ 0.866 Et) 

rating of Ac - >i 0.866 Et {U - /»); 

current in de = /» = current in /p; 

voltage of de - M (JSa - Ei) - voltage of /(?; 

rating of de = -^ {Et — E^ = rating of fg; 

current in ec = y/ih — It cos 30°)* + (/t sin 30°)* " current in 
(^, that is, it is /i — the component of It, in phase with /■ -H J X 
the component of /« normal to 7t. 

El 

Voltage of ec — y = voltage of qf. 

Rating of ec - yVC/i — It cos 30°)» + (//sin 30°)* = rating 
ofcf. 

10 
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The combined rating, which is one-half the sum of the ratings 
of all the parts, is 

0.933£*/, - 1.5EtI, + 0.5EtIt + 

0.5E, X Vlt' - 1.737,/, + /,*. 

An examination of this rather complicated expression will show 
that the same ratio of cost efficiency holds with reference to the 
T-connected transformers having primary and secondary wind- 
ings, as holds for single-phase auto-transformers compared with 
ordinary single-phase transformers. 

Dissimilar Transformers in Series. — Tranaf ormers may not be 
indiscriminately connected in series with safety. 

To connect two transformers of different design but proper 
rated voltages in series is not always safe, since they may not 
take their proper share of the total voltage. One may even bum 
out at no-}oad due to excessive core loss. Suppose that their 
normal exciting ciurents are different Since the same amount 
of current must flow through each transformer (as they are in 
series), this current will be insufficient to give the proper flux in 
one of the transformers and wiU be more than necessary in the 
other. Thus the voltages will not divide according to the rating 
and the core loss will be low in one and excessive in the other. 
Let the open circuit or exciting impedance of A, Fig. 186, be 

r +jx - t, 
that of B, 

The total impedance is then Z=z + Zi — R+ jX. Fia. 186. 
Then the exciting current of the two transformers in s 





f--i 


" R+jX 


The voltage across A, 








Vi 


Co 
'R+jX 


(r+Ji). 


Voltage across B is 








Vb - 


R+jX 


n+m) 



Neglectingthe power component, we getasafair approximation, 
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^* "jix + xt)^^'x + x,' ^"- x + x, 

. Va X A -{=!» 
" Vb" xi'E_ U,A 
/_. 
where 7^b, and/..^, are the normal magnetizing currents. Thus, 
the respective voltage drops across A and B, when in series, will 
be approximately inversely proportioual to the normal magnetiz- 
ing or exciting currents. 

This assumes constaat values of x and Xi, which would not be 
true if the resultant exciting current differed widely from the 
normal values of exciting current of the two transformers. 

If j; is nearly equal to Xi, the above ratios would hold. Where 
one transformer, however, is saturated, its reactance is greatly 
diminished, which allows a greater current to flow in the circuit but 
tends to equalize the voltages. 

Sisstmikr Transfonners in ParalleL — This is the usual mode 
of connection and it offers no difficulty due to unequal exciting 
currents. The question, here, is one of proper division of the 
load. In giving orders for additional equipment, it is customary 
to specify what the percentage reactance of the new tranaformera 
shall be. Witii equal, or proportional, reactances there results 
a proper division of the load. Consider the parallel connection 
as shown in Fig. 187. 

The two load currents are: 

f 4 - t + >■', 
/a - ti + ji'i- 




The total load current, 

/ = /x + Ib. 
Let ■ . . t,,,. 187. 

■^A = J" + jx and Zb = ri+ jxi, 

be the impedances of A and B respectively. 

Then, since the terminal voltages are the same on each, the 
voltage drops in the transformers are equal, and are: 
(t + ji'Kr + jx) - (t, + ji'iMn + jxi). 
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Multiplying out, 

ir +jtx + ji'r — i'x = t'lfi + jiiXi + ji'iri — i'lXi. 
Here, the real components must be equal and the imaginary 
componenta must be equal. 

.*. ir — i'x = iiTi — i'lXi, 



and 






ix + 


i'r = 


uxi + i'lri 


Neglecting resistances, 






— 


i'x = 


- i'lii 


and 








ix = 


iixi, 


whence 







Thus, the load is divided in inverse proportion to the reactances. 

The best method of connection is, as in Fig. 188. The student 

ia advised to explain why this is so. 





Pio. 188. Fig. 189. 



Three-phase Connection of Dissimilar Transformers. — If 
the three transformers are connected Y—Y there will not be 
symmetrical distribution of voltage. Consider the neutral 
point, 0, Fig. 189, with reference to the transformers A and B. 
With line voltage impressed on AB, the potential at may have 
any intermediate value, just as with two single-phase trans- 
formers in series, depending on the relative open circuit im- 
pedances of the two transformers. 

The point of junction of the three transformers may, for in- 
stance, be displaced to 0'. The secondary Y-voltages would 
have a similar relationship to each other. Dissimilarity may 
consist merely in variation in the iron of two supposedly similar 
transformers. 

If the secondaries are connected in A, the primaries being 
Y-connected this difficulty of unbalanced potentials is eliminated. 

The induced voltage in each secondary will, of course, be 



^obyGoo»^lc 



MULTIPHASE TRANSFORMER SYSTEMS 245 

proportional to that of its primary, ^ving the closed A, ABC, 
Fig. 190, when the primary circuit is balanced. 

With unbalanced condition, if the A is left open at B, the vol- 
tage vectors will not make a closed figure, but as shown by the 
dotted lines, will leave an openii^ between B' and B". If the 
A is then closed, the voltage B'B" will act in the A circuit, sending 

/b" a local current which will increase the 

magnetization of the transformer whose 
flux is below normal and decrease that 
of the transformer whose flux is above 



IX- 



FiQ. 190. 



normal. Thus the magnetization is brought back to normal 
value, the local current in the A serving to anchor the neutral 
point of the Y, 

Three-phase transformer systems may be extended in a variety 
of ways to cover cases where it is desirable to use six phases. 
This practice finds application especially with rotary, or syn- 
chronous, converters, and it will be discussed more fully under 
that heading. Such combinations of transformers as permit 
symmetrical grouping of voltages are illustrated by the double A, 
double T, or double Y shown in Fig. 191. 
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CHAPTER XXXIII 

ALTERNATORS 

Fundamentftlly, direct-current and altemating-eurreDt genera- 
tors are alike. An alternator becomea a direct-current generator 
by adding a commutator. The easential principles of both 
machines have been developed in Chapa. VI and VII. 

In Fig. 192, a, is represented a simple alternator with a two-pole 
field core magnetized with direct current from some independent 
source, and an armature with 
a single coil. As this armature 
revolves there is generated in it 
an e.m.f. which follows closely 
a sine wave of time values. It 
is apparent that the space on 
the armature periphery is not 
all utilized, and that another 
cotl could be put on in space 
quadrature to the first. In 
such a case, two similar e.m.f. waves would be produced but in 
time quadrature with each other, or at 90° time-phase displace- 
ment, that ia, one wave would reach its maximum one-quarter 
of a period later than the other (Fig. 192, 6). 

Such an alternator is called a two-phase, or, sometimes, a 
quart«r-phafie machine. 

On the same principle, an armature may be supplied with three 
coils, or groups of coils, spaced 120° apart, each group giving its 
separate e.m.f. wave (Fig. 192, c). 

Id this way, any number of coils or groups of coils may be 
wound on an armature, giving any desired number of phases. 
In practice, however, the majority of alternators are three- 
phase, and very seldom is one built for a greater number of 
phases than three. 

The voltages generated in the various phase windings mi^ be 
conveniently shown in their proper relations by vectors. 

If in the two-phase case, the ends 1' and 2' (Fig. 193, b), are 
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joined together, the voltages of the two coils will be added 
vectorially, eo that a voltmeter placed across the terminals, 1, 2, 
would read -\/2 timea the voltage of either coil taken separately, 
since the two volt^i;es are in time quadrature. Likewise by 
connecting 1 and 2', the joint reading across 1' and 2 will obvi- 
ously also be V^ times the voltage of one phase. 

With a three-phase machine it is not quite so apparent that the 
voltage between the three collector rings is y/Z times the voltage 
generated in one phase. At first sight it might be expected that 
the resultant voltage should be the same as that generated in 
each phase since the voltages are 120° apart. 






Fia. 193. Fia. 194. 

Let, in Fig. 194, OA, the voltage of phase A, be represented by 
^A *° E„ sin <i)t. 
Then OB, the voltage of phase B, is evidently 

ea = E„ sin (wt + 120), 
and 

ec = E^ sin {U -H 240). 
The voltage between collector rings A and B is thus 
Ca - «B - E„ [sin <rf - sin (to* -I- 120)1, 
which, by simple trigonometric transformation becomes, 

«A — «B = Vs^iB sin {w( - 30°). 
Thus the numerical value of the potential difference between the 
collector rings is y/z times as great as the voltage generated in 
each phase and the resultant voltage is displaced 30° from the 
voltage generated in phase OA. 
VttAAem H. — Prove that the voltage between B and C is : 
VZE„ ain (uj + 90), 
and that the voltage between C and A ia: 

VlE^ ain (ui + 210). 
It IB wen, thiu, tiiat the voltages between the collector rings are also 
120* apart. 
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It is interesting to note here that a single-phase machine might 

be treated aa a two-phase machine in which the two phases are 

180° apart as is shown in Fig. 105. 

Let the volt^e generated in OA be E„.an ut. Then that 

generated in OB is E„ sin {ut + 180). Thua 

B S 3 the difference of potential between the oollector 

Fia. 195. rings at A and B is 

eA ~ ea = E^ (sin ut - sin («' + 180) = 2E« sin ut. 

The resultant potential difference is twice the Tolt^;e generated 
in each phase, as should, of course, be the case. 

This fact could have been developed also geometrically. 

To find the potential difference between A and B, Fig. 194, we 
should subtract OB from OA aa shown in Fig. 196. 

It is not necessary that the windings shall consist of separate 
coils. A closed ring winding, or Gramme ring, may be tapped at 
symmetrical points and these connected to slip rings, as in Fig. 
197. Thus, if a voltmeter is connected across the shp rii^ (1, 1), 
the voltage of one phase is read. If connected across rings (2, 2), 
the same value of voltage will be indicated, but it is evident that 
the phase of this e.m.f. is displaced by 90 time degrees from that 
of the first. 





With the three-phase connection taps are brought out at 
points 120 space degrees apart and led to slip rings, A volt- 
meter, connected across any two rings, will read the voltage 
of one coil, say coil a, Fig. 197. But this must also be the sum of 
the voltages of the other two coils, since any one coil is in parallel 
with the other two coils with respect to the external circuit. 
The voltages in this case form a closed, so-called delta, A, and it 
is evident that the phase voltf^e and Une voltage, or voltage 
between the collector rings, are equal. 

In these diagrams only three collector rings and three lines are 
shown. Yet in the discussion it has been assumed that one side 
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of each winding ia connected to a commoD point. It would seem, 
therefore, that at least four collector rii^s and lines might be 
necessary to form a complete system, in other words, that even a 
balanced three-phase system would involve four wires as is shown 
in Fig. 199. It is evident that if, with a balanced system, the 
current in an ammeter placed at ^ is always zero, then no return 
or fourth wire is b 



~r 



FiQ. 198. 




Fia. 199. 



Let the current in phase A be 

ia = Tm (Bin ut) and the current in phases 
B and C be ti, » /„ sin (<«( + 130) and ic - Im sin (u( + 240). 
The current in iV is then 

^-i« + H+i(-/mamO-0. 

Problem 86. — Prove that no circulatory current of fundamental frequency 
flows in the delta-connected generator. 

Since with the Y-connected generator the transmission lines really form 
eicten«ona of the windings, it is evident that whatever current flows in the 
line also flows in each winding. 

With the delta-connected generator this is not bo, because the line current 
is the vector sum of the currents in the adjacent phases, as is shown in Pig. 
198. The current in phase 1-2 may be considered the lero vector. Thus 
the curreDts in the phases are: 

iu - Im sin [at + 120), 
ia - /m sin (ut + 240). 
Then, since the sum of the currents flowing to a point is aero, 
ii + »■« - tij - 0, 
or t, - ill -i,, =- /m sin wf - ;» sin (wl -h 120) 
- V3/msin (arf - 30). 
The line current is thus \^ times aa large as the current in the individual 
phases. 

Referring to Fig. 198, it is evident that 

it +Ui ~itt -0 and ii + in — »., - 0. 
ProUem 86. — Prove that the currents in lines 1 and 3 a 
y/3U sin ("< + »0) and V3/„ sin (<«( + 210). 



re, respectively, 



The power given by a three-phase alternator is 

P - y/3EI COS «, 
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whether the alternator ia couuected Y or A, where / is the effec- 
tive value of the line current and E the effective value of the 
voltage between the Unea, and cc is the angle of lead or lag of the 
phase current in reference to the phase voltage, that is, cos a is 
the power factor. 

To prove this, contdder a Y-connected generator. 

Since / is the line current, it is also the current in each winding. 

Since E is the line voltage, the voltage of each of the three 

phases of the generator is — ;^- Thus the power given by each of 
v3 

EI 
the three phases of the generator is --= cos a, and the total 
v3 
EI 
power, 3 — -= cos a, — -^SEI cos a. 

Probiem B7. — Prove that this also applies ia the case of a delta^xmnected 
generator. 

Voltsge to ITeutral. — In Y-connected alternators the neutral 
point is the center of the Y. On a three-phase distribution 
system it is often advantageous to run a fourth wire from the 
neutral. 

The voltage between any of the other wires and the neutral 
is the phase voltage, and is equal to the line voltage divided by 

Vs. 

In a i-connected alternator there is no actual neutral point. 
However, for purposes of calculation, a neutral point is imagined 
at the center of the delta, and the voltage to neutral 
is then the phase voltage divided by Vs, or, since 
^•^s.^ the phase voltage and the line voltage are the same, 

--^ it is equal to the line voltage divided by Vs as with 

"*■ Y-connected alternator. The volti^ to neutral is 

thus independent of the manner of connecting the alternator 
windii^B, 

Rating of Alternators. — As with transformers, alternators are 
rated in kUovoIt-amperes, not in kilowatts. This is because 
the permissible output of an alternator depends on the current in 
its windings, regardless of the phase relation between the current 
and the voltage. 

The nominal rating of an alternator may be designated as, for 
example, A.T.B. 12-400-600-2300, where A signifies alternator, 
T signifies three-phase, {S is for one or sii^le-phase), B signifies a 
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revolving field. If the armature is the revolving part, the third 
letter is omitted. 

12 signifies the number of poles. 
400 signifies the rating in k.v.a. 
600 Bignlfies the speed in r.p.m. 
2300 signifiea the rated voltage. 

Sometimes a subscript is added to the second letter; thus, 
ATt signifies a three-phase revolving armature alternator having 
two slots per pole per phase on the armature. 

If the above alternator is Y-connected, the phase voltage, or 

- ^^"^ = 1330 volta. 

400k.v.a. 400,000 ,^ 



amp. 

If delta.eonnected, the voltage to the imaginary neutral is 
likewise 1330. 
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ARMATURE REACTION 

The so-called armature reaction of a machine is a measure of the 
m.m.f. of the armature. It is thus expressed in so many ampere- 
turns, either on the vrhole circumference of the armature or, 
more often, the m.m.f. on one pole of the armature. This latter 
convention will be used in this book. 

As will be seen, the m.m.f. of the armature current sometimes 
acts against the m.m.f. of the field excitation, sometimes it 
assists it, and often its effect is only to shift the flux. 

In Fig. 201 the coil (I, 1) is in the position of zero, or mini- 
mum, e.m.f., assuming the flux to be sycametrical in the field 
system, or due to the field ampere-turns alone. The coil (2, 2) 
is in the position of maximum e.m.f. This condition may be 
assumed to hold for no-load. The coil (3, 3) is in an interme- 
diate position. The current may or may not be in time-phase 





Fia. 202. 



with the e.m.f., but whatever its time-phase relation may be, 
in space, it is evident from Fig. 201 that the m.m.f. of the coil 
is at right angles to the surface of the coil, and therefore at right 
angles to the line which represents the position of the coil. 

In Fig. 202 let the armature current lag behind the e.m.f. Its 
m.m.f. is seen to be largely in opposition to that of the field which 
causes the main flux, and this opposition increases the greater the 
lag and becomes complete at 90° lag. Similarly a leading current 



^obyGoo»^lc 



ARMATURE REACTION 



253 




Fio. 203. 



increases the flux. The current, i, may be divided into two 
components, one of which, i", is entirely wattless and exactly 
opposes the field flux, and the other, i', the watt component in 
phase with e*, which merely distorts the field. The effect of 
current in the armature is to weaken the resultant fiux and to 
displace its maximum position, if the current lags, as shown in 
Fig. 203. The weakening is due to the wattless 
component, the displacement or distortion to the 
power component. 

Thus the trailing pole-tip may even become 
saturated, while the leading pole-tip is robbed of 
a large part of its fiux. The position of the coil 
for maximum induced e.m.f. is shifted ahead, with 
lading current, and behind, with leading current. 
These relationships are shown in Fig. 204, where 
the induced e.m.f., ei, is taken as the zero vector. 
ej is at right angles to the resultant Sux, iji,, and lags behind it. 
The armature current, 7, is taken at any angle and produces a 
flux *« in time-phase with it. This fiux vectorially subtracted 
from 0r, gives ^/, the field flux. In phase and 90° in time 
ahead of the current are respectively, 7r and Ix, the e,m.f. 
consumed by the armature resistance and that consumed by 
the armature reactance. These com- 
bine to make Iz, the impedance drop, 
which, subtracted from d, gives « the 
terminal voltage. The phase angle of 
the load is then 6. 

In constructing the diagrams there is 
some advantage in using ampere-turns 
instead of fluxes, since then no compli- 
cations arise from variable magnetic 
reluctances. This has been done in 
Fig. 207, Chap. XXXV. 
At no-load, / = 0, c- = e and ^/ = ^r. 
In Fig. 204 the angle y is the angular 
space displacement of the armature with respect to the field 
poles, due to the load, that is, the angle between ^/ and ^„ 
or, T = J5 — 90°, where fi is the angle between e* and 0/. a is 
the angle between «< and e. Considered on the basis of experi- 
mental data, e, I, r and x are known and « is chosen as the zero 
vector. 




Fio. 204. 
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Then the induced e.m.f ., 
E,='e + IZ-e+ii + jij)(r + jx) 

^ e + ir + jix + jiiT —- tiX 

- (e + IT - t.i) + jiix + iyT) =a + jb (112) 
where I = i + ji\ for leading current, and ti is negative for 
lagging current. From the saturation (magnetization) curve of 
the generator the number of ampere-tums Deeded to produce this 
voltage is found. Let Ft = the resultant m.m.f. = C {a + jb) 
or, rather, F, = jC(a + jb) because, in space, as has been shown, 
the m.m.f. is rotated 90* with respect to E(. 
Then, 

F. = C(- 6 + ja). 
But the resultant m.mi. is the vector sum of the field and 
armature m.m.fs. That is, 

Fr='Ff + K^F,+ m (t + jii) (113) 

Thus, C is the proportionality factor between the resultant 
field ampere-turnS and the volte, and m is that between the 
armature ampere-tums and the current. 

Examplee.—U Ei = 2500 volts and F, - 3000 amp.-turn8, 
3000 _., n 
2500 ~ ^■'^■ 



C"-, 



. .1. u v.- V2 X 1 . 5 X It „,_, . 
In a three-phase machine, m = — r — —— = 2.12t, where 

( = turns per phase on the armature. (This factor is discussed 
more fully later.) The quantity, ^2, enters in order to derive 
the maximum value of the ampere-tums from 
the effective value; 1.5 comes from the fact 
that the resultant field of a three-phase system, 
as an armature, or induction motor field, is 1.5 
times that of a single-phase system. This is 
shown as follows: Consider the components 
of flux along the two axes (Fig. 205). The three 
x-components in space are H, H cos 120°, H cos 240°. The 
components aloi^ the y-BSJa in space, are 0, K sin 120°, H sin 
240°. The components of all the phases in time are U cos 6, 
ff cos (9 + 120") and ff cos (9 + 240°). 

Hence the sum of components along the x-exs in time and 
space is H cos 9 + fl^ cos [o + 120°) cos 120° + fl^ cos (fl + 240") 
cos 240° = 1.6ff cos e. 



/ 
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The sura of components along the y-axis in time and space, is 
+ ff cos (fl + 120°) sin 120° + H cob {$ + 240°) sin 240° - 
1.5H sin e. 
Transposing (113), the field m.m.f. is 
F,==Fr- m(t + jii) 

= C{-6+jo) -m(i + jii) 

— — 6C + joC — mi — mjii 

- -bC -mi+ jiaC - mii) (114) 

(With lagging current , t'l ia negative.) 

NumericaUy, Ff - \( - 6C - mi)' + (aC - mi,)* (115) 
ProUemSS. — In a certain alternator l«t the reactance drop be 10 per cent., 

the reaistance drop 2 per cent, and the armature reaction equal to no load 
one-half the Geld ampere-tume. Hoir many ampere-turoB are required in 
the field winding when the alternator ia carrying full-load current at 80 
per c«nt. power factorf 

Since the drops are given in percentage, e will be taken — 1, and / — 1. 
Then at 0.8 P.F., 

* - 0.8, ti = 0.6, 
and o ■ e + ir — ill 

- 1 + 0.016 + 0.06 - 1.076 
Md 6 - ii + i,r - 0.8 - 0.12 - 0.68. 

On the percentage bases, also, let 

C ' 1. 
Then m = 0.6. 

ITie ampere-tume required for the field will then be 

F/ - v'(-0.68 -0.4)» -|-{1.076 + 0.3)» - 1.48. 

For non-inductive load, ii — and » = 1. Then 
E. = Vo' + 6' - 1-023, 
and F/ = 1.188. 

As a continuation and amplification of this problem, consider the follow- 
ing: 

t^oblem 89. — A three-phase generator has 2 per cent, resistance and 10 per 
cent, reactance. Its armature reaction is one-half the no-load field ampere- 
tums. The magnetic reluctance is uniform all around the periphery and the 
saturation curve is a straight line through the origin, at the point of 
operation. 

Plot the field excitation (a) against armature current, with variable non- 
mductive load, up to high overloads; (6) at full-load current, but with vari- 
able power factor — leading and lagging; (c) withfuI14oad power output and 
variable power factor; {d)sameae (a) but at 20percent. highervoltage; («) 
same as (6) but at 20 per cent, higher volt^e; (/) same as (e) but at 20 per 
cent, higher voltage; (g) same as (a) but at 80 per cent, of rated voltage; (A) 
same as (&} but at 80 per cent, of rated voltage; (») same as (c) but at 80 per 
cent, of rated voltage. 
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F, - V(- W7 - mt)' -^-ipC - mfO' 



(o) < = 1, i — variable, t'l — 0. ^ 

F, - V < - 0.1t - 0.5t)' + (1 + 0.020 ' - V(-a6i)' + (l +0.0 20' 
- Vo.36i' + 1 + 0.0*i + ftOOOW - y/l + 0.04( + a3a04t' 
Tabulatii^: 
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Curves showing the vtuiBtiooa brought out by thia problem kk given ii 
Fig. 206. 
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CHAPTER XXXV 

CHARACTERISTICS OF ALTERNATORS WITH DEFINITE 
POLES 

In the preceding chapter it has been aeaumed that the magnetic 
reluctance is uniform in the direction of the main field magneto- 
motive force aa well as in the transverse direction along the 
annature surface. This condition exists practically in machines 
vitb distributed field structures as in induction generators, 
and, to a very fair degree, turbo-generators. 

In engine-driven generators the condition of uniform magnetic 
reluctance rarely exists, since such machines are usually built 
with definite pole structures. In this type which includes the 
majority of machines, the magnetic reluctance in the direction 
of the field poles is almost constant for all m.m.fa., and therefore 
the fiux is proportional to the m.m.f. In the direction along the 
surface of the armature the shift of flux is by no means pro- 
portional to the m.m.f, but is largely limited by the mechanical 
construction, that is, the width of the poles, and it ia always less 
than proportional to the m,m.f. 

Similarly, the self-induction of an armature coil is greater 
when it is immediately under the poles than when it ia midway 
between them. Thus, considering that the annature current is 
made up of two components, one, the power component which is 
maximum when the coil is under the pole, and the other, the 
wattless component, which is maximum when the coil is midway 
between the poles, it might be assumed that the reactance is 
greater for the power component than for the wattless component. 

The general equation for the induced e.m.f. of such a machine 
can therefore not be expressed as simply as: 

Ei^e + IZ ~6+ii + jii) (r + jz) 
= e + tr - t,i + j{ix + iiT), 
but must be written : 

£( = e -H »r - till + j{ix + iir), 
268 
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CHARACTERISTICS OF ALTERNATORS 259 

where Xi belongs to the wattless component and is about 0.6x, 
aod X IB the reactance belonging to the power component of the 
current. 

In the synchronous impedance test, Xi, ia obviously determined 
since the current in that test lags nearly 90 degrees in time and 
hence in space.* Similarly, the expression for the field excitation 
is not 

F,~~ mi ~Cb+ jiCa - mii), 
but is 

JFy = — mi — Ch ■\- j(Ca — mit'i), 

where m ia always smaller than mi since m determines the shift 
due to the power component of the current. The relative 
values of m and mi are not by any means fixed but vary 
over a considerable range. It may, however, be assumed that 
m = 0.8mi. 

The vi^ue of mi is determined from the winding data. For 
instance, in a three-phase machine it is, v^ X 1-5 X turns per 
pole and phase. 

The constants for a definite pole machine of the same general 

dimensions as the generator previously calculated would thus be 

C = 1, mi = 0.5, T = 0.02, X = 0.10, 

m = 0.8 X 0.5 = 0.4, a;i = 0.6 X 0.10 = 0.06. 

The angular space displacement of the armature with reference 
to the field structure between no-load and any particular load is 
of interest. Consider first a machine with round rotor. 




Fia. 207. 



Let e be the Terminal Voltage. At no-load the axes of the 
field poles are in the directions of the field fiux, that is, in direction 
oFo, in Fig. 207. With any load, 01, as shown in the figure, the 
direction and the magnitude of the field excitation, the former 

'To calculate xi from ayachronoua impedance test, assume i ^ 0. Then, 
Bubfltitutingm (116),^/ " -C6 +j{Co - »iiii)>wheroa - -tiii, 6 - iif. 
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assumed the same as the direction of the field poles, is F/. Thus 
the angular space displacement of the field structure in reference 
to the armature is represented by the angle a, and tan a has 
been shown to be 

i + Cb 



tan c 



' Ca- 



With "definite pole" machines this becomes, 
mi + Cb 



tM\ O 



Ca — mill 



where, of course, a and 6 are different from a and 6 in the "round 
rotor" case. 

As an illustration consider the same two generators, whose 
constants have been given. To find a with varying power factor. 

(1) For the round rotor type we have: 

C = l;m = 0.5; I = 0.1;r- 0.02; e - 1; 
I = i+ji' = 1 

'a = e + ir ~ i'x = I + 0.02i - O.li' 
b = ix + i'r = O.li + 0.02i'. 

O.lt + 0.02t' + 0.5t O.fe" + 0.02t' « 



""" ° 1 + 0.02t - O.li' - 
Tabulating: 



0.5i' 1 + 0.02i - 0.6t' 



(2) For machines with definite poles. 

By (U2), 

Ei = a + jb 

where a = e + ir — i'Xi ; b = ix + i'r. 
By (114), 

■ ta ~ ^ + "** . 
aC — Mill 
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Id thjfl caac, 
C = 1; m, - 0.5; m = 0.8 m, = 0.4; x - 0.1; Xi = 
0.6 X - 0.06 

r - 0.02; e - I; 7 - i + j'i' - 1. 
a = 1 + 0.02t ~ 0.06t' 
I - O.li + 0.02i' 

O.H + 0.02i' + 0.4» 0.5t + 0.02t' 



■ 1 + 0.02> - 0.06i' - 0.5«i' 1 + 0.021 - 0.56>"' 





iMdina eacnDt 
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The curves for both nuchinea are plotted 




Let it be required to solve the following problem: 

ProblMii SO. — An alternator baa the rating: 
A.T.B. 8-100-900-2300 volta Y. 
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The saturation curve is given by the following data: 



A.T. 


• 


A.T. 




400 


280 


2060 


2300 


1000 


700 


fiOOO 


2700 


2000 


1470 


flOOO 


2900 


3000 


2oeo 







The normal gap density is 40,000 and the average gap length is 0.25 in. 
The armature reaction is 1490^1.7'. per pole. 

Hie synchronous impedance test gives 1890 A.T. excitation with fuU-Ioad 
current at 0.25Ha. average gap, and 1990 '1. 7*. with 0.187&4ii. average gap. 

Hie armature resistance per phase is 0.A9 ohm. 

The weight of the revolving element is 800 lb.; the radius ctf gyration is 
0.86 ft.' 

First. Draw the saturatioo curves witii 0.25-in. gap (data given above) 
and also with 0.1S71^in. gap. 

Elecond. Determine m, mi, x, Xi both for round rotor and definite pole 
machines. 

nurd. Draw the curve of field excitation, F/, for varying non-inductive 
load /, (compounding curve), for the two round rotor and the two definite 
pole machines. 

Fourth. Calculate and plot the terminal volt^e as the non^nductive load 
is increased and the field excitation kept at the normal no-load excitation. 

Use 0.25-ia. gap and O.I87fi-in. gap with the two types of machines. 

Solvtitm.~Tuet. From the saturation curve data, the total A.T. at 
2300 volts, for 0.2&-iD. gap - 3650. 

Thus, 3650 = g^ A.T. + iron A.T. 

From Bq. (12), gap amp. -turns — 0.313 X flux density X gap lei^h. 

.-. for 0.25Mn. gap, gap ..4.7'. - 40,000 X 0.313 X 0.25 - 3130; for 0.1871^in. 
gap, gap A.T. ~ 40,000 X 0.313 X 0.1876 - 2347. The iron A.T. are the 
8ame for both gaps. 

To plot: (I) plot the given curve; (2) draw the straight line g^ satura- 
tion (magnetization curve) for 0.25 in., through and 3130 at 2300 volts; 
(3) draw the straight line saturation for 0.1875 in, through and 2347 at 
2300 volte; (4) add to (3) the difference between (1) and (2). 

The curves are given in Fig. 209. 

Second. To determine m, mi, x, X\. 

(a) Definite pole machine; airgap ••0.26in. 

From p. 259, Chap. XXXV, 



Ml ■ 



arm, reaction 1^*90 
arm. current ^ I ' 



-59.6, 



^3X2300 
> DaU for later calculaUon of hunUng. See Chap. XXXVUI. 
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Aaauming 

m - OSffi,, 
m - 0.8 X 59.5 - «?.& 
To detennine «|. Under Bhort-circuit test e — and, in (112) therefore. 
Si - 7(r +jxO 
where / is the effective current. 
And 

Fr - jClT - CIXi. 
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Anp«ra-niini 
Fia. 209. 

Since the current lags nearly 90°, / — — jvi, and, neglecting r in compari- 
BOD with zi, this last equation may be written.' 

P, - - Clxx " - Cwi +jCitri - F, +f. 
where P^tm — m,jii, 

:.F, -j(Ci,i, +mt,) 
and P/ — Ct|Xi + n>iti 



ail - 



Ft -imi 



cue) 



' When r is not n^lected, Zi ■ 
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Supply^ Tftluea: 

(a) Definite pole machine, 0.2&-in. gap 

Ft - ISQO 
iimi - 25 X 69.6 - 1490, 

''1330 ^•^^■ 

1890 - 1 490 , „, 
••*'" 2.74X25 ""■** 
and 

6.84 „, 
* - 016 - »■*■ 

(b) Round rotor machine, 0.25Mn. gap. 

n> = 69,5, being the same aa mg in definite pole machine. 
X = 9.6, being the aame aa z in definite pole machine. 

(fi) Definite pole machine, 0.1875-in. gap. 
nti and m are the same as for the 0.26^. gap, since the armature ampere- 
turns are independent of the gap. 



"I, 


- 69.S, m - 47.6. 
1990-1490 




2.16X26 ""^ 



(d) Round rotor machine, 0.1876-in. gap. 



Third. Compounding curves, — (F/ vs. 7). (a) Round rotor machine; 
lap - 0.25 in. Non-inductive load. By (116), 





F, ~V(.-bC 


-m 


i)' + {aC 


- m».)'. 


c 


S--^-: 


;' m 


=• 69.5; 1 


-variable; 




,-, - 0; 3! = 9.66; 


r =0.69; 


e = 1330 




-e+tr - 


».r 


- 1330 + 0.69t 




6 = ir + *.r 


-9.S6i. 





F/ - V(-9.66i X 2.742 ~ 59.5i)' + {(1330 + 0.fl9i) 2.7«)« 



- V13.3 X 10* -1- 13,800i + 7364i' 

- 86,76 Vt' + 1.875i+ 1802 - 8fi.75VT. 

' C is constant only on the assumption of a straight line 
curve. 
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Tabulating: 



VT.. 
F,... 



1921 
43.8 ' 
8760 



2474 
49.6 
4250 



J5.0 
1600 
3477 

5S.9 
6060 



2500 
4396 
66.2 
6675 



Non-inductive load. 
C - ^^ - 2.16; X - 15.38; 6 - 15.38t. 
Other quantities are as in (a), 

.■. F, - VC- lS.38i X2.16 -59.«)'+ ({1330 + 0.69i) 2.16)' 
- 92.7 Vi' +0.9951+960 - 92.7 VT. 



i 





10 


20 


25 


30 


40 


50 


■Q 996* 




960 

31 

2870 


9.95 
1070 
32.7 
3030 


19.9 
1380 
37.1 
3440 


24.95 
1610 
40.1 
3720 


29.86 
1890 
43.5 
4030 


39. S 
2600 
51.0 
4730 


49.75 










p, 


6490 







(c) Definite pole machine; gap — 0.26 in. Non-inductive load. 
F/ = V(- i>C - mt)> + (aC - m.i,)'. 
where C - 2.742; mi » 69.6, m - 47.6; i - variable; ti - 0; e - 1 
X - 9.55; b -ix ~ 9.65»; a = e + «r - 1,*, - 1330 + 0.69t. 

.■. F/ = ■\/{-9.56i X2.742 -47.6t)'+ {(1330 + 0.69i) 2.742)« 
(- 73.8 Vi' + 2.53* + 2430 = 75.8 Vt. 
Tabulating: 



< 1 


10 


20 


25 


30 


40 


50 





2430 
49.3 
3650 


25.3 
2555 
50.5 
3735 


50.6 
2881 
63.6 
3960 


63.25 
3118 
65-8 
4120 


75.9 
3406 
68.3 
4310 


101.2 
4131 
64.3 
4750 


126 5 




5057 


Vi 


71.0 











{(f) Definite pole machine; gap = 0.1875 in. Non-inductive load. 
C " 2.16; X - 16.38; m - 47.6; b - 15.38t. 
.'. Ff - V'{- 16.38* X 2.16 - 47.6i)» + {{1330 + 0.69t) 2.16)' 
- 80.8v't' + 1.31t + 1265 - 80.»Vt 
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Tabiiktiii(; 



BLECTBICAL ENOtNEESmO 



i 





10 


20 


25 


30 


40 


50 


1.31i. , 



1265 
35.5 
2870 


13.1 
1378 
37.1 
2995 


26.2 
1691 
41.1 
3320 


32.75 
1923 
43.8 
3540 


39.3 
2204 
47.0 
3S00 


62.4 
2917 
64.0 
4360 








VT 




F,. 










FiQ. 210. 

Compaunding curree for a11 four mftchmea are given in Fig. 210. 
Fourth, (a) Round rotor machine; gap — 0.25in. 
At ni>-'load, the induced voltage to neutral iae* — 1330. 
The field ampere-tunu are E/ - 3660. 
£q. (115) may be written 



F,-V[-C{%j!+%,r)- 



HC(«+w 



- iix) - mttj' 



Ff-Vl-Cix- mil' + [CCe + ir) 1*. 
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Numerical vfdues previously found are: 

C = 2.742; jc - 8.55; m - 89.S; r - 0.69. 
.-. P, - Vl - 2.742 X 9.55i - 58.M]' + 12.742{e + 0.6«) 1' 
- ^7.54*' + 10.4ei + 7364*^ - 3660. 
Squaring both aides snd reducing, gives 

(fV)» = e> + 1.38« + 977t» - 1.763 X IC 
whence 
Tabulating: 



- 0.«9» ± 81.26 V' 1805 - »». 



► 





10 


20 


25 


30 


40 


50 


0.6dt. 





1805 
42.5 
1330 
1330 
2300 


- 6.fl 
100 
1705 
41.26 
1290 
1283 
2220 


-13,8 
400 
1405 
37.45 
1170 
1156 
2000 


-17.25 
625 
1180 
34.36 
1073 
1066 
1830 


-20.7 
900 
906 

30.05 
940 
919 

1590 


-27.6 
1600 
203 
14.3 

447 
420 
728 


-34.5 




2600 










V1805-i' 








V3e 









(b) Round rotor machine; gap — 0.1875 ii 
The field ampere-turns are F/ - 2870. 



Fi - Vl- Cix -mip + IC{< + ir)l', 

C - 2.16; X - 16.38; m - 69.5; r - a6fl. 
■. F/ - Vl-2.16 X 16.381 -69.5t)' + [2.16(a +0.aB«)l' 
- V4.68«' + 6.44«£ + 8600>> - 2870 



Tabulating: 
















i 





10 


20 


25 


30 


40 


60 






960 
31 
1330 
1330 
2300 


-6,9 
100 
860 
29.3 
1260 
1253 
2170 


-13.8 
400 
660 
23.6^ 
1013 
009 
1730 


-17.26 
625 
335 

18.3 
783 
766 

1325 


-20.7 
900 
60 
7.74 
331.6 
311 
638 


-27.6 
1600 
-840 
























V3« 









(e) Definite pole machine; gap — 0.26 in. 

F, - V[-Cw-mi|' + lC(e + tr)l' 

C fc 2. 742; X - 9.55; m " 47.6; r - 0,69. 

.". F/ - V I- 2.742 X 9.5W - 47 .6tl' + [2.742(e + 0.69i)]' 
- v'7.64e« + 10.4«f + 5464i' - 3660 
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whence 



i 


• 


10 


20 


25 


30 


40 


60 


-aew. 




2430 
49.26 
1330 
1330 
2300 


-6,9 
100 
2330 
48.25 
1300 
1293 
2240 


-13.8 
400 
2030 
45 
1212 
1198 
2072 


-17.25 
625 
1805 
42.5 
1144 
1127 
1B60 


-20.7 
000 
1530 
39.1 
1053 
1032 
1785 


-27.6 
1600 
830 
28.8 
775 
747 
1203 








2430 - »■» 

V2430-i»...., 
26.9-v^ 


-70 


Vu 









(<j) Defiiut« pole machine; gap — 0.1875 in. 

C - 2.16; X - 15.38; m - 47.6; r - 0.69 
F, - Vl- 2.16 X 15.38* - 47 .6*1' + I2.16(e + 0.6001' 
- V'4.68e< + 6.44et + 66320 - 2870 

whence 

e - - 0.69* ± 37.3V1266 - if. 
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CHARACTERISTICS OF ALTERNATORS 
T^ulating: 



i 





10 


20 


25 


30 


40 


50 


0.6M. 




1265 
35.5 
1330 
1330 
2300 


-6.9 
100 
1165 
34.1 
1272 
1265 
2190 


-13.8 
400 
865 
29.4 
1097 
1083 
1875 


-17.25 
626 
640 
25.3 
944 
927 
1605 


-20.7 
900 
365 

19.1 
712 
691 

1196 


-27.6 
1600 
-335 








1265 -f 

Vl266-f..... 
87.3 V^. 


-1235 


V3e 





The curree of terminal voltage with varying non-inductive load are shown 
plotted in Fig. 211. 

Problem SI. — Detennine all the above quantities and plot the curves for 
the conditione of load power factor of SO per cent., both lagging and leading. 

ProUem 93. — Cany out the above investigation for the some alternator 
when the phaacn are delta-^onnected. 
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CHAPTER XXXVI 

APPROXIMATE DETERMINATION OF THE SELF-INDUC- 
TION OR LOCAL MAGNETIC LEAKAGE REACTANCE 
OF AN ALTERNATOR 

Consider a single slot of an armature situated directly under- 
neath a pole. When current flows in the winding, Unee of flux 
are set up, linkiiig with the turns of wire. Thus, as in Fig. 212, 
some lines will pass across the space of width, a, occupied by the 
conductors; some will pass across the width, c, of the upper insu- 
lation; some across width, d, which is 
occupied by the wedge; and some will 
pass across the face of the tooth, /, 
and air gap, g, into the pole. Each 
of these fluxes ia set up by a mag- 
netomotive foroe acting through a 
reluctance, the values of both of 
which may be determined in each 
case. The reluctance, and conse- 
quently the flux and the inductance 
F cT 212 *'*^' '° ^^^ following, first determined 

per centimeter length of effective iron 
parallel to the shaft. The inductance of the end connections or 
the parts of the coil which are outside of the iron is considered 
separately. 

1. Inductance, Li, Due to Flux through Section a. — The 
magnetomotive force is f i = nl -t where n is the total number of 

turns in the slot and / is the current; - is any portion of the 

depth of the coU. n - gives the number of turns included in any 
distance x from the bottom of the coil. The flux set up by this 



270 
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small path of length b, in air, and of cross-section, dx sq. cm. 
(dx X 1). The reluctance of the iron is neglected. Then, 
E dx 



d«i = 4Tn/- 



The interlinkagee or turns Unking with this flux are n-- Hence, 
the flux-tums interlinkage per unit current, or the inductance 
across the width, a, of the coil, is 

Li = » I 4r-;/-r-di = o^ifT"! per cm. length of effective iron, 
3. Inductance Due to the Plus tbrough Section c. — The mag- 
netomotive force is Fj = nl. w = - 
The flux is 

Pi b 

All the n conductors link with this flux. 
. 4]m*c 

3. Inductance Due to the Flux across the Section d. — This, by 
a similar process, is 



4, Inductance over the Face of the Tooth. — The magneto- 

2ff 
motive force is F* — n/. The reluctance, p* = -p The flux 

setup is 

i*nl *wnlf 

*• - -^ - ^T 

All the n conductors link with this flux. 

fi. Inductance ci End-connections. — The inductance of the 
part of the winding that projects outside of the iron is almost 
impossible to estimate accurately. It depends lai^y on the 
mechanical design. If the end shields are some distance away 
from the winding, a fair t^iproximation is obtained by assuming 
the flux per ampere-turn per centimeter of wire to be inversely 
proportional to the square root of the pole pitch, or what is 
equivalent, the square root of the armature diameter divided by 
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the Dumber of poles. A fair approximation to the flux per ab- 
solute ampere-couductor, per centimeter of wire is 

*'* = l^Vn (*"■ l-^ "vn w^ien amperes are used), 

where p is the number of poles, and D = armature diameter. 

If the length of the end-connections of a coil, countit^ both 
sides of the core, is 8 X — ' then the flux per turn, per ampere- 
conductor, is 



'fx.3Vi-.04Vf- 



Thus, with a single-coil winding, where all conductors of a 
coil are wound together, the flux per coil ii 



4>t = lOinl 



xVf' 



where n is the number of effective conductors and / is the current 
per conductor in absolute amperes. 

The inductance, Li, will be due to only one-half of this flux 
since each coil occupies two slots. 



.Li = 



^" = ->/f- 



The total inductance for a single slot exclusive of end-connec' 
tions is then, per centimeter net length of armature iron, 

I.--I.,+Z,.+t. + L.-4„.[i + | + ^ + ^]. 

and the total inductance, including end-connections for length, 
I, of iron, is, in henrys, 

" 10* Lsfr fc e"''2i?"^ri "VpJ' 

For a three-phase alternator, 

with one slot per pole per phase, 

there is also to be added a term 

due to the flux, ^o, in parallel 

with ^4, which passes from the 

next adjacent half tooth, across 

the gap (Fig. 213). 

Yia. 213. "^^^ inductance due to this flux 

will vary greatly, according to the 

air gap, whose cross-section and length may be very different 

from the values used in determining L^. 
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a 9S. — Calculate the reactance per phase of the followinB alter- 
nator when the slots are under the poles. 

A.T.B. 8-100-900-2300 v. 

4S Biota; 24-iii. armature diameter; therefore, 2 slots per pole and phase; 2S 
effective conductors per slot. Dimensions, referring to Fig. 214, are: 

a ~ 1 . g •• average gap under adjacent teeth = 0.25 

h — 0.75 / — average gap under distant teeth ■ O.S 

d - 0.14 n = 28 

e - 0.27 » = 2 

/ = 0.10 p = 8 

h = O.Sfi I - 9 

k - 0.82 D = 24 



Fia. 214. 

The wires are confined to the distance, a, of the slot. 

Each slot has n efFective conductors and there are a slots per 
pole per phase. Let ^i be the field which crosses the conductors 
due to the m.m.f. of the coil which is between the bottom of the 
slot and the distance X, 

Then the m.m.f. is 

F, = m~I, 
a 

where / is the current in amperes in the conductor. 

The flux, in section dx per cm. depth of magnetic circuit 
parallel to the shaft, is therefore, 

_ *^ _ irsnxl 
' Pi PlO 

But the reluctance pi of the path is 
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Thus, ,^ 4r8nxldx 4imlxdx 



d^i 



(uA ab 



This flirt interlinks with - cs conductors. Therefore the 
a 

inductance of this part of the magnetic circuit, which is the 

interlinkagee of the turns and flux across the conductors per 

unit current, is 



, 11 4«Ti*a 



Ix*dx = 4*ti*»5T' 



Consider next the inductance of the part of the magnetic 
circuit which is above the coil proper. 
The m.m.f. is that of bH conductors, and isFi = anl. 
The flux ^1, per cm. length, is 

4xf , iwsnJ 



In this particular case there are three magnetic paths in multi- 
ple, the first, of reluctance, -j> the second, of reluctance, — i and 
the third, of reluctance, y 



■ pt 


7 7 7 




u 


-7«^(^' + 9- 




.w(i±-' + 


D- 



fi±f-. 



s). 



Some flux crosses the two gspe from the teeth adjacent to the 
coils and causes an inductance which is similarly determined. 
Thus, the m.m.f. is 

Ft = 87tl. 

4ir9nl , , k 

<bt " = iranl s^- 

PI 2g 

. T ^ A T^ 

. . Li = J irsnl ^ en 
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Similarly, the flux which crosses the gaps from the more dis- 
tant teeth causes an inductance, 

Lt = irsn* 5--)' 

Thus, the total inductance per centimeter depth of magnetic 
circuit covered by the iron is 

If 2 is the net length in centimetera of the iron of the armature 
core, and p is the number of poles, then the inductance per phase 
of the part of the electric circuit which is in the slots is 

(The dimension of inductance and capacity in the absolute system 
of units is centimeters.) 

By extending the reasoning in the case of a sii^le slot, the in- 
ductance of the end-connections per phase is found to be 

L, = 528Wp-yj~ = 52a»n» VDp. 

With bar winding, when the coils are split up, as shown in 
Fig. 215, the inductance of the end-connections becomes L| => 

2 ' 



linkages are -^' The inductance of the ma- 
chine per phase is then 

L = Xio + is in em., or 

L = — jQi— henrys. 
If inch measurements are used, Fi 

t. - 32^-pi [35 + V + r+ 5 + vJ' 

and 

Li = 83«*n* -s/Dp for single coil winding, or 
= 20.8«*n' 's/Dp for spUt coils, and 
the inductance in henrys is 

I U + Lt 
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Applying these equations to the particular three-phase alter- 
nators given above, and noting that the coils are not spUt up, we 
get: 
L..32X2X28.X8X0.9 [3^ + 511 + 2^^ + 

(0.445 + 0.32 + 0.33 + 



0.82X2 




21,600,000 cm.. 



25,200,000 
10' 



henrys = 0.0252 henrya. 



W^ 



and 

X = 2t60 X 0.0252 = 9.5 ohms. 
This is, then, the reactance for the slot under the pole, that is, 

the reactance which should be used with the power component 
of the current. The reactance be- 
tween the poles is less and may be 
taken aa 0.6x or Xi = 5.8 ohms. 

It is very convenient in designhig a 
slot, to make it accommodate four 
coils. As this is a very common 
arrangement, the calculation of the 
inductance of a single tooth armature 
having four coils in the slot is also 
made. The cross-section of the slot 
is shown with dimensions in Fig. 216. 

The procedure is practically the same as in the preceding case. 

The flux through a small section, dx, of the space occupied by 

the lower pair of coils is 



FiQ. 216. 



dip 



4rf. 
b 



dx, 



where the magnetomotive force is F, = — -^IiN being the total 
number of turns. 

Thus, the flux-turns interlinkage per unit current or the induct- 
ance through the lower pair of coils, Li, is 

I C'*^ ^ T -^ ^ Nhrf'j T.V*a 
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The inductance across the insulation, h, between the layers is 

Lt r = rN* T 



b 
The inductance across the upper coils is 



-u-^ 



^ — r dx ' 



A" " /. . »XT 8»W"<1 rH'a TiWo 



1 + 



-)T - 



b 3 V ^ o/ !o 36 36 36 

The inductance across the insulation, c, beneath the wedge, is 

\iwN*Ic . .„ 
/ 4r/v*c 



The inductance across the face of the tooth is 

Lt = ^N* i- 
2ff 

The inductance of end-connections is, as in the previous case, 



■>/! 



The total inductance per centimeter effective lengtli of core is 

Z,-£i-,A"|^jj + j; + ^+-j; + — + - + — ■>-! 



-iW 



36 ^ 6 ^ 36 ^ 6 ^ e ^ f 
fSn + 34 + 12c , id , 2f , 52 

[ 36 + T + 7 + T-> 



ProUem H. — A certain three-phase, 60^^cle alternator has one slot per 
pole per phase. The dimensione in inches (A slot, etc., are as in Fig. 216, 
where a - 0.45, 6 = 0.76, e - 0.14, d - 0.37, e - 0.85, / - 0.82, g - 0.15, 
A =■ 0.1. There are twenty-four alote, thirty-two effective conductors, the 
effective length of the armature core ia 9 in., the armature diameter is 32 
in. Show that the armature reactance ia appraidmatety 4 ohms. 
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CHAPTER XXXVII 

ARMATURE REACTION IN MULTIPHASE MACHINES 

With current in the armature of an alternator, two magneto- 
motive forces exist, one, that of the field winding, and the other, 
that of the armature winding. 

- Sometimes these add directly 
but more often they are more or 
less in opposition. 

If the resultant field flux is in 

- the direction of the field poles, 
FiG 217 ^- ^^^' *°** **** armature winding 

is assumed concentrated in a coil 
in position a-b, then the induced e.m.f . due to the rotation of the 
coil in the field is 

Ci = £„ sin $ 
and the current is 

i - ImfhndB + a), 
where a is the ai^e of lead of the current in respect to the e.m.f., 
that is, tan a =■ -, where x and r are the total reactance and re- 
sistance of the external and armature circuits, and Eu ^nd In the 
maximum values of the e.m.f. and current respectively. 

If the armature coil has T turns, the m.m.f, of the armature is 
obviously, 

iT - /.rBin(9+ a). 

In the position shown the m.m.f. of the armature does not act 
in line with the m.m.f. of the field winding, but its component in 
the direction of the field is a'-b' or the total m.m.f. multiplied 
by COB ff. 

The component b-h' oi the armature m.m.f. at right angles 
to the field is, of course, the total m.m.f. multiplied by sin 9 
But this component does not increase or decrease the field, but 
only distorts it. 

278 
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Let M be the component of the armature m.m.f. in the direc- 
tion of the field m.m.f. Then 

M = IJT Bin (« + a) COB 9 

=3> I„T (sin 8 cae a + coe sin a) cob 
' ImTm Bin 29 006 a + coe' $ an a). 



But 



cob' 9 • 



It is seen that the averse value of the armature reaction in the 
direction of the poles has a constant value which is — 2~ sin a, 
and superimposed upOD this is a pulsating reaction, a m.m.f. 
which pulsates at double frequency. The effect of the latter is 
zero when considering the average effect over a cycle. 

. . M„. = — =- Bin a, 

But /h ^ a is the maximum value of the wattless component 
of the current (Fig. 218). ^^ 

Thus the armature m.m,f. (or armature reac- f~~~J^^^\ 
tion, as it is called), in the direction of the poles '"'^ — ^' — *'* 
corresponds to the wattless component of the Tia. 218. 
current. 

Thus, if the current is in time-phase with the induced e.m.f. 
(in which case there is no wattless component), the armature 
current neither magnetizes nor demagnetizes the field, but only 
distorts the distribution of the fiux. 

If the armature current leads the induced e.m.f., then it is seen 
that the annature reaction is positive. It helps the field m.m.f. 

If the current lags, then a is n^ative and the armature reac- 
tion opposes the field m.m.f. 

In a three-phase machine the e.m.fs. of the different phases 
may be expressed as 

ei = £„ Bin fl 

e, = Em sin (tf + 120) 

e»= £_8in(tf + 240). 
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Prove that the average armature reaction ia the direction of 
the poles is l.5I„T sin a, and is not pulsating but steady. 

Note. — In specifications of alternatore one item is usiwll]' called armature 
ImT 
Teaction and the value given is ^ - , in a single-phase machine, ImT in a 

two-phase machine, and l.SlmT in a three-phase machine. 

In this case, however, /■■ is the maximum value of the rated current, and 
T is the effective number of turns per armature pole per phase. 

Example. — Find the so-called armature reaction in an 8-poIe, 
100-kw., 2300-volt, three-phase generator which has 224 annature 
turns per phase and which is Y-connected. 

Ansiver, — The voltage per phase is 

^ = 1330. 

The fuU-load effective current ia 

100,000 
— >^— =■ 25.1 amp. 

.'. Im = 25.1 V2 = 35.5 amp. 
The winding is practically concentrated so that all turns are 
effective, thus 

.-. M, = 1.5 X 35.5 X 28 =- 1490 A.T., 
and this is the numerical value given to "armature reaction." 

If the armature actually carried full-load current and the cur- 
rent was lagging 90 time degrees behind the e.m.f., and hence was 
90 space degrees displaced from the main field flux then the de- 
magnetizing ampere-turns would be 1490. 

If the current was leading then the armature current would 
assist the field to the extent, of 1490 A.T. 

With a phase angle, say 30°, the actual magnetizing or demag- 
netizing ampere-turns would obviously be only 745. 

In an n-phase machine the armature reaction is not pulsating 
but has a constant value, 

M, = — 2 — ^° "• 
Consider any particular phase indexed m. 
Its voltage is 
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its current is 












<■- 


/..in(. + ?f+. 


its tn.m.f 


is 








it 


-.T 


■ I.T 


SIQ 


.+?=+..)» 




I.T 
2 


[»■> 


2ff + 


. + ^) + sin 






The total m.m.f. at any instant is, thus 
--"/.TT ._ /„„ , . 4Tm\ 
. - 1 "2^ 
But, 

Bin (2fl + « + ^) = sin (2tf + a) cos *'-^ 



M = ;|r^[sin(2ff+« + ^) + 8iD«]- 



+ cos (29 + a) sin - 
4Tm 



The sum of all terms containing cos must 

be zero, because the sum of the cosines of all 
aides in a closed polygon ia zero. Similarly the 
terms containing — are eero. Thus it fol- 
lows that, 
Ma = J\f (since it is constant for all values of ff) = 





Effect of Distributed Winding <ki the 
Aimatore Reaction. — Consider a single- 
phase armature wound with a number of 
coils as is shown in Fig. 220, b, all of whose 
coils are connected in series. 

The effective value of the e.m.f. gener- 
ated in coil A may be represented by OA. 
The e.m.f. in coil B is then represented by 
AB, and bo forth. 

It is seen that in this case the resultant 
e.m.f. is less than the algebraic sum of the 
individual e^m.fs. of the coils. It is the 
vector sum of the e.m.fs and is 2/ir times 
the algebraic sum. 

If the total winding has N tiuiis, the 
equivalent number of turns of a concen- 
trated winding would be 7" = 2/t N. 
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If instead of being distributed all around the periphery the 
winding covered an arc of, say, 60°, as is shown in Fig. 221, the 
effectiveness would again, by a similar diagram, be found to be 
the ratio of the chord to the arc. Thus, the chord is evidently 

2 sin 30° and the arc -j- 

. . 2 Bin 30° 3 .__. 
. . k = — 2 = z> Of 0.955, 

"6 




Id general, if the winding covers a electrical 



Example, — A completely distributed single-phase winding has 
a = 180°. 



Three-phase winding uniformly distributed. In this case, the ' 
winding covers 60°. Thus, k = 0.955. 
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CHAPTER XXXVIII 
HUWTING 

The periodic oecillatioQ of synchronoua machinery is a famiUar 
and oftentimes troublesome phenomenon. It manifests itself 
princip&lly by the swinging of the needles of meters connected in 
the circuits. When the effect is cumulative, it continues to in- 
crease until rupture occurs somewhere in the system. Often it 
is not cumulative, and resembles amply the movement of any 
vibrating body such as a pendulum. 

The difficulty of visualizing hunting of a revolving machine 
comes from the fact that the vibration is superposed on the steady 
rotation of the movii^ part. It can be well im^ned as similar 
to the motion in space of a pendulum swinging east and west while 
at the same time the earth, on which the pendulum is fixed, is in 
rotation. 

Hunting of electrical machines is possible because the poedtion 
of the armature core in the field structure at any monfent is deter- 
mined by the balance of mechanical and electromagnetic forces. 
Assuming the mechanical force to be steady, as represented by the 
shaft or belt in connection with the prime mover or load, the 
electromagnetic force is variable owing to the highly elastic 
property of the magnetic field. Under absolutely steady condi- 
tions there would, of course, be no hunting. But such conditions 
do not exist, and any variation of the electromagnetic forces 
results in a change of speed as the machine re-establishes the 
momentarily lost equilibrium. Hunting, or oscillating, is thus 
started and continues as equilibrium is gradually restored in the 
elastic medium of the field. 

The mechanical force is not always steady. Steam engines, 
and especially gas engines, are subject to pulsation of driving 
torque. This may appear in the generator in the form of forced 
electrical vibrations, especially where the machines are directly 
connected. When the generator is free to oscillate in response to 
any impulse, it does so at a definite rate called its natural period 
in distinction to a forced period. 
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The natural period of a pendulum depends on its length and 

mass, the length being the radius of gyration, Similariy the 

natural period of an armature or revolving field structure depends 

on its maas and radius of gyration. 

To find the natural period of a machine, consider the motion of 

a stretched spring as illustrated in Fig. 222. The 

spring suspends a weight, and its motion is damped by 

a piston working in a dash pot. 

Let F = pulling down force in the spring, y >= dis- 
placement of the weight. Then, f,^ay = tension on 
spring, where a = number of pounds, per unit length, 
of the downward pull. 

If the friction force due to the dash pot is assumed 
proportional to the velocity, the force necessary to 

overcome friction = fj= k-rr- (The power required 

varies as the square of the velocity.) 
The force required to overcome inertia = Ma, where 



M = mass and a 



= acceleration, =-jt^ or, ft = M 3 



:F = f.+f, + f,: 



ay -\ 






M 



is the total force required to balance those acting in the system. 

If the applied force is removed, or if F = 
0, the equation becomes, 

'y + ^ + ^'S'O- 



Applying this equation to an alternator, 
the condition is as illustrated in Fig. 223. 
The moment equation is 

where Fp = the applied moment, F being the force and p the lever 




I = moment of inertia, 

= initial angular displacement, 

(3 = moment of retarding force per unit angular velocity, 

a = twisting moment per unit angular displacement. 

TT = angular velocity. 
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p = radius at which the force is applied. 
la = moment of angular acceleration. 
This is, by ordinary mechanics, 

Md*s „ d ds .,, d d0 ,„dV ,d** 
""dfT = P^ di^ = f^dldi " "^^ " ^dP' 
When the force is released, Fp = 0, and 

The solution of this differential equation is 
e - At-,' 4- Bt',', 
in which A, B, mi and m, are to be determined from known 
conditions. 

Let 



Then, 
and 



^7 = ™Sand3^ = i 
m}I +fim + a = 0, 



. (J' ^ 

"■' 2/ + \47^ - 7, "»i - - 27 - V4/» ~ "J 

If Tp — -r is positive, then 5 is real, and the equation shows that 
$ gradually decreases to sero without oscillation. If, however, 
Tp — -V is n^stive then the square root is imaginary and 8 
reaches zero after a certain number of oscillations. 

Thus, hunting can take place only when jn — 7 is n^ative. 
Let then 

Then 



2/ 
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or putting 

mi = - T + i*. 
ff»i = - T - J*. 

= Aie-^'sin (a + 0i). 
When ( - r, the time of one period, 

-I- 

Aesume the case of suddenly throwing off full-load from the 
alternator. Then $ = $o. 
At t = 0, the hunting has not yet b^un. 

•■•^ = 0. 

The period, 



where^ is the friction torque, and has little influence on the period 
of hunting, but rather affects the amplitude. 

We may assume fi = 0. 
Then 

where r is in seconds. 
The beats, or oscillations per second, are ^ or 

30 /^ 
Beats per minute — — -Wt* 

The angular space position of the alternator armature with 
reference to the field pole may be determined for any load (Fig. 
224) . Let this ai^e be assumed to be 20° for a two-pole maohine 



^obyGoo»^lc 



at full-load, or 10° for a four-pole machine. If * = mechanical 
angle, and = electrical angle, 



number of poles. 
Torque, 
„ 7050 X kw. 



r.p.m. 
If a => torque per unit 
angular displacement, 




57.3 



where 9t — angle in degrees for the load being considered. 
Therefore, 

24.25 Xltw-X/XlC 

**- JVV 

where / = frequency, JV - revolutions per minute and ^ is in 
degrees. 

Finally, the solution is, 

47,000 Jkw. Xf 
N \ /*" • 



Beats per minute, 5. = - 



The number of beats per minute may be changed by changing 
/ or 4>', the former by the addition of a fly-wheel, the latter by 
altering the gap. Bridges, or dampers, between the poles may 
also be used to produce eddy currents for the purpose <^ damping 
the osciUations. 

ftobl«m flS. — Determine the periods of the KXHnr. alternator vi the 
prerious problenu, both aa definite pole and as a round rator machine, and 
with long and abort gaps. 
Sohtlion. — The equation ia 

47,000 /kw. Xf 
*- " N \/X«'' 
in which the eonstante previously given are. 

N - r.p-m. - 900; kw. - 100; / - 60; 

r .. .J ■ _.■ Wt* eO0*X 0.86* „ . 
/ — moment of inertia, — -— M~ifl — "^ **•*• 

r » 0.86 ft. — radiua of gTration. 
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Supplyiog numerical values, 

s . 47.000 fmxm _ jr_ 

^"900 \l8,4 X *■ ~ "^ \*' 
To find ^i", in Fig. 224, ^ ^ $ — 90" + a. 
AsBuming non-inductive load, 

Ei - « + /r +jlx - a +jb. 
F, ~ -be-mI+jaC~d+if. 

tani — tan a _ d a_ aj - 



tan 3 — tan() — a) — 



1 + tan ftan a 



1+^ 



J =. « + /r - 1330 + 25 X 0.60 - 1347.26, 



d=--6C-m/ = -25KC- 25m, 
S ^aC ~ 1347.26C. 



Tabulating, for the four cases 










DcfiniUpola 


ItouDd rotor 


Gap, in. 


0.25 


0,1875 


0,25 


0.1875 


z 


8.15 


14.1 


8.15 


14.1 


C 


2.75 


2.18 


2.75 


2.18 


m 


47.5 


47.5 


59,4 


69.4 


/ 


3,700 


2,940 


3,700 


2,940 


t> 


204 


353 


204 


353 


d 


-1,760 


-1,960 


-2,040 


-2,260 


oS 


4,980,000 


3,900,000 


4,980,000 


3,960,000 


bd 


-357,000 


-692,000 


-416,000 


-795,000 


ad 


-2,360,000 


-2,640,000 


-2,745,000 


-3,030,000 


bf 


7S5,000 


1,040,000 


7Sfi,000 


1,0*0,000 


^-bd 


5,337,000 


4,652,000 


5,391,000 


4,756,000 


ad+bf 


-1,605,000 


-1,600,000 


-1,990,000 


-1,900,000 


tanp 


-3.32 


-2.92 


-2.71 


-2.39 





106.75 


109° 


110.26 


112-r 


tan a 


0.1514 


0.262 


0.1514 


0.262 


a 


S.fl" 


14.67° 


8.6' 


W.67° 


P - 90° + a 


25,35'' 


33.67° 


28.86' 


37. 3r 


1/*' 


0.0394 


0.0297 


0.0346 


0.0268 


VI/*" 


0.190 


0.172 


0.186 


0.1636 


S- 


187 


162 


175 


164 
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CHAPTER XXXIX 
STUDY OF THS DESIGN CONSTANTS OF ALTERNATORS 

Alternators difter primarily in respect to the number of phases, 
and whether the armature or the field structure is the revolving 
part. Secondarily, they differ in respect to the frequency, 
voltage, output rating and apeed. 

In practice, the very great majority of alternators are of the 
three-phase, revolving-field type. In frequency, they are gen- 
erally of either the 2&-cycle or 60-cycle type in America; 25- and 
50-cycle in Europe. Voltage may be any desired value up to 
about 13,000. In output rating alternators are built up to 
30,000 kva. 

The speed is limited by the prime mover and the frequency. 
Maximum speed, for 60-cycle machines ia 3600 r.p.m., corre- 
sponding to the requirement of a bipolar field; for 25-cycle8, the 
manmum speed is 1500 r.p.m. The chief types of prime mover 
used' with alternators are the reciprocating engine, representing 
moderate speeds, the water turbine representing low speeds, and 
the steam turbine representing high speeds. Certain roughly 
approximate constants have been obtained from exfterience 
which may serve as guides in preliminary design. These are 
given in Table IX. 



Table IX.— Approximati! Conbtants Obtained from 


EXPBRIENOE 


Prima monr 


R«ip. totim 


W»l«r turbine 


St«m turbine 




25 

5 

3,200 

2.6 

6 
2.6 


60 

3 

1,800 

2.5 

6 
2.5 


35 

13 

8,500 

2.5 

6 
2.5 


60 

5 

3,200 

2.5 

6 

2.5 


25 

20 
13,000 

2.6 

6 
2.5 




Arm. dia. per pole 

Arm, reac. per pole 

No load A.T.-per pole 
Arm. reac. 


7.6 

4,800 

2.6 


Bh. cir. cur. at load cxc. 




Full-load current 
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UsiDg them as a baaia, the design constants will be calculated 
for the followiog alternator: 

A.r.B-8-100-900-2300 volt. 

General Constants. — From the rating it is seen that the machine 
is a three-phase, revolving-field, 8-pole, 100-kiIovoIt-amp., 900- 
r.p.m., 2300-voIt alternator, evidently to be driven by a recipro- 
cating engine. 

It is first necessary to decide whether the phase windings shall 
be connected Y or A. Y-connection is, in general, suitable for 
higher voltages and lower currents. Therefore Y-connection 
will be assumed in this case. The phase winding voltage is then 

a 2300 

The phase current = line current 
Km 100,000 

^ r.p.m. ,, poles 900 ,, . „„ , 

Frequency = -|q- X ^^-g— = -go X ^ = ^ cycles. 

Slot Dimensions. — The development of the design now depends 
on the determination of size and number of slots and the conduc- 
tors in the slot. 

It has been found that for an n-phase machine, armature reac- 
tion per pole =k /pt, where ( = effective turns per pole and phase, 
and Ip is the maximum value of the current in the windings. 

For three-phase, therefore, by Table IX, 

1800 amp.-turns = 1,5V2 X 25(. 
.'.( = 34. 

This number serves as a good preliminary value. Actually, 28 
turns per pole per phase were chosen. Conductors per pole and 
phase are then 2 X 28 = 56. The number of slots per pole per 
phase depends primarily on the armature circumference and the 
slot pitch. With many slots, a smoother e.m.f. wave is generally 
obtained. The number of slots is also usually greater in low 
voltage machines, where the requirements of higher insulation are 
not so severe. Practically, at least two slots per pole per phase 
are used. 
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From Table IX, the armature diameter per pole is found to be 
3 in. Hence the diameter is 3 X 8 = 24 in. and the circum- 
ference is T X 24 = 75.5 in. 

The slot pitch may be determined for different numbers of slots 
per pole per phase, as follows: 



Slots per pole per phaae. . . . 

Slots per pole 

Sloto 

Slot pitch ("T^l in inches. 



1.57 



1.05 0.785 



0-524 



About half of the slot pitch will be required for the tooth. 

Considering, therefore, the insulation requirement given in Table 
X, it is fairly apparent that a small number of slots per pole per 
phase should be chosen. It will be assumed that 
there are 2 slots per pole per phase. £ach slot 
will then contain, 

-5- = 28 conductors. 

A very good arrangement of conductors in a slot 
is that shown in Fig. 225, which permits of easy „ „„ 
insertion of the coils. 

Table X 



VolUae (pbMc) 

110 
440 
1,000 
2,300 
6,600 
16,000 



20 mils 



130 



The size of the conductor must next be determined. As a guide 
for this, it may be taken as permissible to use current densities 
up to 2500 amp. per sq. in. in low-voltage machines, and up to 
1200 amp. per sq. in. in high-voltage machines. Assuming a 
density of 2000 as reasonable the required area of conductor to 
carry 25 amp, is 

25 



2000 



X 1 = 0.0125 sq. in. 



It is seldom good practice to use wire heavier than No. 10 B. A S. 
As 0.0125 sq. in. corresponds nearly to No. 8, it will be preferable 
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to divide this area among several wires in parallel. The con- 
ductor used consists of four No. 14 wires in parallel, having a 
combined cross-section of 4 X 0.00323 = 0.01293 sq. in., and 
giving a resultant current density of 1925 amp. per sq. in. 

The arrangement of wires in the slot is Bimilar to that of Fig. 
225. There are four groups of 28 wires each, the wires being 
placed four abreast and seven deep. E^ch layer of four wires is 
insulated from those above and below it. 

Width of copper in the slot is 8 X 0.064 in. = 0.512 in. 

Width of insulation = 0.238 in. 

Width of slot = 0.512 + 0.238 =■ 0.75 in. 

Depth of copper in slot =°= 14 X 0.064 = 0.896 

Depth of insulation = 0.59 

Depth of wedge = 0.2 

Depth of slot = 1.686 = 1 ^Ka in- 

Width of tooth at face = slot pitch — slot width = 1.57 — 0.75 

= 0.82 in. 

nr- j.L * J .1 .1. circumference at base „ „ 

Width of tooth at base = ;— n: 0.75 

no. teeth 

- 'X P\+^-^^^' - 0.75- 1.038 m. 

Flux Determinttion. — The general equation for eCEective e.m.t. 
per phase is 

4.44^^ 



^=-^[o*~ 



where 



4.44 = 4 X '^""'" "■"■;• - 4 X ^ - 4 X 1.11 
average e.m.f. 2\/2 

0a = total flux per pole entering the armature at no-load, 
t = total armature turns in series per phase, = 8 X 28 = 224, 
/ = frequency = 60, 

k = constant depending on the distribution of conductors on 
the armatiu^ periphery. 

If the conductors were concentrated in a single slot per pole 
per phase, k would be 1. With a three-phase machine, these con- 
ductors would never be spread out over the entire 180 electrical 
space degrees of the pole pitch as in single-phase or direct-cur- 
rent machines, but would be restricted to one-third of this 
amount, or to 60°, on account of the space required for the other 
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phases. Where there are two slots per pole per phase the e.m.f8. 
generated in the two slots add vectorially, aa illustrated in F^. 

E 
226, where B = B, + B,. k is then evidently equal to „ , „ ■ 

For n slots per pole per phase, 



I ■= 2, i = ^ . ■,„ = 0.966. 




Fia. 22fl. 



Supplying these values in the e.m.f. equation and solving for 
flux, 

4>. 7- X 10» X ^- ■= 2.3 X 10* hues 

VS 0.966 X 60 X 224 X 4.44 

— 2.3 megalines. 
The flux leakage factor for this machine is 1.125. 
.'. flux in the field at no-load is, 

^/ - 2.3 X 1.125 = 2.59 megalines. 
Air Gap. — An approximate average value for the gap length 
may be obtained by reference to Table IX. In the table is found, 
no-load A.T. per pole 

ann. reaction " ' 
Armature reaction = 1.5X-v/2x25X28 = 1490. 
Substituting this value of armature reaction, 

no-load A.T. per pole = 2.5 X 1490 = 3725. 
These ampere-tuniB are mostly required for the gap. Assum- 
ing 80 per cent, for this, 

gap A.T. = 0.8 X 3725 = 2980. 
Assuming, now, a gap flux density at no-load of 40,000 lines 
per sq. in., and substituting in the equation, 

A.T. (gap) = 0.313 B» Xl„ 
where l, is the lei^th of one gap, 

2980 = 0.313 X 40,000 X l„ 



0313 X 40,000 
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With this value for a guide, definite values may be chosen. 
With altematorB, it ia usual to shape the pole pieces so that the 
generated e.m.f. may more nearly approach the sine form. The 
gaps chosen for this machine are: 

gap length in center of pole = 0.1875 in. 

gap length at edge (maximum) =■ 0.386 in. 

average gap length, I,, = 0.2535 in. 

Gap area, 

A - fl"^ 2.3 X 10* __ . 

^' ~ flux density " 40,000 " ""^ ^- '"■ 

Annature Leogdi. — The main factor bearing on armature 
length is flux density in the teeth. This in turn depends upon 
gap area, pole pitch and pole arc. 
The pole pitch at the armature surface ia 

_ = ___ = 9.43 ,n. 

The pole arc ia uaually about 0.6 X pole pitch. 
In this machine, the ratio 

Po^e arc ^^^ 
pole pitch 
Assuming pole-face area = air-gap area, length of pole piece 
parallel to shaft is 



0.53 X 9.43 5 
The armature gross length may be slightly greater than this to 
assist in the free balancing in the field. The gross length is there- 
fore taken as 12 in. This length would justify the use of four 
^-in. ventilating ducts, one for every 3 in. The length of lami- 
nations is therefore 12 in. — 2 in. = 10 in. Assuming 10 per 
cent, loss of length due to insulatioD between laminationa, the 
net armature length is 

I. = 10 X 0.9 = 9 in. 
The ratio, 

effective length 9_ 
total length ° 12 ~ "■^*- 
Tee& Flax Densi^f. — Allowing 10 per cent, extra for "frii^s- 
ing" of the flux entering the annature from the pole face, the 
average number of teeth under the pole is 

tooth pitch 1.57 
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This number varies from moment to moment according aa a 
Blot or a tooth is in the center line of the pole. Teeth area at 
armature face is then, 

At => 3.5 X tooth width X effective length of armature. 

In order that this area shall carry a flux density of about 90,000 
lines per sq. in. in the tooth,' it may be calculated on that basis. 
Thus, the flux entering the armature at no-load is 2.3 X 10* lines. 



. A,' 



90,000 

From this value of area, the length obtained is, 
256 



3.5 X 0.821 " 



Hn. 



Thus, the length of 9 in. previously obtained is quite satisfac- 
tory, giving, as it does, a slightly less teeth density at no-load, 
but, as will be seen, approximately 90,000 at full noo-ioductive 
load. 

Annatore Reliance. — All data has sow been obtained that is 
necessary to calculate the resistance of the annature winding. 
The length of the mean turn may be taken as twice the gross 
lei^th of the armature core plus nine times the diameter per 
pole; or the length of the mean turn 

= 2L + 9 I>/poIe 

- 2 X 12 + 9 X 3 ~ 51 in. 



Total length = turns per phase X mean turn. 
= 8 X 28 X 4.25 = 954 ft. 

off 
per 1000 ft. 

.'. iJ. per phase -^OPQ. 

' For SS^cycIe alternators 110,000 lines per sq. i 
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Voltage drop p^r phase - /S„ = 25 X 0.69 = 17.25 volte. 
The full-load e.m.f. per phase = E + IRa approximately. 

= 1330 + 17.25 = 1347 volts 

Bfacnetic Circuit Dimensions. — Sufficient data is dow at band 
to enable the making of a sketch which shall show approximately 
how the available space may be utilized. 

Fig. 227 represents such a section of the magnetic circuit. The 
next step is to construct a table for the condition of no-load and 
normal voltage, from which is obtained the total required number 
of field ampere-tums. Some of the data in this table have already 
been obtained, especially the required fluxes in the different parts. 




Fia. 227. 



The yoke is left out of consideration, ite magaetic length being 
very small in revolving field machines of few poles. 

The armature and pole sectional areas are arbitrarily chosen to 
-give appropriate densities. The length of the pole depends upon 
the space required by the field winding. The field values ob- 
tained for this machine are given in Table XL 

Material of the armature core is standard sheet iron of 0.014 in. 
thickness. The field core is built up of thick steel punchini^. 
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Table XI 

M««n«tie datft. No-la*d, nu-iuBl volUice 



p»rt 


Plui (md.) 


Ana 


B 


A.T. f« in. 


L«wth 


A.T. 




2.3 (face) 
(baoe) 
2.3 
1.15 
2.59 


26.0 
32.8 
57.5 
28.2 
27.5 


89,000 
70,000 
40,000 
41,000 
94,200 


2.8 
74,2 


1.6876 
0.2535 
6.0 
6.25 






19 
3,1S0 




Pole 










Ful 
2.34 (face) 
(biwe) 
2.34 
1.17 ■ 
2.64 


-load, 


normal v 
90,600 
71,200 
40,700 
41,700 
96,000 


oltage 








3,203 




2.S5 
77.5 










3,725 
















To the total required ampere-turns to 
excite the field at full-load must be 
added those necessary to compenBate for 
the armature reaction. The number 
3726 is the resultant, f„ Fig. 228. The 
total ampere-turns on the field core, F/, 
must be equal to the vector difference of 
Ft and Fa, where F. is the armature am- 
pere-turns multiplied by the field leakage 
factor. For full non-inductive load, ap- 
proximately 

Fj = \Fr* + hU^*. 
Supplying values already obtained, 

F, = \3725» + Ll25 X 1490' - 4090 A.T. 

For any other power factor, say 80 per cent., the reqiiired field 
ampere-tuma are approximated as illustrated by dotted lines in 
Rg. 228. Thus, 



F'f - y JFr + 1.125^. sin $* + 1.125F, coa tf' ,_^„_^ 
- \3725 + 1677 X 0.6* + 1677 X 0.8" = \4732* -|- 1341« 
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The Main Field MagaetomotiTe Force. — The ampere-turns 
which must be supplied to each field pole are: 

for ao-load, normal voltage, 3650 
full-load, non-inductive, 4090 
full-load, 80 per cent, lagging, 4920 
maximum exciter voltage = 110. 

The field windii^ may be taken as composed of copper strip, 
edge wound. The depth of such a winding may vary from }4 in. 
to 1^ in. under ordinary circumstances, beii^ usually deeper with 
short poles. 

The choice of the actual dimensions for a given case is largely 
a matter of experience. The hmiting factor is, of course, the 
amount of heat that may be radiated. 

In this machine, the field conductor is 0.625 in. wide by 0.0175 
in. thick. 

Length of winding space, exclusive of that required for pole 
insulation = 5.5 in. 

Turns in series per spool = 230.5 

Field current, no-load = Qfin ~ k ~ ^^-^ amp. 

Field current, full-load, non-inductive = 17.S amp. 

Field current, full-load, 80 per cent, lagging = 21.3 amp. 

Mean length of field turn = 2.72 ft. 

Total length of field winding (8 spools) = 8 X 230.5 X 2.72 

= 5020 ft. 
Cross-section of conductor = 0.01095 sq. in. 
Resistance, at 60°C. = 4.3 ohms. 
Excitation volts, no-load = 15.8 X 4.3 = 67.5 
Excitation volts, full-load, non-inductive = 76.5 
Excitation volts, full-load, 80 per cent, lagging = 91.5 
Current density in the field winding: 

no-load = 1434 amp. per sq. in. 
full-load, non-inductive = 1625 
full-load, 80 per cent, lagging = 1945 

losses and Efficient. — Full-load, non-inductive. 
Armature copper loss per phase - /*i2. = 25* X 0.69 *• 432. 
Total copper loss in armature = 3 X 432 -> 1296 watts. 
Keld copper loss = I/*R/ = 17.8* X 4.3 - X370 watts. 
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The core losses have already been calculated for direct-current 
machinefl. The hysteresis loss for alternators is determined on 
the same basis. The eddy current loss will not, as in direct- 
current machines, be equal to the hysteresis, but owing to the 
greater degree of lamination, will be much less. 

In this case it will be assumed that the eddy current loss is 60 
per cent, of the hysteresis loss. 

Weight of armature core ° 806 lb. 

Weight of teeth = 180 lb. 

HyBteresis loss in core = 1130 watts 

Hysteresis loss in teeth ■> 730 watts 

Total hysteresia loss = 1800 watts 

Total iron loss = 1.5 X I860 = 2790 watta 

Friction and windage loss, assumed 1 per cent. = 1000 watts 
Total loss, full-load, non-inductive = 6460 watts 

100,000 
' 106,460 

Temperature Rise, — ^This is determined for the different parts 
by the use of coefficients obtained in practice. For rotating 
armature machines the radiation of 0.8 watt per sq. in. of surface 
corresponds approximately to a temperature rise of 100°C. 
Thus, for a rise of 40°, the radiating surface should be sufficient 
to dissipate 0.3 watt per sq. in. 

With rotating field cores, owing to the greater fanning action 
a larger amount of energy is dissipated for the same temperature 
rise. In some cases, particulariy with turbo-alternators, there 
are placed on the revolving structure fan blades which increase 
the heat dissipation still more. In such cases, 2 watts per sq. in. 
might correspond to a 100° temperature rise. The actual tem- 
peratures which different parts of a given machine will attain 
can only be estimated from experience, from the current and 
flux densities and from a study of the particular structure with 
relation to the ventilating action which it will produce. 

In the machine under consideration, the copper loss in each 
field winding is —^ = 171 watts. 

The area of the coil surface, including both the external, and 
the internal surface^ is about 400 sq. in. 

171 
Watts per sq. in. radiated are therefore ^Tui = 0.427. 
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It is BEife to aSBuiue that this will not cause a temperature rise 
greater than 40°C. The total loss in the armature is 4090 watta. 
This is dissipated from a total area, including air ducts, and al- 
lowing for extension of the end-connections, of about 8200 sq. in. 

Watts per sq. in. radiated are therefore, ^^1 " 0-5, which is 

entirely conservative. 

R^nlation. — This may be determined directly from the satura^ 
tion (magnetization) curve. Thus, the field excitation for fuU 
non-inductive load has been found to be 4090 amp.-tums. Re- 
ferring to the curve for this machine, shown in Fig. 210, the no- 
load voltage with this excitation is 2440. 



2300 

Regulation may also be determined by adding, vectorially, 
the IR and IX drops to the full-load voltage, to obtain the no- 
load voltage. The reactance has been seen to have two com- 
ponent values representing that of the coils immediately under 
the poles, and that of the coils between the poles. These have 
been designated z and Xi, respectively, and their values for this 
particular machine have been determined in connection with 
problem 90. The theoretical determination of x has also been 
carried out in connection with Fig. 210. 
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CHAPTER XL 
SHORT-CmCIIIT OF ALTERNATORS 

The short-circuiting of a direct-current generator is a very 
serious event. The commutator usually "flashes over" and the 
belts or shafts are dangerously stnuned. With alternators, ex- 
cept with large turbo-machines, such short-circuit results in 
practically no excessive stressea and ot course not in any "fire- 
works." 

However, the phenomena of alternator short-circuits are of 
great interest and importance. Theyinvolve the passage from one 
steady state — that of normal operation — to another steady state — 
that of the permanent short-cireuited condition. Between these 
two steady states ia what is called the transient period, during 
which the system is thrown out of equilibrium. It is durii^ the 
transient period, especially its first part, that difficulties some* 
times occur, and consequently the interest of the student Ues 
chiefly here. 

In any circuit of resistance and inductance, in which a con- 
stant e.m.f. is acting, the current flowing at any instant after the 
closing of the switch has a value expressed by the equation 

i-m -r'i'). 

Similarly, when the e.m.f. is removed and the circuit is closed 
upon itself, the current, and therefore also the flux, dies down 
according to the equation 

i - It~^ . 

According to this latter equation the effect of resistance is to 
damp out the current, while the inductance tends to maintain 
it. A most striking illustration of these effects is afforded by the 
experiment of Onnbs,' who withdrew a magnet from a closed coil 
immersed in liquid hehum. The temperature of the coil was so 
low that the resistance became a negUgible quantity, and the 
current continued to flow for hours. 

' CommuDication No. 119 from the Phyeics lAboratoiy, Leiden. 
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Applying these equations to an armature under the condition 
of ahort-circuit, the current could be found from known values 
of r and L, were It not for the e.m.f. of rotation of the armature 
in the resultant field. To find the current under actual condi- 
tions requires first a knowledge of the fiux at any instant, and 
then the derivation of the electromotive force from the flux. 

Thus, at the instant of short-circuit, it may be assumed that 
the alternator has its full field flux. After the permanent short- 
circuited condition has been reached, the field has fallen to only 
a few per cent, of its normal value on account of the armature 
reaction (that ia, the armature reactive magnetomotive force), 
which demagnetizes the field. During the transient period the 
field is not much affected by the fluctuations of armature current, 
these being balanced if the fieldniircuit resistance is low, as is 
always the case, by mutual induction with the field circuit, the 
field and armature ampere-turns acting in opposition to each 
other. At the instant of short-circuit, therefore, the value of 
the current produced depends almost entirelyupon the resistance, 
r, and the reactance, x, of the armature. Armature reaction, or 
the demagnetizing eGFect of the armature current, has no appre- 
ciable effect, at first, in cutting down the resultant flux. The 
current may rise to, say, 20 times its normal value. To main- 
tain this current would require an abnormally laige field excita- 
tion, many, many times as great, in fact, as that which actually 
is available. Indeed, it might, without great error, be assumed 
that in comparison the actual excitation is practically zero. In 
that case, then, the main field flux is surrounded by a short-cir- 
cuited winding, and it must therefore decrease in value according 
to some exponential law, such as, 

or, if time is expressed in radians 

The final value of the flux is determined by what is known as 
the Hynchronous impedance of the armature which consists of its 
resistance and the equivalent reactance of the armature magneto- 
motive force. This fact fixes the values of rg and Xa- 

The ratio — is not readily calculated. It depends not only 
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upon almost all conatsnts of the generator, Buch as the armature 
reaction, armature resistance, field-circuit resistance, field wind- 
ing, eddy currents in field poles, etc., but also upon the nature 
of the Bhort^ircuit, whether single-phase or multiphase. Suffice 
it, therefore, in this elementary treatise, to state the fact that in 
almost all types of machines it is in the neighborhood of from 
0.01 to 0.02. In other words, the field fiux dies down very 
slowly, requiring several cycles before it reaches a small value. 
Since the speed, during the transient period, may be assumed 
uniform, the induced e.m.f. will decrease according to the same 
exponential as governs the flux. 
If the initial value of the e.m.f. is 

c 3 £m sin at 

and the final value is 

Bt = Elm sin ut, 

then, during the transient period, the e.m.f. is 

e - £i« t ^ Bin ut + Etm sin tM, 

that is, it is the sum of the final value and a transient term, the 
latter being proportional to the instantaneous value of the flux. 
Re-writing this equation in terms of the phase angle, $, 

in which Ci is the phase ai^le at the instant when short-circuit 
occurs. 

9 — 01 represents any time elapsing after the instant of short- 
drcuit. 

At the moment of closing the switch, 

£» sin 8 = £|„ sin 6 + £j. sin 0, 
and 

E- = El- + Etm. 
Since the electromotive force in (117) acts through the armature 
circuit of resistance, r, and reactance, x, the fundamental Eq. 
(15) will evidently hold, and. 



e - £i„ t » ' 'sin + E»„ Bin = ir - 



*d# 
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The solution of this is 

,•_.-;-<[/.?• ^ - >-« ,i„ u» 

_'_, rE,m -'•», ^"t 

+ ^y""' Bin 9 *] + Cr • ' , 
where 

Substituting 

and 

tan /3i ■= -» 

and determining C from the condition that when ff = 9i, * -• o 
the final solution is given by 

i - ^ z*~'^* "* *'' sin (9 - /5) + ~ sin (fl - JJ,) 

-.-^"-"'^f («in(9.-fl)+^8in(9,-?,)) (118) 

This equation may be greatly simplified by introducing certain 
approximations, which, for practical considerations, do not injure 
the value of the results obtained. Thus, in practice J?i« lies 
between 2 per cent, and 10 per cent, of Em, being smaller in 
lai^er machines. 

Neglecting fij. in (118), and writing E« for fii«, (118) be- 
comes 

*■ - ^ f [•"" " " "' ■'" '" - « - •'■" ' '" "" <"■ - «] 

(119) 
Equation (119) is convenient for fairly accurate work and should 
be used for ordinary wave determinations. Nevertheless, rough 
appronmations may be made by further simpUfication. Thus, 
assume P = 90°; then sin (6 — $) = — cos*. Also, 
s = 1. Then (119) becomes 

i = ^[<-^-" - *" cos 9, - ,-i-'* " '"cos 9} 
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These aasumptions are more or leaa reasonable since, in practice, 
fi lies between 85° and 90°, and, in concentrated field windings, 
the reactance is much greater than the resistance. 

The condition for maximum current is when Bi = o, and 8 =t. 
Then, 

The value of — is about 0.02 in all alternators, and -\ = 0,06, 
giving «-*■*' ■ 1 approximately. 
Therefore the maximum current at short-circtiit is 

. = #[;--+']• 

Continuing the evaluation, - is from 0.6 to 0.8. 

.'■ i»M = — X 1.75 (approximately). 

As an example, take an alternator which has 4 per cent, react- 
ance. The greatest possible current that can be obtained on 
short-circuit is then 
1 
D.04 

To illustrate the eCEecta of short-circuit, three typical generators 
are taken as examples, as follows: 

Claes A. — Engine driven generators. Reactance, x = 12 per 
cent., ™ 0.12, resistance, r = 1 per cent., = 0.01, short-circuit 
current under normal no-load excitation, /, = 27, where / » 
full-load current. 

Class B.— Turbo-generatois. x = 0.02, r - 0.01, 1, => 21. 

Class C. — Turbo-generators with external reactance, x = 
0,06 (0.02 internal, 0.04 external), r = 0.01, /, = 21. 

All three machines are taken on the percentage basis; with 
Eft = 1, 7„ = 1. All are single-phase generators, or, the short- 
circuit may be r^arded as that of one phase only, of a multiphase 
generator. 

ProUem 96. — From the above data calculate and plot the firat few 
cycles (2 to 4] of aimature ourrent, voltage and power. 

The current may be determined from (119), the voltage from 
(117) in which E%h is neglected, and the power from the ftmda- 
mental relation, p = et, where instantaneous values are con* 
Bidered. 
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The following values are at once obtained: 
E 1 



rn is taken equal tor; x^ = 



0.5; - = 0.02 



P - 



0.9013 
64'' 20' 



0.1667 -0. 
0.1467 
0.9894 
81° 40' 



The only other constant factor remaining to be supplied ie 0i, 
the time-phase angle representii^ the instant of closing the 
switch. 6i may be taken at any desired value, and it should be 
considered what effects are produced with different values. For 
convenience of calculation, and also to work under extreme con- 
ditions the following values of 0i may be chosen. 



ClwA 


O-B 


ClMiC 


»l 


- -3" 


40' 


-25" 


40' 


-8- 


20' 




86" 


20' 


64° 


20' 


81" 


40' 




41" 


20' 


19" 


20' 


36" 


40' 



For each value of di a. set of three curves may be obtained, and 
a comparative study will then be possible, both in regard to the 
effect of closing the switch at a different point in the cycle and 
with regard to the influence of the constants of the different types 
of machine. In the present instance the curves for the engine 
driven generator (class A) are produced under the condition di = 
— 3° W. The equations, with numerical values supplied, are: 
i = 8.32[,-<''»<* +"■«*) sin i$ - 86" 20') + (-o«bs(» + <»»*) 

= 8.32[«-' sin a + e'l = 8.321o + 6] 
e -. -"■"''t' + "■«*' sin fl = <-' sin tf 
p = ei = 8.32[<-°«<' + °«' {sin* 9 cos 86° 20' 

- sin 9 cos 9 sin 86" 20') + r°-'°^^* +"""> sin 9]. 
It is not necessary to evaluate the power equation since the 
product ei may be taken for each angular position. The tabular* 
tion is giveo for 360" from the instant of closing the switch. The 
three curves are shown in Fig. 229 for something over two cycles. 
Figs. 230-237 are for the other cases which have been taken. 
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Fig. 231. 
Clan A.— «, = 86" 20' - 1.50 radians. 
The equations (423) and (421) become: 

- 8.32«-oo='* - "' an (» - 86" 20*) = 8.32.- 



g = ,-o.oa(» - 1.6) ^ 
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Fia. 232. 
Cdws B.— S, - - 26' W i - 0.445 radian 

» = 45.It.-0-"°" + 0**« Eun{« - 64' 20 + . 
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CIoM B.—9i - 19' 20" - 0.336 radian 

* - 45.11.-0^" - 0^) sin (e - 64-20') - i""-*" " <•-»«) ain(-45')! 
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CloM B. — B, - 64° 20' = 1.12 radian 

i = 45.1.-''*'** - 1") Bin {fl - 64° 20') 

- 46.1 .-* sin (9 - 64° 20') = 45.1 ."' 
, «,-0ffl(»-lH)Bin8-.-'ain9 
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Fia. 235. 



Ciow C— fl, = - 8" 20" - - 0.145 radian 

i = 16.5[.-''-<»t*+"">8m(ff-81''40') + ,-0.i«7(« + o.i45)] 

- 16.5(«- ' sin (S - 81" 40') + ." »^'] 
( = ,- 0^(# +o.Ma) Bin s _ .-^ Bin a. 
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Clou C. — Bi - 36° 40' = 0.637 radian 

» - 16.5[.-''.(B(»-o«37) gin [J _ 81'40') - ,-o.ie87»-0.a37) gi^ {- 45°)] 

- 16.6[.-* BiD(S - 81° 40') + 0.707 .-*") 
^ _ ^-(lfl2(#-o.937) Bin tf - .-' *n *. 
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Clou C.—di - 81° 40' = 1.42 radiana 

t - 16.5 ,-0(0(«-i «2) sin (fl - 81° 40') 
- 16.5 .-■ ain (fl - 81° 40') = 16.5 ." 
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It is important, in connection with the study of short-circuits, 
to determine how great will be the stress placed upon the ahaft of 
the alternator. From the preeent calculationa of power (class A), 
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the maxJmum value obtained was found to be 9.5 times normal. 
Ab an example, let the normal maximum output rating of the 
machine be assumed aa 10,000 kw. Then the maximum power 
developed under short-circuit would be 9.5 X 10,000 = 95,000 
kw. 

A portion of this power will be supplied from the stored electro- 
magnetic energy of the field, and the remainder must come from 
the stored mechanical energy, or from the shaft. Before short- 
circuiting, the stored electromagnetic enei^ amounte to }^Li*, 
where L is the inductance of the field system and i is the field 
current. 



the energy is, 

w = M ^ joules. 

Since it has been assumed that the flux at any instant is de- 
termined by the equation 

the energy given out during any period of time is 

W" - M ^ (*o - *i), 

which may be determined from the known constante. 
As an example, let 

$ = 150 X 10* Unee of flux per pole, 
n = 300 turns per pole, 
t B 100 amp. field current. 
Then 

- 300 X 150 X 10< _ , , 

= loo X 10' ^ henrys per pole. 

If all the fiux is destroyed the energy is 
»F = 4 X HLi* = 4 X 0.5 X 4.5 X 10,000 = 90,000 joules, 
or 90 kw. sec. 

If this enei^ all disappears in Ks ^c-i the average power 
during this short interval is 

90 X 25 - 2250 kw., 
which is furnished by the destruction of the flux. 
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The total heat developed is i*Rt, i 



W = Ci*Rdt - Ci*Rd$, 



where ti and 0i are used to deaignate the initial moment of short- 
circuit, and t and any Bubsequent moment. If, for instance, 
6 — BiiB made equal to 2im, u is the beat generated in n cycles. 
The complete expression for the heat developed is obtained as 
follows. From (119), 

w = fi'Rde = r(^ f) V(*-"""-"^8ii*(ff-fl) -2.— <'-" 
sin (# - /S) sin («, - p) + (-»-'•-•■) sin* (ff, - |3)ldtf, where oo ia 
written for — ' a for -' and ai for — H 

Zg X Xn X 

Carryii^ out the integration, this becomes 

" = -f(^f)'.-"-1i + 

sin 2(g - g) - ao coa 2(g - g) -] 
«o' + 1 J 

+r|^(iff) '■""""''' "°*~*°'<*~W+"'''°''~*1 

- 2^(4^ i)'<-""""' »»■(»■-« + ''• 

The maximum heat is produced when the short-circuit occurs 
at such a time that sin (9i — 0) = — 1. The maximum heat 
produced in n cycles is then: 



^'i^'"-'{'^§)'l- 



;(! - .-""") approx. (120) 



4oi 
2»i 
" 1 + «. 
The average power developed during n cycles is 

P, ■ ■ 



2 



■=2si™'" 



Power during short-circuit 2Tn -^ * " ^ _ TV _ 
rated power ^i^i E^^vn 

2 

On the percentage basis, — ^ — = ~, or if EI = 1, where effect- 
^ to 

ive values of voltage and current are used, the ratjo becomes ir:^- ■ 

**» : 
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Problem 9T. — Calculate and plot the ratio of average power, under the 
condition of maximum heat (Eq. 120), to rated power, for valuea of n from 
1 to 10, for the three rlnnnri of altematore. 

Claw A, — From the previouB calculation (page 315), 

rl^ jj ' - 0.01(8.32)' - 0.692 
0.692 0.11 



a, - 0.02, 
a - 0.0833, 
a, -0.1033, 



2Tn n 

4a, - 0.08, 
2a = 0.1667, 
2a, - 0.2067, 



4rai, - 0.2515 
4ra =- 1.048 
2*31 - 0,65 



Supplying these values (121) becomeB 
, 0.11 /I -'-°-='" 



_ 0.11 /I 



2.01254 

n n 

-a — b — e + d. 



08 ^ 0.1667 
1.375 _ojBis„ _ 0^ 



- 0.2043(1 - ,-"•"")) 

-1.048, ,0^02246 0.86- 
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a, - 0,02, 


4a. - 0.08, 


4Ta. ■= 0.2615. 


a - 0,5, 


2a - 1,0, 


4Ta - 6.28. 


a, - 0,62, 


2a, = 1.04, 


2»a, - 3,267. 


ai' - 0,271, 


1+a,' = 1,271, 


. ^°' , - 0.817. 
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Supplying values (121) becomes 



" n L 0.08 ^ 
41.09 4(15 _ojju. 



- a' - b' - (f + d'. 
TabalAting: 



- - 0.817(1 - 



n 


1 


2 


3 


4 


5 


6 


8 


10 


a' 


41. OS 


20.64 


13.7 


10.27 


8.22 


6.85 


5.135 


4.109 




40.6 


20.25 


13.5 


10.126 


8.1 


6.75 


5.063 


4.05 


3.24 


3.24 


1.62 


1.08 


0.81 


0.648 


0.54 


0.405 


0.324 


2.65 


2.65 


1.325 


0.883 


0.663 


0.63 


0.4420.331 


0.265 


.-»«"•- 


o.ns 


0.605 


0.47 


0.364 


0.2S4 


0.22 


0.134 


0.081 


,-t.n- 


0.0016 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


,-i.fn 


0.038 


0.0017 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


b' 


31.53 


12.25 


6.34 


3.68i 


2.3 


1.4S5 


0.67S 


[>.32S 


er 


0.0061* 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


d" 


0.101 


0.00225 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


P... 


9.66 


8.29 


7.36 


6.58 


8.92 


5.37 


4.46 


3.78 


Ratio 


19.32 


16.58 


14.72 


13.16 


11.84 


10.74 


8.92 


7.66 



'{%f)' -*0lC18-5)' - 2.7226 
2.7225 0.434 



4 - 0.02, 
; -0.1667, 
n -0.1867, 



2a -0.333, 
2ai - 0.3733, 



ira, - 0.2S16. 
ira -2.093. 
2«-a, - 1.173. 



Supplying values (121) becomes 

0.434rl - i-"-"""" 1 - ,-3.i»8» 



J.434rl - 
n L 



0.08 ^ 
6^ 5.42 o^ic 



= a" — b" — c" + d". 



0.333 
1.302 _a.ot 



■0.361(1 -«-'■'"")] 
■ 0-157 -1.178, 



^obyGoo»^lc 



ELECTRICAL ESOltiEERING 
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As an illustration of the 
power developed under short- 
circuit, conmder the genera- 
tor of claas A. The average 
power developed in the first 
cycle under the worst condi- 
tion is found to be 0.7233, 
where E» =» 1, /. = 1, and 
Pw = normal power output 

2 ~ ^' 
If, now, a 26-cycle machine 
of 5000-kw. rating of this 
type, is conadered, the aver- 
age power during the first 
.cycle is 10,000 X 0.7233 - 
7,233 kw. The instantaneous 
maximum of power has 
already been found to be 
95,000 kw. 



Problem 98.- 
nbove relation (or the machinea 
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Stresses on End-coonectioas of the Amutare Coils. — WheD 
eDd-conDections run parallet for some distiuice, the forces exerted 
on them are often very great at the instante of heavy current 
during Bhort-circuit. The force at any time may be determined 
to a Bufficient degree of approximation by multiplying the average 
density of the fiux through one conductor due to the other 
conductor, by the current in that conductor. 

Conader two similar conductors of radius, r, with' a distance, d, 
between centers. To find the average flux through conductor 
B due to the current in conductor A. The flux through any ele- 
ment, d», of B is, per centimeter length of conductor, 
4T/fidj _ 2Idx 
2xx ~ X ' 



d(tt = 



where / is in abamperes, and ix is taken as unity. The average 
flux density is then : 

^"' 2tj^ _ ^ X r " d — T 

In general, the force exerted ia BIl dynes, where I is length of 
the wire in centimeters 




Fia. 240. 



Thus, force per cm. 

F 
If / is in amperes, j = 



.-^ = -!og^ 



- dynes. 



log 



d + T 



i - lOOr ^"» d - r 

If dimensions are given in inches, the formula remains the same. 

Example. — Consider two adjacent conductors, as shown in Fig. 

240. The area of each conductor is 0.2345 sq. in. The current 

density is taken as 2000 amp. per sq. in. under normal conditions. 

Therefore maximum normal current is 

I*= V2X 0.2346 X 2000 - 664 amp. 
d = 0.5, r = 0.1562, 1 = 20. 
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The maximum force under normal load is then 

(664)* X 20, 0.6562 „„„n^. 366,000 

^ = 100X0.1562 '^8 0:3438 = 366.000 dynes =. ^^^ = 

0.822 lb. 

TluB ahows that the force under normal conditions is very 
slight. Under short-circuit the ratios of maximum current to 
normal current for the three claBses of machines considered, were, 
respectively: 

for class A, 14.2 
for class B, 52.0 
for class C, 25.3. 

Thus, the maximum short-circuit forces are, for the three classes 
under the dimensions as sume d: 

Fa (max.) = 0.822 X lo* = 166 lb. 

Ffl (max.) = 0.822 X 52»^ = 2220 lb. 

Fc (max.) = 0.822 X 25.3* = 527 lb. 

Probl«m 99. — Discuss the effects of changu^ the values of r and d on 
the forces exerted on the end-connections. 

In general, the effect of short-circuit as obtained in machines of class B, 
was much decreased by the addition of external reactance, as exemplified in 
class C. What change in the relative positions of the end-connections would 
be necessary to reduce the force as obtained for class B to that of claas C 
machines? 

Multiphase Short-circuits. — The voltage of any phase, m, of a 
multiphase alternator in the steady period of operation is ex- 
pressed by 

e« = B» sin ^orf + -^j • 

Thus, for a three-phase generator, the voltages are 
ei = E^ sin (w( -|- 0) 
et = E^ sin («t + 120) 
et = E„ sin (wt + 240) 
where m has the values, 0, 1, and 2, respectively. (For two-phase 
alternators, n must be taken as 4, not as 2, since the voltages 
differ by 90°, not by 180".) 
The currents of a three-phase alternator are: 
ii = /„ sin («( -I- 0) 
it = 1„ sin (ut + 120 -|- ffi 
I, = /„ sin (irf + 240 + /S). 
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The transient voltage, for examine, of the second phase, is, 
from (117) in which £» is substituted for £i_, andf^t is neglected, 
as in the later calculations, 

et = E^ ain (tf + 120)«~ " ~ " . 

Equating this toUr + x ^> aa previously done for the single- 
phase machine, the current during the transient period ia found 
to be 

i.-^f[.-^''-">sin(ff + 120-«-«-^<-'-> 

8in(flj + 120-e)]- 

A still shorter but less close approximation is made by con- 
X 
aidering y — 1, and /3 = 90°. The current is then 

it = -|=[f-^""''' cos (tf, + 120) - e-*"""' COS (ff + 120)]. 

In a polyphase generator, the current for any phase is given 
approximately by 

,..—[..< •>coe(«,+— )-. -' -'cos(»+— )J(122) 

where n is the number of phases and m has the values 0, 1, 2, 
... (n - 1). 

Power developed in any phase, at any instant, is the product ei. 
The whole power of a three-phase generator is, at any instant, the 
sum of the three products, eii\, etU, eiit, of the individual phases. 

Problem 100. — Perform the oper&tioD just indicated and prove that the 
power of e. three-phase generator is 

P.*™..p*« - ^^ <-G+^)"-">»b (« - 9,). 

This equation shows that power of a polyphase generator is 
entirely independent of the time of closing of the switch. This 
time may have any value assigned to fli, but the time at any in- 
stant after the switch is closed is represented by ff — fli, which is 
independent of 6\. 

This is quite different from the case of single^phase short-cir- 
cuits io which the power, similarly determined, is 
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i>(oiie-pha8e) = :^[r(^+^)"-' 

cosfli8infl-0.5«~'""~*''8in29|- 

In this equation, enters independently of 9]. Cob Oi is, of 
course, a constant. 

From the power equations, the torque on the shaft at any 
instant may be determined. 

Problem 101. — Show that the maximum power of a single-phase short- 
circuit on a three-phase machine is two-thirds of that of a three-phase 
short^ircuit on the same machine and explain in words the basiB for this 
relationship. 

Armature Reacti^m. — For a three-phase generator in the steady 
state of operation, the armature reactions of the three phases 
taken separately have been found to be: 

Fai = iiT cos $, 

Fas = t.r COB (e + ~), 

Fa3 = t.r cos (« + ^) =• itT COB (fl + I), 



4a- 
6 + -o- represent the angular space positions of the armature core 

with respect to the field core. Substituting the values of i from 
(122) the transient values of the armature reaction are: 



fAl = 



E^Tr 



'[.-«-"-•" cos fl. cos 9 - r>-'(^-±^)-] 
q.-^<-coB(.. + |)cos(. + |)-r«^'- 
/ l + cos2(g-h|) \ 

Fa. = ^[.-^"- c» (.. + f ) c^ (. + f ) - .-^— 
■ /(l + cos2(9 + f) \ 
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Adding these three equations, the total three-phase armature 
reaction is: 

f- -i^[. -;-"-' CO.C. - ..) - .-»'■-•]. 

ProU«m lOX. — Prove that the armature reaction of a polyphase generator 
"" - l^[.-i'-» «, (. - ..) -,-£<•->] (123) 

Problem lOS.^Plot single-phase and three-phaae armature reaction 
curves for the alternator for which waves of «, i, and p have been derived, 
and discuss their characteristic differences. 

Kectromotive Force and Currant Induced in the Field Windings. 
— Excessive ventage may be induced in the field windings and 
cause breakdown of insulation. In general, the induced voltage 

is proportional *<>";«" It isi however, diflBcult to obtain a reliable 
value of the voltage owing to the fact that the flux cannot pene- 
trate uniformly into the magnet cores during the exceedingly 
short time allowed by the rapidly changing current. 

The induced field current may also be abnormally great. By 
installing a circuit breaker in the exciter circuit, the rush of cur- 
rent may cause the circuit to be opened, thus taking off the field 
current from the short-circuit«d alternator. 

Examj^. — Let the normal field excitation be 18,000 amp.- 
tums per pole, and the normal armature reaction be 9000 amp.- 
turns. If the armature reactance is 10 per cent., the masmum 
short-circuit current would be approximately seventeen times 
normal current. The armature short-circuit amp.-turn8 are then 
153,000. Assuming 20 per cent, leakage between armature and 
field, the effective armature reaction ia 

0.8 X 153,000 = 122,000 amp.-turns on the field core. 

The field current may then attain the value of 

' X normal = 6.8 X normal current. 



122,000 ^ 
18,000 



If the circuit breaker is set for twice normal current, it will 
open the circuit. 
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CHAPTER XLI 
SYNCHRONOUS MOTORS 

When the ordinary alternator is supplied with electrical energy 
and made to do mechanical work, it becomes a eynchronous 
motor. The name is meant to indicate its chief characteristic, 
namely that of running in exact synchronism with the generator 
which Bupphfls it with enei^y. If the frequency of the generator 
is 60 cycles per second, that of the motor — its counter e.m.f. — ^is 
also 60 cycles. Thia condition is the result of the electromag- 
netic relationship between the field and armature cores; the field 
core changes its position in space by means of mechanical rota- 
tion, the position of the magnetic field due to the armature 
magnetomotive force changes in space because of the time-phase 
relationships and alternation of the currents. The driving force 
of the motor is maintained only by the existence of a constant 
relationship between the field and armature m.m.f. The rate 
of rotation of the armature m.mJ. ia fixed by the frequency of 
supply. The field has no fixed rate of rotation of its own and is 
therefore free to accept that imposed by the armature. 

The operation of the synchronous motor may be affected either 
by changing its load or by altering its field excitation. These 
may be called primary means of adjustment since they are ap- 
phcable to any motor in operation. Since, however, the speed 
cannot be changed, it becomes a matter of great interest and also 
of importance to find out what is changed, and what peculiar 
and valuable characteristics are associated with this hitherto un- 
encountered characteristic of synchronous speed. 

There are also secondary means of adjustment by which varia- 
tion in the motor performance may be brought about. These 
involve changes in the constants of the line or the motor circuit. 
Thus, in the matter of design, it is important to study the effects 
of different values of resistance and reactance of the armature. 
In operation, with a constant generator terminal e.m.f ., resiBtanoe 
and reactance may be inserted or withdrawn from the line, thus 
altering the total r and x of the circuit. 
324 



^obyGoo»^lc 



SYNCHRONOUS MOTORS 325 

A thorough understanding of the effect of these constants is 
eaaential from a practical as well as a theoretical point of view. 
A motor which, for instance, operates perfectly satisfactorily on 
one line may be entirely unstable and even unable to carry its 
load or even a small fraction thereof on another line. 

It will, for instance, be evident that ^ 

a high resistance line tends to make ♦j-"/^ 



/ 



Fio. 241. 



the motor unstable unless the reac- 
tance is also considerable. In synchro- 
nous motor operation a fur amount of 
line reactance is essential; in fact, the 
very abihty of the motor to carry load _^ 
depends upon the presence of reactance f*' 
in the motor circuit. 

Let E be the e.m.f. counter generated 
in the motor. The resultant flux will 
then be W ahead of E. Assuming a current I, as shown in 
Fig. 241, this current produces a m.m.f. in phase with itself 
and which may be taken equal to it, by choosing a suitable 
scale. The armature m.m.f. thus produced, when 
l^ri^l added vectorially to the field m.m.f., will produce 
the resultant m.in.f., which gives the resultant flux 
^. ^/ represents the direction of the field m.m.f. 
In order to force the current through the im- 
pedance of the armature, it is necessary to have an 
e.m.f. equal to the impedance drop IZ. As shown 
in the figure, IZ is the voltage which overcomes 
the resistance and reactance of the armature. The impressed 
voltage, £a must be the vector sum of this IZ drop and the voltage 
— E, necessary to overcome the counter e.m.f. of the motor. 

.-. Et = IZ ~ E. 

The space relations indicated by Fig. 
241 are illustrated by the sketch of a /;" 
two-pole machine in Fig, 242. The ■* yjo. 243, 

vector relationship may also be con- 

ffldered from a somewhat different point of view, illustrated in 
Fig. 243. Here there are two e.m.f8., E and £?«, acting in a 
drcuit of impedance Z. 

If Eft is the generator terminal e.m.f., then z is the combined 




Fio, 242. 
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impedance of the line and tiie motor. The counter e.in.f., E, 
of the motor, ia naturally in a direction to more or less oppose Eo. 
The vector sum of En and E ia Ei which is the e.m.f. which 
actually overcomes the impedance z, of the circuit. The current 
/ lags behind £. by an angle a, such that tan a — — 

The motor output is — E X I coa p = P. 
This is seen to be negative thus representii^ power supplied 
to the machine or motor action. 
The generator input a EaX I cos 9 = Pt- 
The power lost in the circuit is then Po — P ■= /V. 
If a is a large angle, representing large reactance, the motor 
is more stable than if a is small. 

. If CE is small, the projection of / on 

E may even be positive, giving genera- 
tor power instead of motor power in 
which case the motor cannot carry me- 
chanical load. Oftentimes poorly act- 
ing synchronous motors may be greatly 
benefited by increasing the angle a by 
the insertion of self-inductance in the 
' line. For a given load on the motor, 
the angle y, between the field m.m.f. 
and the resultant m.m.f. is almost con- 
stant. OF/ evidently depends on both 
the amount and the phase of the current. The counter e.m.f., 
E, on the other hand, is fairly constant for all loads. It de- 
pends on the actual resultant flux in the ur gap which is fairly 
constant for all loads. For constant motor load, P ^ oE X olo 
(Fig. 244) and the locus of the ends of the current vectors will 
be along the dotted lines Ho- The corresponding locus of field 
flux vectors will be along F/Fa. If, however, the angle y is 
assumed constant the two locii will be IFj and OF/, for vary- 
ing field excitation. But this condition will correspond to a 
variable load. If OF, is great with respect to 01 — ^that is, if 
the angle y is small — the variation of both y and the motor 
power is small for a considerable variation of the field flux 
about the normal value. Plotting the armature current against 
the field or the field current, gives the familiar " V-curves." 



y-^'' 
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Afl E cannot be aasumed constant, especially where r or z 
is large, the condition of conBtaut power output cannot be 
shown by the above vector diagratnfi, since the power is not 
represented by a constant projection of / on the horizontal. 
Constant power input may, however, be assumed with constant 
Co impressed, and the power input is then proportional to the 
projection of / on eo, Fig. 245. Moreover, constant power 
input, over a considerable range of current on both sides of the 
minimum, is approximately constant power output, since the 
difference ia only I*r which is small and which may have small 
variation. It is readily poesibte, therefore, to calculate E for 
constant power input, since 

E = \(e, - IZ coa(0 + «))» + (IZ taa (9 + a))* 
2e„ IZ cos (tf + o) + nZ' 




and this may be determined for 
varying /, since i is constant and 
known. Thus for any input, 

Pi = Cot, and i' = \/j* — i*. 



Synchronous Motor Equations. — Assuming e, the motor 
counter e.m.f. to be the zero vector, 

£, = /Z = c + £o 

Eo = - £o cos J9 - jEg sin 0. 

By using fi the minus sign is introduced into the equation nnce 
the true angle is 180° + j3. 

.*./«■■ e — £q 008 P — jEq sin jS. 
and 

6 - gpcos |3- j^o sin g 

r+jx 



I-- 



,ljEo' + e'- 2eEtCosp 



(124) 
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whence, 
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I = i+ji' 

e ~ Egcosff 
* "" r +jx 
« -(c COS a — EoCOB (a — fi)) 

V = -{Et, dn (a — 0) — « aiD a) 



(125) 



These values are obtained by clearing the denominfttor of (124) 
of imaginaries and remembering that coa « = " ^od sin a = -. 
Mechanical, or motor power P = — ie. 
Hence the generated jrawer Po = — ie + 7*r. 
Substituting the values in (125) above, mechanical power ** 

P = ^-{Et cos (a - 0) - e cos a) (126) 

If = and £0 = e, P = or there is no mechanical power. 
Also when /3 = 2a, P - 0. 

To determine the maximum output (126) may be differentiated 
with respect to (3 and the result equated to zero. Thus, 

g = 0.^£.sin(»-«. 

In this, sin (a — 0) must equal zero, since - £0 is not sero. 
This gives a = (3. 

Hence, the power is maximum for a == and is zero ior ^ ^ 
and fi = 2a. 

If is negative, there is generator action, or the motor acts as 
generator. 

When Eo and e are unequal, the limits of /3 are somewhat 
altered. 

Problem IM. — Given; 
Section A, £0 = 1.1, « - 1 
Section B, Et - t, e ~ I 
Section C, £0 - 0.6, e ■= 1 

Aaaume the generator bus ban kept at conBtukt voltage — not constant 
generator field excitation. The synchronoue motor armature hu 2 per 
oent. resistance, 10 per cent, reactance. 
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1. Aa overhead line connectinis the machine haa 8 per ceat. reaistonee and 
SOpercent.reoctAnoe, all referred to motor. Constanta will then be, r — 0.1, 
z - 0.3, tan a - 3, rated power - 1.0 = P. 

2. An underground cable connecting the machine has a high resistance 
of 18 per cent, and has negligible leactance. The coiutanta will then be 
r - 0.2, X = 0.1. Find for the two caaee, power output, total current, and 
power factor of the generator, and plot against ff (¥ig- 246). 

3. find the maTimnni output, foi variable r, with (a) z ■ 0.1 (b) x — 0.2 
and plot. 

[(Prom Eq. 126, 

Pm... - ^ («. - e COB «)] 

Solution of the firat case. Section A. 

Et - 1.1; E -l;r -0.02 + 0.08 -0.1; 

I - 0.10 + 0.20 - 0.30; tan a - g^ - 3; a - 72": 

E 
Mecb. power, i> - 7 [£o cos (a - |3) - £ coa a| watts 
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0.04S 

0.67 
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0.3 

1,73 
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0.643 
1.416 
0.70 
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F + I'r ten, i 



IT 
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Section B. £* - 1 

P - 3.ie|»a la-n - 0.300) 
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Section C. B, - 0.9 

P - 3.16 10.0 ooa (a - 0) - O.3O01 
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2nd Case. Section A. 
£* - 1.1, « - 1, r - 0.2, X - ai, tan a - g^ - 0.6, a - 2Q' 36' 
Z - VO.04 + 0.01 - 0.2236, j - 4.47, e cob a - 0.8942 
P - J [B, cos (« - fl) - e COB al - 4.47(1.1 cos {<» - ^) - 0.8M2I. 



*• 
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2nd Case. Section B. 

E, = UP - 4.47[coB (a - ff) - 0.8M2) 
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d Cue. Section C. 

E* - 0.9; P - 4.47[0.9 cob (a - /J) - 0.8M21 
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d Case. SectioD A. E 
Max. mech. power ■ 
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3d Csae. Sectioa B. E, - 1. 
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Figs. 247, 218 and 34D ahow the ci 
problem. 



a plotted for the tlu«e cases of the 
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It is to be noted that the angle j3, representing phase relation- 
ship of Et and E, ie used as the independent variable, for con- 
venience only. The real independent variable in the first and 
second cases of the problem ia power. It is not so convenient 
to choose power for this calculation because its choice depends 
upon the angle /3; moreover, there would be little interest in mak- 
ing p the object of the calculation. The values obtained in the 




calculations permit of the plotting of other interesting curves, 
for example, the performance curves of current and power factor 
against the power. 

Problem lOB. — From the values obtained, plot and discuss the curves of 
current and power factor agunat the power for the three cases of constant 
impressed voltage and constant induced voltage. 

Problem 106.— Show, from a study of the curves alreadjr obtained, that 
when a synchronous motor refuses to operate satisfactorily under load the 
remedy for the trouble may be found either in decreasing tbe reeiat«nc« 
(increasing the copper cross-section) or in increasing the reactance. 

The practical difficulty of looking at the motor frem the point of 
view of these problems is that the induced voltage, E, is not 
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readily maintained constant. E depends upon Ft, the resul- 
tant magnetomotive force, or, more strictly, upon the resultant 
flux produced by F,, whereas only the total field excitation Ff is 
under external control. 

The practical problem, therefore, is to vary F/ under the condi- 
tion of constant load, or its converse, to vary the load with 



1 


















E, 


X 






1 




Com 


1 Ll 
■ LO 


0.1 
04 
04 


























U 












t LO 


OJ 






B.MU 






t 0, 


- 


u 


- 


— 




1 


^ 




- 


— 












a 


a 


U 


T 


5 


J— 


M 



constant F/. In such cases E will also vary, and its value may be 
determined by calculation. Curves plotted between the current 
input, I, and either E or Ff, the power of the motor being con- 
stant, are called phase characteristics. In Fig. 250 is shown the 
vector diagram of the synchronous motor drawn to show the cur- 
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rent, /, as the zero vector. The power (actor is indicated by the 
phase angle, 5, between E^ and /. As previously obtained, 

E = M - Bo 

— iix + jx) — Bo cos 6 — jEt sin i 
= tr — Bo cos « + jiix — Eo mn S) 

and ^ 

E = V(ir - Eo cos 5)» + (tx - Bo sin S)* 

When S is positive, the current l^s. 
' * To find cos 5 and sin S : Remembering 
that all values are per phase, the me- 
chanical power is: 

no. 250. P = elec. power — /*r — Ed 

cos « - Pr (127) 

But P, E„ and r are all known, being given or assumed. 
Therefore, solving, 



sin 2 = VI — coa* i. 

It is then necessary merely to assume values of 7. Evidently, 
for constant power, 7 will be minimum when c<» d — 1. Hence, 
from (127), 



7 _^_ iZT' 



Assuming now values of 7, beginning with Imi^t.. cos i and sin 
J, and finally E, may be obtained and tabulated for each value 
chosen. 

As B may be either plus or minus, both values must be taken. 

Under the conditions of test, E is not known, hut the values 
of the field excitation or the field current which is proportional 
to it are ^oown. Having just obtained E by calculation, the 
field excitation, F/, is next determined as was done for the case 
of the generator (page 225). In this case, E terminal was the 
zero vector, and Ff was found to be 



F, = V (- bC - mi)* + (aC - mti)* 
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a = e + ir — iix 
& ■= tx +iir 

El 
' E ' 
F 
m =-T- = 0.5 (for convenience). 

Pnblent lOT. — Detennine and plot the phase characteristioa for the 
motor problem for the three eonditions : 

A. £* - 1.1, £ - 1 

B. £g - 1, E -\ 

C. E, - 0.9, £ - 1 
when 

P - I, r = 0.1, X - 0.3. 

SiAvtwa. — llie curve between « and / ia fint obtained from tiie equation 

B - s/ilr - Eo C08 8)' + C/i - E„ ain »)• 

by substituting values of /, for which sin ) and cos i can be detennmed, and 

Mdving for B. 

This curve, B vs. 7, is plotted. 

Next, the field excitation is obtained from equation 

Fi - VC- W7 - mi)' + (oC - mi,)* 
or, more simply, 

since we deal directly with induced e.m.f. as the lera vector, and not with 
the terminal voltage and IZ drops. The curve F/ va. I \a then plotted. 

"nie data given are: 
E, - (A) 1.1, (B) 1, (C) 0.9, P - 1, r - 0.1, * - 0.3, C - 1, 

m - 0.5, i - I coaB, i, - I tint. 

To get minimum cu rrent, cos S ^ 1, sin 8 — 0. 

\A) 'mi^. 2r \ 4r' r 0.2 \ 0.01 0.1 
- 6.6 - VsO.S - 10 - S.S - 4.6 - 1. 



(B) /_*^ - ^ - \l~ - 10 - 6 - 3.87 - 1.13. 

(C) /^ - 5I - -^ - 10 - 4.5 - 3.24 - 1.3 



Abo. cos 8 - ^ - i±^'; sin * - Vn 
(A)cOBa - 1^ + S^' - 5:^+0.0900/ 
(B) COB J - J + 0.1/ 
<C)cos* - ^^ +0.111/. 



^obyGoo»^lc 



J38 ELECTRICAL ENOINEEBINO 
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Phase characteristic curves are shown in Figs. 251 and 252 for 
the three cases considered. 

It is also of interest to see how the phase characteristic is af- 
fected by a. change in the amount of the motor load. Accord- 
in^y curves are drawn for the second case (Eo = 1,E = 1), under 
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FlO. 253. 

the three conditions P = 1, P = 0.5, P — 0. These are shown in 
Fig. 253. These curves are sometimes called V-curves. As the 
friction loss is included in the load, the condition P «= can never 
be attained. In practice, the curve obtained with the motor 
running light approximatea to this, however. The dotted line 
^ves the locus of the minimum current points which is also the 
current at unity power factor. 
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CHAPTER XLII 
rNDUCTION MOTORS 

The production of torque, and the consequent operation, of 
direct-current motors is readily luderstood since the condition 
of wires carrying current placed in a field at right angles to the 
direction of the lines of force ia quite apparent in both the ahunt 
and the series types. 

If alternating current is supplied to the terminals of a direct- 
current series motor, the motor might reasonably be expected 
to run. In such a case the current is the same in both the field 
and the armature coils and since the flux is in time-phase with 
the current which produces it, the condition for the production 
of torque is satisfied. Moreover, since the alternation of the 
flux and the current is simultaneous, the direction of the torque 
is not changed though it pulsates in value. Such a motor would 
have a low power factor, due to its great inductance, and low 
efficiency due to its great copper and core losses, the latter being 
excessive with unlaminated field structure. 

When alternating current is supplied to a shunt motor, the 
condition for operation is not so well met. In this case, the cur- 
rents in the armature and the field coils will no loi^r be in time- 
phase with each other. The current in the field coils will lag by 
nearly 90 time degrees behind the voltage, while that in the 
armature will have only a sUght time lag. This difficulty might 
be obviated theoretically by placing a suitable condenser in 
series in the field circuit. Practically, however, such a condenser 
would be too large and expensive to warrant its use. 

The question then naturally arises ; Why not excite the field 
from the other phase of a two-phase supply? The trouble with 
such a solution, assuming that a two-phase supply is available, is 
that one-phase would be loaded with a wattless current; moreover, 
the armature reaction and the torque would be pulsating. 

A natural suggestion might be to run two motors ao as to 
balance the phases. 

The next step in the develoianent of the alternating-current 
motor would be to omit the commutator, applying the well-known 
342 
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principle of the production of ciurenta by inductioD, as is done 
in the transformer. In this case the field winding acta as the 
primary, and the armature windii^ as the secondary coil. 
Currents induced in the armature would have directions as shown 
by the crosses and dots in F^. 254. 

This arrangement would give no resultant torque, the torque 
due to the upper conductors being equal and opposite to that 
due to the lower conductors. 

Therefore another set of poles (shown dotted) should be intro- 
duced in space quadrature to the original poles, and the flux due 
to these new poles should be in time-phase with the armature 
current. 

This means a quadrature relationship in both time and space 
between the two sets of poles, exactly as is the case of a two-phase 




Pjo. 26S. 



system. The resultant flux acting on the armature forms the 
well-known rotary magnetic field. 

The Rotary Field. — The production of the rotary magnetic field 
may be considered as due to the currents in two sets of coils as 
shown in Fig. 265 (a) . The current in phase A sets up an alternat- 
ing fiux through the armature in the horizontal direction, while 
that of phase B sets up a similar flux in the vertical direction. 
These fluxes have the space relationship shown in Fig. 255 (b). 

The time relationship of the fluxes is shown by their equations. 
Thus 

^A — ^H sill '^t 

0B = *„ Bin (<*i + 90) 

The resultant flux at any instant will then be composed of a 
horizontal component having the value of iPa at that instant, 
and a vertical component ijig at the same instant. This may be 
expressed as 

^ = <t>A + 3^B = *»i(8in «t — cos w() 
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These vectors are ehowo plotted through 360°, in Fig. 267. 

ThuB, the locus of the ends of the resultant Qux vectors is a 
circle of radius *«, and the speed of rotation of the flux is /, 
the frequency of the alternating current. 

ProUem 108. — In a similar manner, show the relationship of the fluxes 
in a three-phase armature, and prove that the resultant flux is a uniformly 
rDta,ting vector of magnitude l-fi^n. 

Cktnsidering, now, that such a rotating flux 
will be cutting the conductors of the arma- 
ture; if the latter is short^ircuited it is evi- 
dent that very large currents would be induced 
in it. As the speed of the armature iD- 
creases, the rate of cutting of its conductors 
by the flux decreases, with a consequent 
decrease of induced e.m.f. and current. If 
the armature were to run st synchronous 

speed, no current would be set up in its conductors, and hence 

there could be no torque. 
Tlieory of Operation. — Assuming a 1 : 1 ratio of turns of the 

two windings, as was done in the case of transformers. 




Fta. 256. 




Case 1. Armature at StandstUl. — ^Let an electromotive force 
be impressed upon the primary, or field, winding so as to caiise 
the current /<» to flow. This current sets up a flux, ^, which 
induces electromotive forces, Et, in both windings. Since the 
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secondary, or armature, is short-circuited, the current 7i flows, 
BO that El is used up in overcoming the resietance, 7iri, and the 
reactance, /iZi, of the secondary. 

The primary current /a as in the transformer, must be 
the vector sum of Im, the exciting current, and — /i the load 
component. 

The impressed ejaS. Eo is, likewise, the sum of the 7oZo drop 
and — Ei, that which is supplied to overcome the induced e.m.f. 
in the primary. Primary and secondary phase angles are given 
by $t and 6i, respectively (F^. 257). 




Case 2. Amuture at about Halt-speed. — With the same im- 
pressed e.m.f., £o, the vector diagram for half-speed becomes 
altered, due to the reduced Et in the secondary and the reduced 
secondary reactance. Assuming constant secondary inductance, 
Li, the secondary reactance, Xi = 2t/iLi, is directly proportional 
to the difference in speed between the rotary field and the arma- 
ture. This difference in speed, expressed in per cent, of synchro- 
nous speed, is called the "slip" of the motor, and is denoted by 
B. Thus, at standstill a = 1, and x = xi; at half-speed, a ™ O.S 
and X = 0.5xi. For any speed, 1 — 8, a: = sxi. 

As the speed increases, therefore, the secondary reactance 
becomes less important, Si decreases, and the value of Ii is 
governed to a greater extent by the secondary resistance. 

Since Ei decreases in the secondary, 7i also tends to decrease, 
this tendency being counteracted in part, however, by the re- 
duction in reactance. The primary current, /o and the /o^s 
drop are reduced nearly in proportion to /i. E^ being constant, 
the voltage ( — Ei) is somewhat increased since — Ei = Eo — 
ZoZo. Therefore /on is increased, and likewise the flux <^. 
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The entire inductioD motor circuit may be represented by an 
"equivalent circuit," as was done with the transformer, page 178, 
in which, however, the slip, s, enters as a factor with reference to 
both the secondaiy reactance and the load. This diagram. 
Fig. 259, refers to one phase only. Eo is phase voltage, and 
Ii*R is the nth part of the motor load, where n is the number of 
phases. The magnitudes of the various quantities are readily 
apparent from an inspection ctf the " equivalent circuit " diagram, 
whatever may be the load placed upon the motor. 



r~- 111 — 

1 T^' 



Referring to the vector di^p^ms, Figs. 257 and 258, or to the 
"equivalent circiiit" diagram, Fig. 259. 



/n = magnetizing current, 

I\ = core-lofl8 current, 

Zo = ro + i xo = primary impedance, 

■Z| = ri + 3 sxi = secondary impedance. 



Bi ■• primary induced e.m.f. 

and f ■ is a positive quantity so that bco is always negative, 

these quantities being all taken per phase. 

Also, 



At standstill, 8 » 1; at synchronous speed, 8 = 0; at normal 
full-load, 3 is usually about 0.02 in per cent, of synchronous 
speed. 

Then, 

ae, = secondary induced e.m.f. 
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Let «jbe chosen zero vector. Secondary current may be written 

where 
and 



°* - - r," + ,•!,■■ 
The exciting current is 

let = etYan = eidjw + jboo) - 
The primary current is 

h = /m + /. = BiCoi + jfoo + j(a, + M). 

The e.m.f. consumed by the primary impedance is /ozg =- 
c<(ti + jbt)('"ti + jxt) and the impressed voltage is 
fo = e,- + Zo«c = «( + ei(6i + jb,)(rc + jig) 
= e,[(l + 6,rB - 6,io) + j(6,a:, + fctf-,)] 

- e,(ci + ic) 

Eo 



1, - £. Jf 



+ v 

The torque, in any motor, is proportional to the current and 
the flux in time-phase therewith. 

If Ii is the secondary current due to a certain phase of the pri- 
mary, whose induced e.m.f. is ei, then the power component of 
I\ has been shown to be etai- 

—jh is evidently the secondary current due to a primary phase 
which is 90° in space and time behind the former. The induced 
e.m.f. of this phase is, of course, —jei and the flux causing the 
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e.jn.f. ifl 00° in Ume ahead of the e.m.f. Thus the flux which 
reacts on the power componeDt of the original secondary current 
is proportional to j{— jet) = ket. 
,'. The torque is kefiiai = ke^ai. 

Torque is often expressed in "synchronous watts," a term 
which means the number of watts which would be required to give 
the torque if the motor were running at synchronous speed. 
k, then becomes 1, and 

T = ei*ai synchronous watts per phase. 
The horsepower per phase is 

... d'ai 2rR N X lb. 
hp./phase = ^^ 33,000 

where 

., 120 X frequency 

N - r.p.m. F* 

^ poles 

and R = radius of the rotor in feet. 
Thus torque per phase is 

r/phase. 0.059 ^■a,X,;^gjpft.-lb. 
For a three-phase machine 

T = 3 X torque per phase - 0.177 ej*Oi X j 

Since e^i, as "synchronous watts" is the output of the motor 
at synchronous speed, then at any other speed the output, which 
includes friction would be 

P« = ei*a,(l - a). 
The power input obtained by "telescoping" the vectors jBo 
and /o is, per phase. 

If /„ = friction per phase, the efficiency is 

_ output Pa —/■■ 
input P% 

Power factor is 

Pi 
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Apparent efficiency is 

The total output, neglecting friction, is approximately. 



3 X e,'oi(l - a) = - 



Ci* + Ci* 



max. P. = - 



To find the maximum output, this quantity may be differen- 
tiated and equated to zero. The process la tedious, but by 
neglecting certain small quantities which appear, the result may 
be shown as approximately, 

max.P.=j^p^ 
where 

f = r« + fi 
and _ 

Z -= \/(r(, + ri)»+ (lo + «.)*. 
If there are p phases 

pgp* 
'r + Z 

From the equations just derived it is possible to coostract the 
performance ciu-ves for any motor for which the constants are 
given. These curves show the efficiency, power factor, apparent 
efficiency, slip and line current, all plotted agamst the output, 
usually expressed in horeepower. 

Another set of curves of great interest, particularly in respect 
to the performance of the motor at starting, consists of the speed 
and line current plotted against the torque. 

In comparing actual motors by means of performance curves 
considerable difficulty is encountered in determining relative 
merits. If the curves are put on the percentage basis, however, 
this difficulty vanishes. In order to study properly the effects of 
different variables in the motor design a nimiber of typical cases 
are worked out on the percentage basis, as follows: 

Problem 869.— A. Let B„ - 1, r, - r, - 0.02, x. - z. - 0.12, /. - 0.3, 
Ik - 0.02, A - 0.01 - friction loss. 

At eynchronouB speed, the exciting cun«nt only, exists, and £g — Bt 
Kppnndmately. 

Therefore the constonta ga and boo are obtained as: 

ffo. - ^ - 0.02; 6o. '" 



" E, 
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B. Same constants as in A, except that the nu^^netizing 
current is taken as /« = 0.2. .'. bog = — 0.2. A summary of 
the tabulation is as follows: 



Slip 





0.01 


0.02 


0.03 


0.05 


0.08 


0.1 


0.3 


0.5 


1.0 


/. 
T 
/■--/. 
P. 
Eff. 
P.F. 
App. eff. 


0.205 



0.0 

0.020 

0.0 

0.097 

0.0 


0.S5 
0.46 
0.445 
0.4S6 
0.918 
0.S82 
0.81 


0.998 
0.875 
0.85 
0.01 
0.934 
0.90S 
0.86 


1.40 

\l 
1.26 
0.92 
0.898 
0.826 


2.09 
1.63 
1.54 
1.73 
0.89 
0.827 
0.737 


2.77 
1.85 
1-69 
2-03 
0,836 
0.722 
0.603 


3.11 

1.82 

1.63 

2.03 

0.8 

0.653 

0.523 


3.96 
1.00 
0.69 
1.325 
0.523 
0.334 
0.175 


4.07 
0.636 
0.308 
0.98 
0.312 
0.241 
0.076 


4.16 

0.33 

0.0 

0.676 

0.0 

0.163 

0.0 



C. Same as A, except that resistance is inserted in the second- 
ary BO that Ti = 0.05. 



Slip 





0,01 


1 1 
0.02j0.03|0.05 


0.08 


0.1 


0.8 


0.6 


1.0 


/. 


0.29 


0.36 


0.50 


0.665 


1.01 


1.5 


1.79 


3.36 


3.8 


4.07 


T 


0.0 


0.18^ 


0.36! 


).535 


0.85 


1.24 


1.44 


1.74 


1.34 


0.77 


p« -/. 


0.0 


0.172 


0,34^ 


0,506 


0-8 


1.12 


1.29 


1.21 


).66 


0.0 


Po 


0.0203'0.205 


0,38< 


J. 66 


0.881 


1.33 


1,52 


1.98 


1.64 


1. 11 


Eff. 


0.0 


U.S4 


0,895 


1.902 


[),«9^ 


0.87 


[).845 


1.612 


1.405 


[).0 


P.F. 


0.07 


0.67 


0.77 


1.842 


0.87f 


Q.m 


0.86 


}.58f 


1.43] 


0.272 


App. eff. 


0.0 


0.478 


0.686 


0.76 


0.79 


0.76 


0.718 


0-36 


0.174 


0.0 



D. Same as A, except that the resistance of both windings has 
been increased so that ra = ri = 0.05. 



SUp 





0,01 0.02 


0.03 


0^06 


0.08 


0., 


0.3 


O.fi 


1.0 


h 


0.2S 


0.358 0. 498 


0.658 


0.82 


1.445 


1.706 


3.16 


3.0 


3.92 


T 


0.0 


M81 0.365 


0.51( 


0.665 


1.145 


1.316 


1.526 


1.19 


0.714 


P--/0 


0.0 


).17 0.33* 


0.494 0.625 


1.04:- 


1.17'! 


1.05f 


0.5«t 


0.0 


Po 


O.OK 


^20e0.3Sf 


0.558!o.71« 


i.scr. 


1.476 


2.03 


1.85 


1.486 


Eff. 


0.0 


0.825 0.875 


0.885,0.872 


0.82 


0.8 


0.52 


0.31t 


0.0 


P.F. 


0.0786 


0.575 0.775 


0.847:0.87^ 


0.87! 


0.86^ 


0.646 


0.511 


0.37» 


App. eff. 


0.0 


0.4760.678J0.75 |0.766 


0.72 


0.690 


0.336 


0.163 


0.0 
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E. Same as A, e^ccept that the reactance of both windings has 
been increased, bo that Xa «c Xi = 0.18. 



Slip 





0.01 


0.02 


0.03 


0.05 


0-08 


0.1 


0.3 


0.5 


.0.1 


h 


0,2fW 


0.fi8 


0.08 


1.3T 


1.86 


2,28 


2,46 


2.78 


2.82 


2.84 


T 


0.0 


J. 431 


).77t 


1.01 


1,21 


1.153 


i.a57 


0.46 


),28f 


0.144 


P--/. 


0.0 


•i.&i 


J. 75 


0.97 


1,14 


1.052 


),94 


0.304 


J. 13; 


0.0 


Po 


0-OlW 


).4M 


J. 81 


1,06 


1.29 


1.267 


1.17i 


3.615 


3.57 


0.308 


Eff. 


0.0 


[).93f 


}.g2f 


0.91< 


0.8» 


0.832 


J. 8 


0.495 


3.2W 


0.0 


P.F. 


o.oei 


o.Tse 


J, 8a 


0.77^ 


o.eo2 


0.556 


3.5 


0.2tE 


3.1Q 


0.11 


App. eft. 


0.0 


o.rrfB 


0.766 


0.708 


0.61 


0.461 


0.4 


O.IOS 


0.047 


0.0 



F. Same as E, except that the secondary resistance u increased 
bo that r, - 0.05. 



Slip 





0.01 


0,02 


0.03 


0.05 


0.08 


0.1 


0,3 


0.6 


..0 


/« 


0.285|o.356 


0.4S4 


0.66 


1.016 


1.4 


1.64 


2,53 


2.7 


2. S3 


r 


0.0 


5,178 


3.35' 


0.60( 


0.795 


1.04 


1.16 


3.9* 


),65] 


3.358 


p--/. 


0.0 


a. 1665 


i.Kr 


0.481 


O.745!0,947 


1.03 


jo-s; 


3.315 


3,0 


Po 


0,019: 


0.1982 


0.37: 


0.532 


0.8281.09 


1.21 


l.OSS 


>.802 


3.517 


Eff. 





a-84 


).00 


0.90f 


0.9 


3.87 


3,85 


}.60( 


)-39r 


30 


P.F. 


0,0« 


0.666 


}.78 


0.81 


0.815 


3.778 


3.735 


3.43 


3.295 


3.185 


App. eff. 


0.0 


0.47 


0.697J0.733 


0.734 


o.on 


0.628 


0.26 


0.117 


0.0 



G. Same as A, except that only half-voltage is impressed < 
the motor, i.e., Eo = 0.5. Hence 7« = 0.15 and A = 0.01. 



SUp 





0.01 


0.02 


0.03 


0.05 


0.08 


0.1 


0.3 


0.6 


1.0 


/. 


0,145 


0.293 


0.503 


0,71 


1.055 


1.375 


1.566 


2.0 


2.06 


2.085 


T 





0.114 


0.211 


[).2n5 


[).405 


l).4St 


J. 46 


3.24* 


1).1S^ 


B-0814 


P,-U 


0.0 


0.103 


0.195 


0.27f 


0.375!0.41 


:).30fi 


3.164 


3.06C 


a.o 


P. 


0.0051 


0.1195 


0.221 


0.3M 


0.428|0.497 


3.503 


3-32t 


3.244 


0.16S5 


Eff. 


0.0 


0.86 


0.89 


0.895 


0.875 


3.825 


3.785 


3.5 


3.38:j 


3.0 


P.P. 


0.07 


0.818 


0.87( 


0.86( 


0.81 


3.724 


3.644 


3.33 


0.237 


9.16 


App. eff. 


0.0 


0,705 [0.771 


0.778 


0,709 


0,597 


0,505 


0.174 


0.077 


O.O 



H. The eame motor under normal operation as in A. In this 
case, however, the secondary is so arranged as to permit the 
insertion of extra resistances to improve the torque while the 
motor is coming up to speed. From Btandetill to half-speed 
the secondary resistance is ri = 1; from half-«peed to nine-tenths 
of qmchionoiu speed, u =■ 0.5 ; over nine-tenths speed, n ■> 0.02. 
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This is one way of meeting the condition of starting under load. 



Slip 


r, - 1 r, - 0.5 












1.0 0.8 0.6 0.5 0.5 


0.4 


o.a 


0.1 


/. 


1.0l'o.84 0.67 0.5831.01 


O.M 


0... 


0.3. 


T 


0. 848,0. 698 0.53€ 0.45 0.85 


3.70 


).S6 


3.184 


P^-fo 


0.0 


0.13 0.204!0.215'0.4150.41 ,0.282 


3.167 


P. 


0.87 


0.727 0.666 


). 4780. 87 iO. 727,0. 38S 


3.-206 


Eff. 


0.0 


9.18 0.36 


).45 


). 477 0.564:0.725 


3.762 


P.F. 


n.sefi 


9.8680.844 


).815 


3.866 0.868 0.77 


3.57 


App.eff. 


0.0 


0.162 0.32 


0.38 


0.41 0.49 0.57 


0.46 



Perfonnance curves are given for all cases calculated. Fig. 
260 shows for case A, efficiency, apparent efficiency, power factor, 
current and slip, all plotted against the output. The scales show 



A IndnetiaD HotDc TmtiwmMm Camt 
ffg-1, ro— Ti— O.ta Zg— Zi— 0.12. 
JirtM, Inr-ILa. 




Output, (P„./() 

Fio. 260. 

percentage values. Similar sets of curves are shown for the 
other cases in F^. 261 to 266 inclusive. 

These curves illustrate the capabilities of the various motors 
under nonnal running conditions. 

Of equally great interest are the curves between speed, current 
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and torque, which are characteristic of starting conditions. These 
are shown in Figs. 267, 268, and 269 for all cases except B and 
D. In these two cases the curves are very nearly the same 
as for case A. The differences may be seen by a glance at the 
tabulations. 

Fig. 267 is of special practical interest. Here torque-speed 
curves are given for a number of motors which differ only in 
the amount of their secondary resistance. There is practically 
no difference in the current curves, one curve giving the current 
for all motors. 





^ 51 


1/ ti 


i- V 4 


'V JL _, 
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ft2 0.4 0.S M U> 

SpHd. and Cnixsat r £ 

FlO. 269. 

A motor may be imagined as supplied with a variable secondary 
resistance. Suppose that it starts with ri =* 1 ohm. The 
torque will be 0.85, and the current will be 0.25 X 4 b= I.OO as is 
seen from the figiu-e. Thus, the motor starts with full-load 
torque and current. When half-ispeed has been attained, the 
secondary resistance is changed by some device to ri =: 0.5. 
The motor at once is changed from operation at the point, a, 
to the point, h, and the current rises from 0.6, to whidi it had 
fallen, back to the original value of 1.00. The motor now follows 
the second torque curve to c, then, by a change of resistance to 
Ti = 0.2, it accelerates along the curve fie, the current following 
curve d'e'. Another change to ri =■ 0.05 causes the motor to run 
along /ff, the current following /'jr't ^ which latter points the final 
change to r^ = 0.02 is made. 
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The motor now operates on its normal running speed-torque 
curve. During all these changes the current has remained low. 
It might, however, be more desirable to utilize the vfuiation iu 
the secondary resistance to maintain a very high torque from 
starting. In such a case, the start would be made with n = 0.2. 
At half-speed a change to, say, ri = 0,1 would be made. In 
this way, approximately double full-load torque could be main- 
tained during the accelerating period, the current, however, being 
correspondingly heavy. 

Example. — As a particular example to illustrate the use of the 
preceding figures, consider a three-phase, 6-pole, 60-cycIe motor 
of 75 hp. and 440 volts. 

Let its constants, in percentage, be those of case A, and let 
it be required to find the following: 

1. Full-load current. 

2. Starting current. 

3. Starting torque. 

4. Impressed voltage to give normal current at starting. 

5. Maximum output in horsepower. 

6. Starting torque with normal current. 

7. Maximum output under voltage required to give normal 
current at starting. 

(a) Motor Assumed Y-connected. — Since, in the curves, out- 
put is expressed in watts per phase, the output of the motor 
considered becomes, at full-load, 

P. - A = y X 746 - 18,700 watts per phase. 

Since full-load has been taken as occurring at 2 per cent, slip, 
this occurs also at (P« - /o) = 0.83 in Fig. 260. Therefore 
unity OD the output scale is, for the machine in question, 

q'o^ - = 22,500. This gives the output scale. 

All the ordinates, except current, i.e., efficiency, apparent effi- 
ciency, power factor, and slip, rem^n as in the figure, being 
correct for any size motor of the constants, in percentage, of this 
particular case. 

1. Full-load current = - .' t- apparent efficiency at full- 

V3 
, . 18,700 ^, 

'""^ - 254 X 0.814 -""■^'■■"P- 



«b,Gooi^lc 



360 ELECTRICAL ENGINEERING 

To find the current at any other load, the reading on the 
current curve should be multiplied by t-^ ™ 88.5., where 
1.02 is the full-load current as read on the curve. 

2. Starting current ia, therefore, 4.19 X S8.5 « 371 amp. per 
phases 

3. The torque expressed in synchronous watts per phase, ia 
shown in Fig. 267. Expressed in ft.-lb. at the pulley at synchro- 
nous speed the torque becomes, torque - "synchronous watts" 



three-phase motors. 
In the example, p - 6, / - 60. 
Full-load torque, at synchronous speed, is 
75X33.000 
^- 2»X1200 -328ft.-!b. 

Therefore, in synchronous watts, this is, 328 »= 0.177ef^i X 
0.1, or 

T = et*ai = jT- j; -J =■ 18,520 synchronous watts. 

As the curve (ri - 0.02, Fig. 267) gives full-load torque - 0.856 
synchronous watts, to obtain values for the particular machine 
being considered, the torque at any point on the curve should be 
multiplied by „ !.„ ■= 21,650, to give synchronous watts, or by 

' nocd — 383 to give foot-poimds at synchronous speed. 

Starting torque is, then, 0.322 X 21,650 - 6970 synchronous 
watts, or 0.322 X 382 = 123.3 ft.-lbs. 

4. Having already foimd the normal and starting currents, 

and since the current is proportional to the voltage, the impressed 

voltage necessary to give normal current at starting is: normal 

u ti ^- normal current 440 ^, 90.3 ., „ ... 

phase voltage X -r-zr 1» or —7= X -^^ - 61.8 volts to 

^ ^ startmg current y/z 371 

neutral, or 107 volte between tenninals. 

5. Maximum output is (Fig. 260) 1.67 watts. This corre- 
sponds to a maximum torque of 1.82 synchronous watts at 8 per 
cent, slip (Fig. 267) these values being, of course, per phase. To 
change to horsepower, this gives 

1.67 
'' 746 ' 
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For the motor considered, 

. max. output „ »_ , 

max. up. — r — -f '- i X 75 hp. 

*^ normal output '^ 



0.83 ' 



= 150 hp. 



6. Starting torque, if normal current only ia allowed, ia, since 
torque is proportional to (voltage)*, 

^ °" fOKAM X starting torque at normal voltage. 

- 0.0592 X 6970 - 412.5 synchronous watts, or 

- 0.0592 X 123.3 - 7.3 ft.-ib. 

7. Maximum output under impressed voltage of 61.8 volte per 
phase is equal to maximum output under normal voltage, mul- 
tiplied by the factor (oTt) = 0.0592, or maximum output at 
61.8 volts = 150 hp. X 0.0592 = 8.88 hp. 

(b) Motor Assumed A-ccmnected. — The student may show that 
in this case the required values are: 

1. Full-load current = 90.3 amp. 

Phase current = 52.2 amp. 

2. Starting current = 214 amp. per phase. 

3. Starting torque ■= 123.3 ft.-lb. 

4. Voltage to give normal current at starting ~ 107. 

5. Maximum output — 150 hp. 

6. Starting torque, with normal current, = 7.3 ft.-lb. 

7. Maximum output on 107 volts = 8.88 hp. 

Que^iona. — Do these answers indicate that a motor built to 
be operated Y-connected, may be reconnected A and will then 
give substantially the same performance? 

Show that if a certain motor A-connected is intended for 
operation at 100 volts, if it be reconnected Y, and operated at 
the same voltage, the output will be reduced to J^. Discuss, 
also, the effect of this change on the power factor, ma x imu m 
output, t(HX|ue, etc. 

Show that if the impressed voltage is reduced by 10 per cent., 
the maximum output and the starting torque are reduced l^ 
about 20 per cent., the starting current by about 10 per cent., 
while the efficiency remains about the same and power factor is 
slightly improved at light loads. This question is very practical 
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Bince a motor designed for and rated at 125 volts may often be 
available for operation on a 110-volt circuit. 

Show that Buch operation might not always be practical on 
account of the reduction in the overload range. 

Would it be practical to operate at 10 per cent, above normal 
voltage? Show that in thia case the power factor will be much 
poorer, particularly at light loads. 

Show that if the primary and secondary reactance are eaeh 
10 per cent., the starting current will be slightly less than five 
times the full-load current. 

From the curves that have been given, discuss the value of 

the ratio, ■. i^-ri r- When constderinE the per- 

' runmng ught current ^ '^ 

formance of the motor, especially the margin in output, show 
that the smallest ratio for a good motor should be about 12. 
The running light current is substantially equal to the mag- 
netizing current. 

Many other considerations are involved in the choice or 
operation of induction motors. ScHne of these may be briefly 



It has been shown that a variation of the secondary (usually 
the rotor) resistance is accompanied by marked changes in the 
performance characteristics of the motor; that higher resistance 
means, roughly, increased starting torque but decreased normal 
running efficiency. For normal operation, therefore, the smallest 
possible secondary resistance is dearable. This is best obtained 
by a type of rotor winding construction known as the "squirrel 
cage." In thif, the conductors are heavy copper bars, lightly 
insulated, with only one bar to a slot. 

The ends of the bars are connected to copper rings which 
thus give a completely short-circuited winding. The resistance 
of such a squirrel cf^ affair is extremely low, and the startii^ 
torque of the motor is correspondingly low. There is no op- 
portunity of inserting additional resistaDce in such a structure. 
For this reason, many rotors are supplied with definite windings 
the terminals of which may either be brought out to sUp rings on 
the shaft, or be connected to a revolving resistance mechanism 
carried within the rotor spider. 

The type of motor to be chosen depends on the iiae to which 
it is to be put. Induction motors cannot be used as indiscrimi- 
nately as can direct-current motors, for example. Consider a 
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motor to be uaed ia pumpingagaiost a hi^b hydraulic head. The 
squirrel cage motor would not start. There might also be diffi- 
culty with the wound rotor type. In this case it would be 
necessary to have many steps in the secondary rheostat to insure 
against the torque falling at any instant below the required 
amount. 

Another question of importance relates to the frequency. 
Aaaume, for example, that a 5-hp., 60-cycle, 21^volt motor is 
required. If it is found that there is a 5-hp., 40-cycle, 220-volt 
motor avulable, will it be practicable to utilize this machine,, 
thus saving, perhaps, the cost of a new motor? 

When a 40-cycle motor is operated on the 60-cycle circuit it is 
evident that the magnetizing current, and consequently the Sux, 

will be reduced in amount approximately in the ratio ~Ki while 
the reactance will be correspondingly increased. The motor 
would therefore be weak in operation, that is, it may have 
insufficient margin in overload range. 

Changing from 60 cycles to 40 cycles would have just the 
reverse effect. The motor would have ample capacity. Mag- 
netic densities might be excessive, and the power factor m^t be 
considerably poorer owing to the great increase in magnetidng 
current. 

To operate the 40-cycle motor on 60 cycles would be most 

60 
satisfactory if the voltage could be increased in the ratio ■^■ 

This, however, is ordinarily impossible. It is sometimes pos- 
sible, however, to accomplish approximately the same result by 
reconnecting the wiadings. Suppose, for instance, that the 
motor is A-connected. Consider changing to Y-connection, at 
the same time dividing each phase into two circuits and cotmect- 
ing them in parallel. Connecting in parallel changes the required 
voltage from 220 to 110. Changing to Y makes the required 
volt^fe 1.73 X 110 - 190. The change of frequency alone 

60 
would surest a voltage of 110 X 77; = 165. Perhaps, there- 
fore, the change to the condition of 190 volts, that is to parallel 
Y-connection, will give satisfactory results in operation. 

An approximate value for the power factor may be obtuned 
as indicated in Fig. 270. A right triangle is formed, the per- 
pendicular sides ctf which are per cent, load and per cent. /.. 
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+ per cent, reactance. The reactance is the mim of both the 
primary and the secondary reactance in per cent. The angle 
9o is the phase angle. The basis for this approximation is found 
from a study of the vector diagrams, Fig. 2S7. 

Motor and Tnmsmission line. — When an induction motor is 
JN«^^ at the end of a transmisuon line on which 

'*'*'| ^^>^*^^ constant voltage is impressed, the constants 

* ' L i* ^^'^„ of the line should be added to those of the 

***** motor windings in determining the per- 

°' formance characteristics. Thus, ro is the 

sum of the primary winding and the Une resistances, and Xa is 
the sum of the primary winding and the line reactances. 

Let it be assumed that a 220-volt motor is at the end of a 
transmission line such that maximum output occurs when the line 
drop has reduced the voltage on the motor to 190. 

The maximum output is then in^ij = 0.75 times its value 
under normal voltage. 

If the performance curves at normal voltage are given, these 
may be changed to give approximately the performance under 
the conditions named by merely altering the scale of abscissts 
so that the maximum output shall occur at three-quarters of ita 
former value. 

Mottv with Auto-transfoxmer. — If a motor is used where it 
does not have to start under heavy load, an auto-transformer 
may be introduced to reduce the starting current. 

For instance, if the auto-transformer supplies half voltage 
the current will be reduced to one-half, and the volt-amperes will 
consequently be only one-quarter of normal starting amount. 
On the primary side of the auto-transformer, then, the curr^t 
input will be only one-quarter of the nonnal starting current. 
Such an arrangement is advantageous from the standpoint of 
current, but is bad where a large starting torque is required, since 
the torque is reduced to one-quarter its nonnal starting value. 

Many other considerations may naturally arise in reference 
to the induction motor, some of which may well be studied from 
the standpoint of its design which is taken up in the next chapter. 
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CHAPTER XLIII. 

STUDY OF THE DESIGN CONSTANTS OP AN INDUCTION 
MOTOR' 

The primary limitiDg features in inductioD motor design 
are (1) the pos»ble amount of copper per inch of periphery, and 
(2) the smaUnesa of the air gap. A amall air gap means a cheap 
motor and high efficiency. Gap lengths ordinarily run from 
0.02 in. to 0.06 in., the smaller values being for small machines. 
A relation between these two limiting features may be found in 
practice; thus, for each 0.01 in. of air gap, from 100 to 150 amp'.- 
conductors per inch of periphery may be assumed as a starting 
basis. 

Let it be required to design the following motor: 
7-6-10-1 200-1 lOv. 

Since practically all induction motors are three-phase, that 
feature is not indicated in the rating. If the motor were two- 
phase, its designation would be IQ. Otherwise, the rating 
indicates 6 poles, 10 hp., 1200 r.p.m. at synchronous speed, and 
110 volta. 

Air Gap. — The air gap may first be assumed in accordance with 

practicfd experience. As a safe average value, let this be chosen 

as 0.02 in. = If. The number of ampere-conductors per inch 

of periphery, from the relation given above, will then be 

2 X (100 to 160) - 200 to 300. 

Rotor Diameter. — This, also, may be taken from experience. 
As a trial value, let the diameter per pole be assumed as 2.S in. 
The rotor diameter is then 2.5 X 6 = 15 in, = dj. 

„ , ... 'dt 15.04X3.14 _ _ . 
Pole pitch = -g- = ^ = 7.88 m., 

where di is the inside diam. of the stator. 

' It is realised of course that since this is not a book on design of electric 
machines, the equations used are not claimed to be accurate, but they are 
sufficiently accurate for the purpose in view which is to give a fairly com- 
plete idea of how the variouB constants are derived. Indeed the methods 
suggested have been used in the design of a lai^ number of machinee that 
have been built. 
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Stator Slots per Pole. — TIub depends primarily od the slot 
pitch, but muflt be a multiple of three. For low-voltage motors 
the slot pitch may be quite small, say 0.65 in. As the voltage 
increaaea the space requirements of insulation will cause an 
increase in the pitch. Assuming 0.65 in., the number of statcnr 
slots per pole is 

0.65 - ^^' 
and the slot pitch revised is 

^ = 0.657 in. 
Slots per pole and phase are 

3 '• 
Ampere-oonductors per slot will be 

(200 to 300) X 0.657 = 130 to 200. 

The number of conductors per slot will depend for their size 

on whether the motor ia to be A- or Y-connected. The current 

they must carry may be calculated on the basis of 10 kv.a. 

input, or 3300 volt-amp. per phase. 

If A-wound, 

r 3300 „„ 

^Kw = V^ X 30 - 52 amp. 

amp, conds. 130 to 200 



Conductors per slot „ 

amp. 



' 52 amp. 



52 

Slot and Tooth Dimensions. — In general, it is good practice to 
use if possible four coils per slot. This arrangement lends itself 
readily to reconnection either in series-parallel, for double vol- 
tf^, or in series for quadruple voltage. Therefore, selecting four 
as the number of groups of wires per slot we also get four effect- 
ive conductors per slot. The next step ia to design a suitable 
slot. The deeper the slot, the more copper per inch of periphery 
is possible. 
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Id a gives coil, however, it is not practical to wind more than 
four wires on edge. Therefore, a slot mmilar to that shown in 
Fig. 271 should be chosen. This gives four wires per coil, four 
effective conductors per slot, or a total of sixteen wires per slot, 
^ther A- or Y-connection may be chosen. In this case it will 
be the latter. The actual slot dimensionB for this motor are 
depth - 1.15 in., width =■ 0.34 in. 
Each effective conductor consists of 
four No. 10 B. & S. double cottoo- 
covered wires. Each wire has a 
diameter of 0.112 in. over insulation, 
and the copper area is 0.00815 sq. in. 
62 

Current density is 4x0.00815 " 
1600 amp. per sq. id., which is a rea- 
sonable value. 

The slot insulation is about 0.04 in. 
in thickness, being sufficient for 440 
volts. 

The slot opening is made as small as possible to permit con- 
venient insertion of the coils. Its width in this case is 0.22 in., 
or about two-thirds of the slot width. 

The tooth dimensions are: width at face = 0.43 in., width at 
narrowest point = 0.324 in., shown respectively at a and b in the 
figure. 

Main Flux. — All data are now available to substitute into the 
fundamental equation 

_ 4.44/»fft 
^ - 10« 
from which the required flux, 4>, may be ascertained: 

/ = 60 cycles, 

t = 2 turns per slot X 24 slots per phase = 48 turns, 
A: = constant for winding distribution = 0.96. 
63.5 X 10* 




= =• 63.5 volts to neutral, 



.4> - 



4.44 X 60 X 48 X 0.96 



= 516,000. 



Statra* Lengdi. — The cross-sectional area of the iron necessary 
to accommodate this flux is limited by the maximiun permissible 
flux density in the stator teeth. For 60-cycle motors the maxi- 
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mum denfflty should sot exceed 90,000 lines per sq. in.; for 25 
cycles the density may reach 105,000. Higher deositiee are 
apt to cause excessive heating of the teeth. 

It has been shown that although the windii^ on the stator 
are stationary, the effect due to the multiphase currents in them 
is similar to that of a revolving field structure. With alternators, 
the field flux is more or less evenly distributed aloi^ the surface 
of the pole, that is, the density is fairly imiform, and thus the 
flux, when plotted, approaches rectangular shape. With the 
distributed windings of multiphase induction motors, the space 
distribution of the flux is practically that of a sine wave, as will 
be seen by plotting the magnetomotive forces at different points 
aloi^ the stator periphery. With a sinusoidal space distribution, 
then, the maximum flux density is ^ times the average density 

over the surface. 

The net stator length may thus be determined by assuming 
maximum teeth density, from the relation, 

„ , . flux per pole 

W et stator lengta - ^^^ ^^ density X min. teeth width per pole' 
This equation may be used, however, more advantf^eously as a 
check in settling the final dimensions both of the teeth and the 
stator length. The latter may best be determined at the start, 
by assuming a value for magnetizing current and working through 
the gap. 

Let the magnetizing current required to send flux through the 
gap be assumed as 20 per cent, of full-load current, = 0.2 X 52 
= 10.4 amp. 

Gap arap.-tums = v^ X 1.5 X 10.4 X 8 = 176.5, since there 
are eight turns per pole and phase. 
Average gap flux density is 

B„t. ^p = 0.313 -x- 0.02 "^ 28,200. 



'. Gap area per pole. 



0.313 X 0.02 



■"' 28,200 

teeth width per pole ~ (0.43 + 0.02) X 12 = 5.4 in.; where 0.02 
in. has been added to the tooth width on account of miavoidable 
irregularities in the stampings or laminations. 
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Experience in design would now lead one to judge this lei^h 
of 3.4 in. to be too short, as compared with a rotor diameter of 
15 in. Therefore it will be advisable to repeat the calculations 
on the basis of, say, 12 id. rotor diameter, instead of 15 in. 

The new slot pitch then becomes, 

0.657 X ^ = 0.525 in. 

The slot and the slot opening remain as before, but the tooth 
face is reduced to 

0.525 - 0.22 =• 0.306 in. 
Teeth width per pole = (0.305 + 0.02)12 - 3.9 in. 
.'. gross stator length = -^ = 4.7 in. 

and effective stator length = 0.9 X 4.7 = 4.23 in. 

This value may now be applied to the stator teeth in order to 
ascertain whether the maximum flux density is satisfactory or not. 

Minimum width of tooth = 0.19 in. 

Minimum net area of teeth per pole = 0.19 X 12 X 4.23 = 
9.65 in. 

Therefore, maximum average flux density in teeth = q ' 
-= 53,500 lines per sq. in., and maximum flux density in teeth 
- I X 53,500 = 84,000. 

Rotor Slots. — Consider, first, the squirrel cage rotor. Id 
choosing the number of slots it is well to insure that there shall 
be no possible symmetrical arrangement of the stator and rotor 
slots with respect to each other. In practice it is common 
to take one-half the stator slots ± 1. 

72 

In this case the number will be -s- + 1 = 37 slots. Such 

a choice is made to prevent the existence of so-called "dead 
points," or positions of the rotor from which rt may not start. 
Slot and Tooth Dimensions. — At synchronous or operating speed 
the frequency of reversal of the flux in the secondary core is 
so low, being that of the shp, that the core loss in the aeeondary 
is negligible with proper teeth dimensions. This fact permits 
higher densities in the teeth than are permissible in the primary 
teeth. The maximum density occurs, of course, at the base of 
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Fig. 272. 



the teeth. When the rotor diameter is not great, as ia sroall 
motors, a deep slot means considerable reduction of tooth area at 
the base compared with the area at the top of the tooth. Usually 
rotor slota are fairly shallow. The dimensions in the present 
case are given in Fig. 272. The rotor 
bar is nearly square in section, and is 
inserted in the slot from the end. It 
is covered with a thin layer of paper 
insulation, although, since the bars 
are all short-cu'cuited, even this is not 
essential. The opening between the 
teeth is narrow in order to give a 
large flux area in the gap. At the same time, it is maintained 
for the purpose of reducing the leakage flux and thereby cutting 
down the self-inductive reactance. 

Considering the dimensions, as given, the miniTniiin net area 
of rotor teeth, per pole, is 

^ X 0.32 X 4.23 = 8.35 sq. in. 

.*. Average maximum flux density in rotor teeth is 

— „' - = 61,800 lines per eq. in. 

Maximum density = s X 61,800 = 97,000. 

If, instead of the squirrel cage, a wound rotor is desired, the 
number of slots chosen will in this case 
be 64, which will give nine slots per 
pole, and three slots per pole and pha 

The rotor need not necessarily have 
a three-phase winding; any multiphase ■ 
winding with the proper number of 
poles will do. In fact, the squirrel 
cage may be regarded as a winding of many phases. 

Slot and tooth dimensions are given in Fig. 273. From these, 
minimum teeth area per pole is 0.21 X 9 X 4.23 = 8 sq. in. 

.'. Average flux density in the rotor teeth at base is — s — = 

64,5001inesper8q.in. Maximum density > | X 64,500 = 101,300. 




Fio. 273. 
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The remaimQg rotor calculations are made in esaentially the 
same way for both the squirrel cage and the wound rotor types. 

The former type will therefore, alone, be Worked out. The 
student may, for practice, apply the process to the determination 
of constants and performance characteristics of the motor with 
wound rotor. , 

Rotor Secondary Resistance. — This is difficult to calculate by 
the usual method apphed to definite windings, but may be deduced 
from a well-known fact that the loss, per cubic inch of copper, 
is 0.79 watt at WC. when the current density is 1000 amp. per 
sq. in., and this loss varies as the square of the current density. 

The problem, then, is to find the volume of the rotor con- 
ductors and the current in them. The latter may be considered 
first. 

Consider the revolving fiux as represented at some given 
instant by a pair of poles, shown in Fig. 274. At that instant 
the current flows downward through the 
rotor bars under one pole, and upward 
through the bars, under the other pole. 
These currents are indicated by the 
crosses and dots in the figure. Maxi- 
mum current will be In the bars under 
the middle of each pole where the Sux is 
maximum. Between the poles there will Fiar274. 

be little current in the bars. In general, 
the distribution of current in the bars around the periphery 
will be proportional to the sine of the space angle between the 
bar and the neutral axis. 

Since, now, there is an inductive relationship between the 
primary and the secondary windings, as in the transformer, if the 
exciting current is neglected and perfect mutual inductance is 
assumed, the ampere-conductors around the stator periphery 
must equal the ampere-conductors around the rotor periphery. 
But the former, denoted by 

I.e. = 288 X 52 = 15,000, 
since there are 288 conductors on the stator, each carrying 
52 eff. amp. 

The effective rotor current per bar will then be 
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Maximum •current in any bar is then, 

Ir(max.) = 406 X ^2 = 672 amp. 

2 

Average current per bar ™ /r(av.) = 572 X - " 364 amp. 

In the end ringa wluch Bhort-circuit the bars the current will 
vary in amount along the circumference. The section of the 
ring at A, Fig. 275, will carry the moat current, while at B, the 
current will be sero. One-quarter of the bars will send their 
currents through section A, or, in general, section A will contain 
total bars 



this current. The current through A will be 3.08 times the 
average current per bar, or, 

3.08 X 364 - 1122 amp. 

The average current around the whole circumference of the ring 
is 

1122 X- = 715 amp. 
and the effective current in the ring is 
Ib = 1122 + VS = 794 amp. 
Volume of each rotor bar is 

0.6 X 0.55 X 6.7 - 1.84 cu. in. 
Total volume of bars is 

1.84 X 37 = 68.1 cu. in. 

Since effective current per bar is 405 amp., and, assuming 0.79 
watt per cu. in. loss at 1000 amp. per sq. in., the loss in the bars 




0.79 x(o^ 



6X0.55X1000/ ^""■' ~ '^' ' 
Loss in bars per phase = -^ = 39 watts. 
Volume of end rings is 

2 X 0.5 X »■ X 10.1 - 31.75 cu. in. 
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Effective current per ring is 794 amp. 
.'. Loss ID the rings ia 

"■"(orflooo)' X 2'" - <"-^ ™""- 

Loss in rings per phase = —^ = 21.2 watts. 

Copper lose in rotor secondary per phase = 39 + 21.2 <c 60.2 
watts. This loss is I*R, per phase, where / and R are certain 
"equivalent" values of current and resistance of the secondary. 
Referred to the primary on a 1:1 ratio basis as ia usual in trans- 
former calculations, this loss becomes 

60.2 - 7,V, = ^V,. 
" ■ '''■ ^ 27(3 ~ 0.0223 ohm, which is the desired rotor (secondary) 
resistance per phase reduced to the primary. 

Although this calculation is based on two assumptions, 
namely; negligible exciting current, and perfect mutual in- 
duction between primary and secondary, both of which are fake, 
yet the error introduced is so small as not to appreciably efifect 
the correctness of the results. 

The primary resistance may now be calculated in the usual 
^ay. Length of mean turn = twice the gross length of. stator 
+ eight times diameter per pole, = 2 X 4.7 + 8 X 2.22 - 
27.16 in. 

Total length of effective conductor per phase is 

27.16X^^-108.64 ft. 



ohm at eCC. 

.'. Resistance per phase, of stator, is 
_ 108.64 
'■" " 1000 



X 0.29 = 0.0315 ohm. 



Prinury Leakage Reactance. — This is determined in the same 
general manner that it was done in the case of the alternator. 
The factfl that the air gap is uniform around the periphery, that 
it is comparatively very short and that the rotor teeth, instead 
of being opposite a solid pole, are opposite the stator teeth, 
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introduce important variations into the calculations. The 
leakage Sux may be regarded as that which passes through and 
around the four slots of any pole and phase at right angles to the 
direction of the main flux, due to the current in those slot«, to- 
gether with that surrounding the end-connections due to the 
current in them. • This flux may, for conveoieace, be divided 
into a number of parts, as follows: 

4>i = flux which crosses the space occupied by the conductors. 
This space has an area, a, (Fig. 276), per centimeter 
length of conductor. 

01 = Sux crossing the area, d, between the 
conductors and the gap. 

01 = flux in the gap but not cutting the 
rotor conductors. This is the so- 
called "zig-zag" flux, because it 
passes back and forth across the faces 
of rotor and stator teeth. 

04 = flux around end-connections. 

0t = belt leakage flux, due to the fact that 
the primary and secondary coils are 
not always in positions to react fully on each other. This 
flux has to be considered only with reference to rotors with 
definite phase windings. In such cases the inductance, 
Lt, due to it may be taken as approximately 5 per cent, 
of the total primary self-induction. 
Calculation of inductances due to 0t and 0t give 




Fjq. 276. 



= 4Tsn' 



3f) 



cm., per cm. gross length of stator, where s = slots per pole and 
phase, and n = effective conductors per slot. 
Similarly, 



1, - trm''-. 



.li: 



where — is the effective magnetic conductance of the path of 
the flux 01, per centimeter gross length of stator. 

This inductance is really the sum of two inductances, Lt » 
h't + L"t, of which L'% is made up of the interhnl 
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ami>Gre of all the conductors of the phaee with the flux, ^'i, 
which follows the path from A to B, and L"t is the interlinkagea 
of the couductors in the two inside slots with the fiux 0j", which 
follows the path from C to D (Fig. T277). 
Magnetic conductance across a rotor slot ahove the conductor 

is — \- r, where the letters indicate dimensions, as eiven in 
n ft 

Fig. 277, in inches. This magnetic conductance is in parallel 



with a conductance of variable magnitude of the path across the 
gap into a stator tooth and back again. When a stator tooth ia 

directly opposite a rotor slot, this magnetic conductance ia j- 
where t is the width of a stator tooth face. When the two slots 
are directly opposite, the magnetic conductance of this path may 
be neglected. 

In the first case (tooth opposite slot), the magnetic conductance 
of the combined path is 

vi + k + L. 

In the second case, it is 

m k 

The average of these two values is 

n + A + 8^' 

The flux ijy't passes through this path twice, as the figure shows, 

and it also passes twice across the gap as it first enters and 

finally leaves the rotor. The reluctance of these latter portions 

of the path is y" 
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.'. the total average reluctance is, approximately, 

.' - g I ^ /»V. 

and the required magnetic conductance ia 

IhV. 



p'l Vffo/ 



In the present case, supplying values, 
n = 0.03, n = 0.06, fc - 0.15, h = 0.26, t = 0.305, o = 0.O2 



0.5 + 0.577 + 1.91 ^ 0.305 " 



\gj 0.8 



1.25. 



Maximimi magnetic conductance of the path from C to D 
occurs when the stator tooth ie opposite a rotor slot. The middle 
of the phase is here opposite a rotor tooth. 

In this case the magnetic conductance is 

7- + H ^— i- = *-65. 

'ig *g I 1 

( m k 
n +£ 
When the slots are opposite, the magnetic conductance is 

s ^—7— = 0.944. 

2g , 1 
t m k 
n + A 
When the middle tooth of the phase is opposite a rotor slot, 
the magnetic conductance is 

s —, = 2.98. 



The approximate average magnetic conductance is the aver- 
age of 4.65, 0.944, 2.98 and 0.944. This ia 
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InductaDce due to end-coimections is, as has been stated 
in the Btudy of the alternator, a difficult quantity to calculate 
with close approximation, due to the indefinitenesB of the mag- 
netic path in the air. In the case of induction motors with wound 
rotors, a fair value to assume for the flux per ampere-conductor 
per centimeter length of the end-connections is 



"yj^t 



poles 
diameter 

For squirrel-cage induction motors about 50 per cent, should 
be added to this, as the end-connections of the rotor may be 
regarded as having neglt^ble self-induction, which affords, 
consequently, an increased path for the stator flux. 

Since length of end-connections per coil = 8 X — . the flux 

per coil per ampere-turn is 

*4 = 1.5 X 8 X 1 



= 120 *j~ per absolute amp.-tum. 



With the usual double-layer winding of the stator (primary) the 
mt^inetomotive force per coil i8~o"' 

Therefore, the total flux per pole about the end-connections of 
any phase is 

Linking with this flux are-^ turns, 

.'. the inductance (interlinkages of flux turns per unit current) 
per phase is 

The total primary inductance is, then, 

(Aj'V] henrj.,. 
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Supplying numerical values, 
« = 4; / - 2; n = 4; a = 0.95; 6 - 0.34; d = 0.206; e = 0.244; 
(-)' = 1.25; i) = 30.46 cm.; p = 6;Z = 11.94 cm.;(^'-= 2.38 

Lo = ^^^ [C0.931 + 0.843 + 1.25 + 1.73)4 + 2.38 X 2] 
= 0.000249 + 0.0000686 = 0.0003176 henry. 

Primary leakage reactance ie, therefore, 

Xo ~ 2TfLa = 0.12 ohm 

Secondary leakage reactance. 

Self-induction of the secondary is obtained in the same way. 
Thus the total secondary inductance is 

^' = -iO^L3& + i+^J^^°'^' 
where all quantities are known except -^■ 




Fia. 278. 

In Fig. 278 the leakage path is indicated by the dotted line 
for the relative position of rotor and stator teeth in which the 
magnetic conductance is maximum. The reluctance in this 
case is 



P.Cmin.) . 



-+- 



1 



■ 0.2625 + = 



. 0.6, 
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Minimum magnetic conductance occurs when the ntator and 
the rotor slots are directly opposite each other. Then 









p,(max.) 


= 2 


N*'l 



The value »« is the ma^etic conductance of the small path 
across the faces of the rotor teeth tips opposite a stator slot. 
It is, approximately, 

5f^o.5n. 

■•i>'°'- 2^54 -»■"«. 
and the average value of the magnetic conductance is 
/. 2 + 0.376 ,„ 
2 '2 «PP'^«- 

The rotor self-induction is then determined by supplyii^ 
numerical values in the equation for L, (see page 370). Thus, 

X,, ^j [j;^ + g^ + 1.2j-4.09X10-h.nr,B. 

Reactance = 2r/Li = 0.00154 ohm. 
Reduced to the primary basis, this gives 

Xi = 0.00154 X i^y = 0.0935 ohm. 

The only quantities remaining to be determined are 7« and 
I),, the magnetizing and core-loss currents. The core loss, or 
watts lost in hysteresis and eddy currents, is E*g, where /a = Eg. 

This loss is almost entirely in the primary core where the 
normal frequency of reversal of the flux obtains. 

The secondary core loss is neglected.* 

As with the alternator, the eddy current loss will be taken as 
equal to one-half of the hysteresis loss. 

To find the latter, then, the volume of stator teeth is 

F, = 72 X 4.23 X 0.45 - 137 cu. in., 

where 0.45 = area of a tooth. 

< It is neglected only in the caae that the pulsatioo in fliu due to the pusing 
of the teeth ia negligible, which is, however, not always the case. 
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Weight of teeth = 137 X 0.28 = 38.4 lb. 
Hystereds loss in teeth at 2.8 watte per lb. at C 
64,500 lines per aq. in. is 



38.4 X 2.8 X 



/ 84,000 \ I' 
\64,500/ 



Outside diameter of the atator = 16.375 in, 
Inside diameter of the stator = 14.34 in. 
Volume of stator core is 

, 16.375 + 14.34 



I cycles and 



n - r X - 



X 4.23 = 204 cu. in. 



Weight of core = 204 X 0.28 = 57 lb. 

5 16,000 

2 



Flux density = - 



(1.0175 X 4.23) -= 60,000 lines per 



. Hysteresis loss in core is 



. Core loss - 1.5(170 + 140) = 465 watts. 

= -5- = 155 watts - E*g = Eh, and /* 



Core loss per phae 



155 „, 
- -g- = 2.44 amp. 



Per cent. /* 



2.44 

" 52 " 



0.047. 



That portion of the magnetizing current required by the air 
gap has been assumed as 20 per cent., or 10.4 amp. That 
required by the iron part of the flux path must be worked out 
from the known densities and dimensions of the magnetic circuit. 
The usual tabulation is as follows: 



P>rt 


I><u«ty 


AT. p«r U. 


Untfh 


A,T. 


[ 


84,000 
72,600 
97,000 
88,000 
60,000 
60,000 


4,5 
4.5 


1.15 
0.6 
4.0 
2.0 








1 max 














J 
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Since there are eight turns per pole per phase, the magnetizing 
current required for the iron is calculated from the equation for 
armature reaction. 

Arm. reac. — \/2 X 1>5 X amp.-tumB per pole and phase 
= 2.12 X 8 X amp. = 51. 

.'. Current required for the iron part of the magnetic path - 

16.96 " 
Total magnetisiiig current per phase ia 
/. - 10.4 + 3 - 13.4 
per cent. /■ = 0.26. 
Ferfonnance curves of the motor may now be worked out from 
the constantfi, reduced to percentages, as follows: 

0.0315 X 52 



E, - 1; 7, =. 0.047; 7. - 0.26; 
ri = 0.0183; la = 0.0982; xi - 0.( 



63.5 
/ - 0.01. 



--0.0258; 
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Tabulating as in the problems of the previous chapter, the 
resulting values are as follows: 



SUp 0.0 


0.01 


0.02 


0.03 


0.05|0.08 


O.I 


0.3 


0.5 


1.0 


/. 0.257 


0.626 


1.107 


1.57 


2. 38 


3 32 


3.775 


5.34 


5.64 


5.82 


T 0.0 


0.498 


[).S5 


1.33T 


1.925 


2.37 


2.475 


1.676 


1.12 


1,6 


P- -So ) 


0.483 


3.921 


1.28f 


1.82 


2.17 


2.217 


1.163 


1,55 


0.0 


Ft J-0462 


1.5525 


1.022 


I.44t 


2.11 


2.675 


2.867 


2.426 


1.953 


1.484 


EJt ).267 


D.62a 


1.107 


1.57 


2.38 


3.32 


^.775 


5,34 5.64 


^,82 


Eff. ).0 


).875 


).00 


3.889 0.862 


1.81 


1.772 


1.47( 0.281 


1.0 


P.F. ).18 


).883 


).022 


J.921i0.887 


3-805 


1.75 


1.4550,346 


1.26S 


App.eff. 0.0 


0.773 0.83 


0.819 0.766 


0.652 0,587 


0.2280.0972 






» are given in Piga. 279 and 280. 





^ /tx ^ 


^ A \ 


" y / ^^ 


. ^^^ ^ 


\ Jl t A 


^t^ ^ 


. -/j V 


> 2^ I 


1 J^ 3 




" r 


^1. 



<U 0.4 0.6 0,^ 1.0 U L( 

Spaad wA Cumnt -f- i 

Fia. 280. 
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CHAPTER XLIV 
ROTART OR STNGHRONOUS CONVKITERS 

It is frequently necessary to obtain direct current when 
the aTailable supply is alternating. Such, for instance, is the 
case with many electric railways, arc lighting systems, etc. 
Changing from direct to alternating current is also, but less 
&equently, required. The work of conversion from direct cur- 
rent to alternating current or vice versa, is done to great ad- 
vantage by means of the rotary converter. Looked at from its 
commutator end, this machine is a direct-current generator; 
from the other end, it appears to be a synchronous motor with 
revolving armature. 

Both receiving and transmitting electrical energy, it is motor 
and generator combined into one. If it be driven by mechanical 
power, it may give out electrical power, in the form of either 
direct current or alternating current, or both at the same time. 
Under its various phases of operation, then, the rotary converter 
may work as a direct-current generator, direct-current motor, 
synchronous motor or alternator. In any case its performance 
becomes that of one of these machines or a combination of them, 
and may be studied in that light. 

Voltftge and Current Ratios. — The fundamental equation of 

where /, ij> and t, are respectively, the frequency of alternation 
pf voltage in the conductors, the flux per pole cutting the con- 
ductors and the total number of turns between brushes. If 
the armature is tapped at two symmetrical points (for each pair 
of poles), and the taps are brought out to sUp rings, then the 
voltage across the slip rings, by the fundamental equation for 

alternating-current generators, is E^/. = ~,nt ~ effective volts. 
This equation holds, however, only for concentrated windings. 
For distributed windings, it is 

P _ 2 ^ 4.44/j.f 



X 



10» 
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and, substituting for 4.44 its derivation, V^t the maximum 
voltage ia £^« - -s/S X - X --- ^q, - = ^ volts, which ia the 
same as for direct current. 

In calculations involving the voltage it is convenient to deal 
with the voltage to neutral, that ia, one-half the direct-current 
or alternating-current ungle-phasevott^e, and the phase voltage 
with polyphase connection. Thus, direct-current voltage to 

neutral is S, = -^ - y^. 
Single-phase effective voltage to neutral is 
g, ^ £ 
V2 2V^" 
In a three-phase machine maximum voltage between rings, ^ 
V3 E. - V3 X ^' - V5B.. 
In an N-phaee machine, 

£„ - 2£, Bin ' - £ Bin - 

N n 

is maximum voltage between Tings. 

EfiEective voltage Ib E,// — V^^n Bin — = — ;= Bin — 
" V2 n 

Current relations are determined by assuming 100 per cent, 
efficiency, or input = output. The direct-current output is 
2B,J, where / = direct-current line current. 

The input is N—^I„, for N phases, where /„ = phase current. 
V2 

Equating output to input, and solvii^ for Ip, 
2NEJ, sin ^ 



2EJ = N-^ 



h = 



V'2 " V2 

2EJ__ V2I 



■\/2JV£,8in^ Nanj^ 

Effective Une current is the vector Bum of two adjacent 
effective phase currents. This may be proven to be 
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Thus, for three-phaae, effective phase current is 

and effective line current is 

/, - -3-/. 

ProUoai 110. — Amuming the direct-cuirent voltage and current to be S 
and / respectively, deduce effective phase voltagea and currents for one-, 
two-, three-, four-, and Bix-pham alternating input. 

For ainglfi^heae, the values have alieady been indicated, lliey are 

They cannot be obtained from the general formnlfe direcUy, but are 
eanly found from the power equation. The general formula apply to 
p^yphaee machines. 

Voltage Control. — Under the ideal coaditions assumed, there 
is no voltage drop in the armature. Practically, however, there 
is a drop proportional te the load. With a constant impressed 
alternating-current voltage on either the rotary terminab or the 
supply generator, the drop in the armature, or in the armature 
and line, as the case may be, causes a variation in the terminal 
direct-current pressure. 

It is frequently desirable to compensate for this volti^ drop 
in line and armature, in order to maintain constant direct-current 
voltage across the brushes of the rotary j 

converter. One method of doing this 
is by proper " compounding of the series 
field." In general, the procedure is to ' 
" under-excite the shunt field," so that 
at no load the machine, acting as t 
synchronous motor, will draw lagging 
current of about one-third normal 
value. At ^-load the current will be 
in time-phase with the voltage. 

At full-load the current, due to the series field m.m.f., will lead 
somewhat, with the consequent increase in terminal voltage. 

Heating of the Armature. — In f^. 281 is shown one phase of a 
rotary converter, whose center line makes an angle (9 — a) 
with the field axis. Let any coil, e, be displaced an angle, a, from 
the center line of this phase, or 9°, from the field asb. 
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To Find the Heatbg fai this CoQ. — ^Let the current and voltage 
be in time-phase with each other. Then maximum current will 
flow in the phase, and therefore in the coil, when 6 — a = 0. 

Thus the current in the coil is not maximum when the coil is on 
the axis, but when the center of the phase is on the axis. There- 
fore the alternating current in the coil may be written 

I = /« COB ($ — a). 

If / is the direct ciurent in the line, 5 is the direct current in 

the coil. 

Therefore, the resultant cturent in the coil is 
/ 
"2 
But it is known that, in general, 
/-- 

Therefore, 




The heating of the coil is proportional to the square of u; the 
average heating to the averse square of the resultant current 
taken over a half-cycle from = — n^ ^ ~ 2 '^'"*^» average 
heating of coil = 

Comparing this heating to that of a direct-current generator 
with the same current output gives 

heating of rotary coil _ I ^ A cos (g — or) -.' 
heating of d.-c. gen. coil ~ «■ I ( ., . x -!)<**• 



Problttm 111.— Prove that this ratio is: 
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ftwif.— 

'J_.l "--J . I 
1 C' /** ««*(*-«•)- 8Af COS (tf - a) Bin ^ + JV' Bn* ^\ 

^ ;;: C^ (lflC06"{»-«)-8JVdn^00B(«-a) + i^'«n^)d«. 

tJV' ain' ^ I , 

Int^rftting the terma oepftntely, 

(1) I 16coe> (ff- a)tfe - 16 I (c(M*«cos* a +2coe >«□ ectMataaa 

+ Bin* a Bin* 0) df 

+ '^*-(— 4— +2)J_|' 
-ftrcoa'a + +ar8in»o-8rCBin»a +oofl'n)-8r. 



X!- 



8iV sin ir^ COB (0 - a)da 



^rcoBamn»+8iiia(-c«e)l=' , 
L -1- J 

- - 16Ar Sill ^ COB a. 

I ^ff'flin'^d* - fynn'^ o]' ,-»;V»ain'^- 



- - 16Ar sin ^ 



W sin' jy Nr m.D-ij 

Prove that ti)is ratio is maKimuin for that coil of the phase for which a — 
-ij, that is, for the largest possible value of a, and that the patio is d 
for a - 0. 
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Problem IIS. — Find the ratio between maximum and minimiim beating o: 
three-phaae, four-phase, and six-i>hBse rotary converters. 




Six-phase ratio, ■ - — (TTog ~ 2.14. 

Problem US. — Find the rstio of average heatii^ sround the whale pe- 
riphery to the heating of a directKiurrent armature. 

To determine the ratio of average heating around the periphery the ex- 
pression must be integrated for the ratio of heating of any coil of a phase for 
all possible values of a, and this must be divided by the angular width of th« 
phase. 

Thut, ratio of average heating is 

N_ r 8a J6wn_o-j" " ^ 

' j^W sin* jj ^x sin ^J , 



ProUem 114. — Find the ratio <^ average heating to direct-current heating 
for three-phaae, four-phaae, and su-phose input. 



Tbree-phaee 


B sin' 60° 


+ 1 - 


^ - 0.55 


Four-phase 




-0.63 


= 0.37. 


16 sin' 45° 











In all of these problems the input is taken at unity power factor. 
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When there is also a wattless compoDent of current in the 
winding the heating is due to this component which is not com- 
pensated for, as well as to the power component. Although the 
components are at right angles (F\g. 282), the heating due to 
them is added directly, since it is proportional 
to their squares, and the sum of the squares 
^vee the total current in the winding. 

Another way to determine the heating of a ■ 
rotary converter when the current has a 
wattless component is to resolve the current 
into its components and add their instantaneous values. 

Let the power factor of the alternating current be cos 0. Then, 
if /w is the maximum value of the wattless component of the 
current in the winding, and /. is the maximum value of the power 
component, 

'I, 
Thus, /„ ii 

27 



FiQ. 282. 



tan0= J 
i known, or, 

/«, = /, tan = - 



JVain 



7tan^. 



N 



ip IB positive for leading current. /„ is maximum for 8 



.'. i„ = /„ sin (fl — a) for a coil displaced a°. 
Thus, the resultant current in a coil, m, is 




Problem IIB. — From thia equation determine the manmiun heating o! an 
armature coil compared with that of a direct-current generator of the same 
output. 
Solution, — 

, rotary current in any coil fc_ 
!. current " / ' 



Ratio of - 
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The ntio ot heatii^ 

'J .} W.i.^ Il«.'if I 

2 

_ 1 A / l6coe'(g-a) . , . i8» 



32 CM (fl - tt) sin (» - tt) 8wn(g- a) 






Integrating and applying limita, 

Ir 8r . 8»tan'* 16 cob o , „ , 16 ^ a tan «-] 
--I +T H + + 1 

'[«w^ AT. .to. J ;,™j »™j J 

8 (1 + tan' ») 18 cos a+ 16 Bin « tan » 

But 

1 + tan» ♦ - «»' ♦ - J3^- and tan ♦ - ^ 

ooaocoa^+sinccBin^ — oaa(a — «). 

,.E„i„ 1 + , _ '"-fa-*' . 

JV' nn Tr 001* ^ riV ain t: m* # 

The maxunum heating oocura in that coil forwhieh ooa (a — #) ia mini- 
Problem 116. — Compare the average heating around the whole periphetT' 

with that of a direct-current generator. 
Solufi'tnt.— For this, it ia neoeBsary simply to integrate the above ratio 

between the limits of a phaae, or between — -jj and + in and divide by jy * 

n C '/ ' + 1 -: '« •<»(■-«) \j_ 

■'""""si (^ifsia'^ox't W.««]Jc<«» y 

l/« — '^ 



Substituting the expression 

oos{a — *) — coa^coen— sin^ 



Ratio 

"|JV'Bin>^coe«# 
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'i)- 



N* Bin' ■— coa* « ' tf' sin' -^ coa' « 

ProUoiii 117. — Calculate maximum and minimum heating for a powei 
factor of 0.9, lagpng and leading, for three-phase, four-phase, and aix-phue 
lotariea, also the average heating. 

Solution. — Maximum heating is obtained by substituting a — j^ and 
minimnm heating by substituting a — 0, in the equation 




A good physical idea of the diBtribution of current in the 
windings of a rotary armature may be obt^ned from diagrams 
showing the direct^urrent output as a coustant fixed in space 
with reference to the brushes, while the alternating-current input 
varies according to the angular position of the phases, by the 
equation i « /„ sin $. 

Iict vary by steps of 30°, and write down on the diagrams 
the values of both the direct and alternating current, with direc- 
tion arrows, and also the resultant current in each part of the 
winding. This may be done both for single-phase and three- 
phase armatures. 

If the unidirectional line current is 100 amp., then the maxi- 
mum alternating current is 200 amp. for singl^phase and 133 
amp. for three-phase. 

These diagrams are given in Fig. 283. 

Voltage Control. — The voltage of rotary convertera for railway 
work is controlled by variation of the phase of the current input. 
In general the machine is over-compounded to neutralize the 
drop in feeders. Therefore, the alternating-current voltage 
impressed on the rotary, must vary to make up the necessary 
over-compounding as well as the drop in the armature. 
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The phase of the current, aa in a aynchronous motor, dependa 
on the field excitation. A reactive coil is placed in aeriea, as 
shown in Fig. 284. If the current ia lagging there will be a big 
drop in the line and coil, and the voltage impressed on the 
rotary will be reduced. 



Cutrent ReUtiont 



Pbiae Converter 




FiQ. 283. 



If the aeriea field ro.in.f. is so adjusted as to give leading 
current at full-load, then at light-load, the current will be lagging. 
By this means of adjustment, a constant direct-current voltage 
may be maintained. To get this adjustment, the shunt and 



^obyGoo»^lc 



ROTARY OR SrNCHBONOUS CONVERTERS 393 

series field m.m.f. should give unity power factor at about 

QueeUon. — In a given case, it may be required to obtain con- 
stant direct-current voltage from a given constant generator 
voltage, Ea, of such a value as to require the interposition of 
transformers. How shall the transformer ratio be determined, 
so as to give the most efficient operation? 



Fia. 284. 

If constant voltage, e, impressed on the rotary is assumed, 
the fundamentid equation is 

Eo==e+ [i + ji'){r + jx) 

where r + jx = impedance of line and coil. 

■ But generally, e ia not constant, but should vary with the 

load — that is, with i. The equation is 

JE, = e + ifc + (t + jt')(r + jx) 

'=e + ik + ir-i'x+ jiix + i'r) (128) 

where k is the percentage of over-compounding. 

Assuming that i' — at, say, ^-load, the first step is to find 
i' at no-load, to ascertain that it is not excessive. 

Let e + ik = ^. Then (128) becomes 
f. ' €> + {i + ji')(r + jx) 
Ea' -= ie + ik + ir - i'x)* + (i'r + ix)* 

= e' + PZ' + iV + 2ei{k + r) - 2ei'x approx. 
Lett"- tg at non-inductive load. Then 

E\ = e* + t»(Z» + fc!) + 2eto(fc -f- r) 
,. |» = 1 + i^. ?i±A' -^ ^« (i + r) (129) 

At DO-load i = 0. 

.'. B." - «' + i"Z' - lei'x - e' - M'a; (approx.) 
. , E,' - e' e \lE,\> ,1 
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Nomerical AM>Uctti<ai.— Let « = 1, r = 0.10, x = 0.30, k = 
0. 10, t - 1 at full-load, and to - 0.75. 

Then — = 1.12 and i' at no-load = - 0.38. 
e 

The generator voltage should thus at no-load be 12 per cent, 
higher than the desired voltage at the rotary at no-load, or, in 
other words, the voltage at the hne cbmiug into the substation 
should be 12 per cent, higher than is actually wanted at the 
collector rings of the rotary. The rotary will reduce the no- 
load voltage by taking a large lagging current (in this case 40 
per cent, of full-load current). 

Thus if, for instance, a single-phase 500-volt rotary is to 
operate from a lOiOOO-volt generating station, the transformer 

in non 2r 2 

ratio would not be ^^^ = 28.2, but ~ = 25.2. 

If /i is the secondary current due to a certain phase of the 
primaiy, whose induced e.m.f. is ei, then the power component 
of /i has been shown to be efSi. 

— jli is evidently the secondary current due to a primary 
phase which is 90° In space and time behind the former. The 
induced e.m.f. of this phase is, of course, — jet, and the flux 
causing the e.m.f. is 90° in time ahead of the e.m.f. Thus the 
flux which reacts on the energy component of the original second- 
ary current is proportional to j( — jet) ■■ ket. 

.'. the torque is keiCtai = kei^ai. 

Voltage Control by Use of ttie " S^t Pole."— The "split pole" 
converter has found extensive application more especially in the 
field of hghting service, where the fluctuations of the load are 
not so persistent as they are in railway work. 

It is baaed upon the principle that the voltage ratio ia altered 
by shifting the brushes. 

Ordinarily, the brushes on a direct-current generator are set 
at or near the neutral point, and when they are in that position, 
the generator gives maximum voltage. If shifted to any other 
point, the voltage is E cos a, where a is the angle between the 
neutral axis and that of the brushes, and E is the voltage when 
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Fio. 286. 



the brushes are on the neutral axis. Under conditions of variable 
Bhift, the voltage ratio of a rotary converter is then, 

Ecoatx 

In order to increase the amount c^ the variation of this ratio, 
the poles are slotted, or split, directly over the position chosen 
for the brushes, as shown in Fig. 285, thus enabling the brushes 
to take a position, which, otherwise, would 
be impossible owing to bad commutation. 

Such an arrangement, while it permits 
a great shift, does not give variable shift. 
To obtain variation of the shift, which is 
indeed necessary in order to have voltage 
control, the poles may be split into two or 
more separate sections, each with its own exciting coil. 

Suppose, for instance, an arrangement such as shown in F^. 
286. Let the poles JV and S, alone, be excited. The axis of the 
main flux is then along the line making an angle a with the hori- 
zontal. Suppose, now, as the load comes on, poles N' and S' are 
excited by means of a series winding. The flux axis is then shifted 
toward the horizontal, decreasing ut, 
and consequently increasing the direct- 
current voltage. The amount of such 
variation of voltage is considerable. 
Teste on a certain three-phase, machine 
showed that with constant impressed 
alternating-current voltage of 194 the 
direct-current voltage ranged from 317 
to 200, giving at all times sparkless 
commutation. 
Poor commutation in rotary converters is due almost entirely 
to self-induction of the coil short-circuited by the brushes. This 
effect is of sufficient importance to justify the use of inter-poles. 

Armature Reaction in Rotary Converter 
ProUm 118. — Prove that in an ordinaiy rotary converter the resultant 

annature reactive m.m.f . due to the direct current and the power component 

of the alternating current is kbto. 

Solution. — Conwder a two^Ktle machine. Let / — direct current, and 

m B total turns. Then the ampere-tums due to direct currmit ~ *» X s' 




Fia. 286. 
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Ab these turns are distributed, the direcUcurrent armature reaction = 
2 / m/ 

» ^""2 T 
This reaction, considering the brushes to be at 0* shift, is dong the axis 
of the brushes. 

Armature reaction due to the power component of the alternating current, 
is also along the brush axis, but opposite to the direct-current reaction. 
Alternating-current armature reaction due to the wattlem component ia 

f V2 X i'.... X r, 
where i',.,. - /,.,. ain a, and Tt » effective turns per. phase. 

With the power component, the expression for armature reaction is 
exactly the same but the ditection of the reaction is along the brushes in^ 
stead of aloi^ the field axis as with the wattless component. 

.'. Alternating-current armature reaction ^ N v^ ^-c- T, where i.-e. ia 
the power component, in the direction of the direct current. 

But 

2JV sin^ 



Effective turns per phase, Ta 



= kt, where I ■» turns per phase. 
chord N . T 




Substituting these values, altemating-ourrent 
armature reaction due to t — -s- ■■ direct-cur- 
rent armature reaction, and the total reaction in 
the brush axis is 0. 

Armature reaction is present in split-pole ro- 
tartes to a limited extent. The directHsurrent 
-.reaction is always aloi^ the brush axis, while the 
alternating-current reaction due to the power 
component of the current is at right angles to 
the resultant flux. 
The angle, a. Fig. 2S6, ia the angle of relative brush shift. Tie direct- 
currant reaction, F, Fig. 287, may then be resolved into components, Fi 
along the flux axis, and Ft in line with the alternating-current reaction. 

The alternating-current reaction due to the power component of current 
is in line with Fi, and is f n - F eos a. 

.'. F, - Feoaa - F„ 



Fia. 287. 
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Also, 

Fi -Fain a - — ^sina - i^H tan a. 



Thus, Ft ia compeiuated by Fn, while Fi has no compensation except in 
BO far aa this is accompliBhed along the lines of the main field excitation- 
There remains an imcompensatAd component F,, along the brueh axis, vhich 



Hut is, the uncompensated armature reaction amounts to about 30 peT 
cent, of the alternating-current reaction. 

Transformer Connections for Rotary Converters. — Moat rotary 
converters receive enei^ from three-phase supply. In most 
cases it is simply a matter of connecting to the ^ 
transformer terminals as would be done ii 
case of a synchronous motor. However, 
often economical to operate the rotaries as six- 
phase machines, receiving the enei^, however, 
as three-phase. In connecting six-phase, the principle is to 
always have the direction arrows as shown in Fig. 288, for either 
A or Y-connection. This is Ulustrated in Fig. 289 by what is 
called the double A-connection. Each primary suppUes power 
for two secondaries whose terminals are led to the slip rings of 



to the r — t-j . 

, it is V r^ 



Pia. 288. 





Fig. 289. 



the rotary converter. There are six sUp rings. Each slip ring is 
connected to two transformers. The terminals are indicated by 
correaponding numbers. Fig. 290 illustrates the double T-con- 
nection. The arrows show the only essential precaution that is 
necessary to take. There are slill other ways of connecting six- 
phase, as the "diametrical," in whidi the 'terminals of each 
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tranaformer are ooimected to diametrically opposite pointe on 
the armature. 

Synchronous Condensers. — When a rotary converter or syn- 
chronous motor is over-excited so that it takes a leading current, 
it may be used on a system for the purpose of improving the power 
factor. 

Such uses are of frequent occurrence vhere the load consists 
principally of induction motors with their large lagging compo- 
nents of current. Machines used for the purpose of neutralizing 
this la^ng current by drawing on the supply for an equal leading 
current, are called "synchrbnous condenseHi." 

The commercial problem is, in any case, to determine whether 
the saving in line and generator loss, improvement in regulation, 
and, with initial inBtallations, the saving in capital expenditure, 
justify the additional expenditure required for the installation of 
synchronous condensers. 

As a concrete illustration, consider a system with poor voltage 
regulation. Can the owners t^ord to buy synchronous con- 
densers, at say, $10 per kv.a., in order to improve the operation of 
the system? Let it be assumed that the power factor is ordinarily 
only 70 per cent., that the cost of energy to the station is Ic. 
per kw. hr., and that the load factor is 30 per cent. 

At normal full-load, t = 1 = load component of the current. 
Then, since cos = 0.7, i' = 1 => wattless component, la^ng, 
and the total current is / = t — ji' — 1 — j'l. 

To neutralize the lagging component, a leading component, i', 
= 1, is required. If this is the full-load current of the condenser, 
Its rating is at once determined and, thereby, its cost. It would 
probably be better not to try to make the current lead by 90°. 
For instance, let the condenser also do some work, say i'e = 0.1. 
Then 

/, -0.1+il, 
and 

/, = Vroi - 1.005. 

Thus the condenser current is practically unaffected in amount 
by the addition of a 10 per cent. load. 

The total station load is now t -1- i, = 1.1. Whereas,' pre- 
viously its current was I = 1.4, it is now only 1.1, and yet the 
useful load is not only the same but is 10 per cent. { 
The volt^e of the toad is taken as « « 1, 
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The line lose has been reduced in the ratio (t^) , or 38 per cent. 

Afisuming, previously, a line and generator loss of 20 per cent, 
which would be reasonable tinder the conditions, the saving 
amounts to 0.38 X 0.2 = 0.076 watt. 

At 30 per cent, load factor, this saving is 0.076 X 0.3 = 0.0228. 
The gain in power from the condenser is 0,1 X 0.3 = 0.03. 
At Ic. per kw. hr., and assuming 7200 hr. per jrear, the value of 
energy saved is 

10.00001 X 7200 X 0.0528 = 10.0038 

Cost of condenser at $10 per kv.a. is 

»0.01 X 1.0 - JO.Ol 

Interest at 6 per cent, on cost of condenser = 0.01 X 0.06 
= 10.0006. 

Problem 119. — Apply the above reaaoning to a qrstom in which the normal 
load current ie 1000 amp. at 2S0 volts, Btattng Hie conclusion with reference 
to the advisability of buying sjnchronous condensers, Considerii^ the 
line to have Tesistance only, show how the voltage i^ulation would be 
affected by the change. 

There is still one feature of the use of synchronous condensers that has 
not been considered. In the above example, the load has been taken as 
varying to give a load factor of 30 per cent., while the synchronous condenser 
was assumed to supply at all times a leading component exactly neutralising 
the lagging component of the load. This assumption of flexibility of the 
condenser is hardly justified. At the same time it would be undesirable 
that the condenser should draw fuU-load leading current continuously, 
l^e field excitation may therefore be obtained by compound winding such 
. that at full-load i', - 1, while at no^oad i'. - - 1. The field of the 
coudenaer must therefore be made to depend on the entire load to be 
compensated. 

By making the fuU-load and noJoad wattless components equal and 
opposite, the smallest coudenaer is required. This gives, however, consider- 
able n»4oad line loss. 

The use of synchroiious condenaera has now been discussed sufficiently to 
enable the student to investigate any given case and make on engineering 
report on it. 

The question of where to install the condenaere, whether at the load, or 
at the power station, is also of interest, and should be discussed by the 
student, reasons being given why either position is to be preferred. 
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SmOLE-PHASE ALTERNATHIG-CnRRENT MOTORS 

Under this heading would naturally be comprised single- 
phase induction motors and the variouB typee of commutator 
motets. The development of the latter class of machines, to- 
gether with certain inherent defects in the former, has had the 
effect of rendering the single-phase induction motor nearly 
obsolete. When a polyphase induction motor is running, if one 
of the phase circuits be opened the motor will continue to operate 
as a single-phase machine. Its permissible output will be greatly 
reduced and, in general, its characteristics will be changed for the 
worse. The principal difficulty with the single-phase induction 
motor is its inability to start. Special means have to be supplied, 
such as "spUtting" the phase, that is, dividing the primary wind- 
ing into two circuits, one of which is provided with a condenser or 
resistance to give a time-phase displacement of one current rels^ 
tive to the other. In some such way the motor is temporarily 
converted into a poor polyphase motor with just sufficient torque 
to enable it to start without load. After coming up to speed, a 
switch is operated which causes the motor to run thereafter 
through power supplied to one phase. 

The Series Motor. — It has already been pointed out that a 
direct-current series motor [>osse8ses, fundamentally, the quali- 
fications for operation on alternating 
current. Practically, in direct-current 
motors, the field is made strong and 
the armature weak. In alternating- 
current series motors the reverse is the 
case; the armature m.m.f. is three or 
FiQ. 291. four times as strong as that of the field 

circuit. 
To determine the values of flux, current, torque, power, etc., 
we may proceed as follows: 

Consider an armature coil displaced 9° from the horisontal 
(Fig. 291). The flux enclosed by the coil is 
~ $,. sin ut sin 
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fiiDce the flux is alternating, the total flux at any instant being 
9m sin ut. 
Therefore the induced e.ni.f. per coil ie 

de= — -^ = — ^rnla <soB <at tan $ + mn 6)1 COB B -^y 

Let, now, $ = wit, where mi = 2t/i and /i ~ frequency of rota- 
tion, i.e., due to rotation of the armature; the coil has moved 
through an angle in the time (, ui being the angular velocity of 
the rotation. 
Then 

de 

dl " "'' 
and 

de = — $»(w C06 cii< sin 9 + wi ain ci>( coe 9). 
T 
If there are T turns between brushes, there are — dO taxaa in 

the httle element dd. Therefore the total induced e.m.f. is 
■_(<•) cos ut wn + wi sin di BOB 8) 






■• — *,. 2ir/i sin w( 
4*»/iT8inwi ,, 

Thus, the induced e.m.f . is seen to be of fundamental frequency 
{ii£), and in time-phase with the flux. 

Let the components of the flux be ^/, the field flux along the 
pole axis, and ^t, the armature flux along the brush axis. These 
component fluxes are then in space quadrature. Let, also, JV/ 
be the number of field turns per pole, and N^ the equivalent 

2 
number of armature turns {N^ » -T for distributed winding). 

If the magnetic reluctance were uniform about the armature 

periphery, -j^ would be equal to ■^^ 

In practice this is not the, case. These motors are provided 
with definite poles, and therefore 

*/ - ™ ^', 

where m > 1. 
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Let 
where n < 1. 


Hi 


Then 


*' - «,, 



Since, now, the conductors are rotating in a magnetic field, 
there is induced in them an e.m.f., Er, of rotation, whose effective 
value is 

Er i^^-=- volts. 

Nt, here, ia used for the effective turns of an equivalent single- 
phase alternator. 

The induced e.m.f. in the armature due to the alternation of 
the armature flux, ^a, is 

4.44 *JiV. „ 

and, Bimilarly, the induced e.m.f. in the field due to the alterna- 
tion of the field flux, 0/, is 

4.44*//A^/ „ 
E, = j^-^ volts. 

The total e.mi. induced either by rotation or by "transformer 
action" is the sum of these three e.m.fe. treated as time vectors. 

Er is in time-phase with 0/, while Ea and Ef are in time-quadra- 
ture both with *a and */. 

.'. the total induced voltage is 





a - Vk' + (£. + E,): 




But, 


E, h". ' 
E, - IN, - n' 




where 


8 = r, and, as before, n 


-f: 


Also, 


E. N.*. 1 
E, - S,i, - mn' 




.■. Substituting 






E,.'-E,^iE..^, 






E, j (mn- + !)■ 


-'ivi 
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If resistaDce drops in the field and armature coile are neglected, 
Et ~ E, the unpressed e.m.f . The reactance may be determined 
as in the case of the induction motor. Let X/ = reactance of 

Er 

field winding. Thenxj = -j- 

Substituting in the equation for induced e.m.f., 

, E(n En 

I = j^ =• — T^ approx. 

Xf-vA XfWA 

The electrical power input is 

Pi - £/ cos a. 

MechanicfU power output is 

En „ E«™. 



'Erl ~ - 



XfA 

_. ,. torque at synchronous speed 

The ratio, — ^ ^ . . — , ..„ - — 

torque at standstill 

r, A^ jmn* + 1)* 

" r, " A, " m*n» + (fftn* + 1)*' 
Ab an example, assume a motor of uniform reluctance (m = 1), 
and of the same number of turns in the armature and field coils 
(H - 1). 
Then 

T, 2* _ 4_ „„ 

n " 1 + 2* ~ 5 ~ "■°- 

In such a machine the starting torque is not much greater than 
that of full-load, which is not very satisfactory for the class of 
work series motors m% usually called on to perform. 
An approximate ratio, 

Tl - ftt*n* n* 

r, ~ m*n* + m*n* "" 1 + n»" 
Using this expression, if n = 0.5, 

T, 1.26 "■■'• 

The starting toique is live times as strong as tliat at synchron- 
ous speed. 
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Compensated Series Motor. — The practical operation of the 
series motor is attended with difficulty owing to the tendency to 
excessive sparking. It also has poor 
power factor. In the short-circuited 
coils heavy electromotive forces are 
produced by the alternating flux. To 
overcome these electromotive forces 
compensating windings are supphed 
which under speed conditions act Eke 
inter-poleB to neutralize the armature 
■ reaction and self-induction of the short- 

circuited coils. Fig. 292 gives the wiring diagram of the com- 
pensated series motor. 

ProUom ISO. — Derive the complex equations for the series alternating- 
current motor with compensating coil. 
SoIt4tMm.-~The impressed e.m.f . ma; be written 

E - IB. + E, + J Ox + Bf\ 

where Ji — total resistance of armature, field and compensating coil, 
X = self-induotive reactance of armature and coil, 
E, — e.m.f. due to rotation, 
Sf — induced e.m.f. in the field. 
It has been shown that 



E, - i.ii*,N,. 
Substituting, 

•/ = V2 ♦/, and #/ - - rAni ^ effective value of the field flux, 

where N/ — fidd turns and p — reluctance, £/ — ' .q, • 

Also, 

If ~ reactance of 6eld, ■^ 2wfL/, 



I./-T 



_t,H, _N,' 

/ k" 10' " px 10' 

PX 10" 



Ef — s/I, by Bubetitiitioa, 
.-. B •= [R + /i, '- +j(If + Ixf'i 
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E - Ha -t jOJ, where a - B + ^ 



/ - - 



Power factor = cos # — 



Power - ErI = z'fl*- 

„ power x/I* 
Torque - ~ —— 

The gener&l equations for series sltem&ting'Current rr 
written. They are: 



/■s/(R+f)' 



Power = B,t - -^ X 



'" ft.Jb., 



- synchronous watta. 



Problom Ul. — A aeries alternating-current motor has the following con- 
stant: 2 hp., 4 poles, 60 cycles, armature has 29 coils, each coil having 9 

2 20 X 9 
turns. .■- N, = - X — 7 — * 41.4 effective turns per pole. Each field 

field turns Nt 19 

pole has 19 turns. .'. Nt — 19. n = ratio r = tt ~ tts ~ 

*^ ' arm. turns Na 41.6 

0.46. Xf - 1.5; X - 0.3; x, +x ~ 1.8; r. « 0.3; r/ = 0.14; t„^. - 0.3; 
Ruui - 0.74; voltage impressed — 110. 

Find power output, power factor, efficiency, apparent efficiency, torque, 
at speeds in per cent, of synchronous speed. 
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» - per cent. 
■p«ed 


0.0 


0.2 


0.4 


0.6 


0.8 


1.0 


1.6 


2.0 


n 


0.0 


0.43S 


0.87 


1.3 


1.74 


2.17 


3.26 


4.36 


-^ 


0.0 


0.636 


1.31 


1.06 


2.62 


3.26 


4.89 


6. S3 


a-B + ~x, 


0.74 


1.393 


2. OS 


2.69 


3.36 


4.0 


8.67 


7.27 


b-x+x, 
o« + 6' 


1.8 
1.94 

56.8 

3230.0 


1.8 
2.27 

48.6 

23S0.0 


1.8 
2.74 

40.2 

1620.0 


1.8 
3.24 

34.0 

iieo.o 


1.8 
3.S 

29.0 

840.0 


1.8 
4.38 

26.2 

635.0 


1.8 
6.92 

18.6 

346.0 


1.8 
7.5 
14.7 

217.0 




P-/'^ 


0.0 


1S35.0 


2120.0 


2260.0 


2200.0 


2O70.0 


1690.0 


1420.0 


^^-v^^ 


0.381 


0.615 


0.76 


0.83 


0.885 


0.914 


0.96 


0.97 


Pi,^ - /"o 


2390.0 


3280.0 


3330.0 


3130.0 


2820.0 


2640.0 


1950.0 


1580.0 


^■'k 


0.0 


0.47 


0.637 


0.723 


0.78 


0.817 


0.868 


0.9 


El 

A«>.eff. 

Hp. 

Torque 

T. in. ft.4b. 


e2G0.0 
0.0 
0.0 


5340.0 
0.289 
2.06 

7700.0 

90.0 


4420.0 
0.477 
2. 84 

5300.0 

62.0 


3740.0 
0.6 
3.03 

3770.0 

44.1 


3200.0 
,0.69 
2.95 
2750.0 
32.2 


2780.0 
0.747 
2.78 

2070.0 

24.2 


2050.0 
0.823 
2.27 

1130.0 

13.3 


1620.0 
0.872 
1.9 
710.0 
8.3 
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The performaDce curves of this motor are given id Fig. 293. 
Repulsion Motor. — A differeDt motor, but one whose charac- 
teristics are the same as those of the series type, is that which 
is known as the repulsion motor. Its principle was discovered 
by EuHU Thouson. 

Its chief features are that the armature is Bhort-circuited 
through the brushes, and that torque is obtained by giving the 
latter a shift of about 75° from the normal neutral position. 
The angle B, Fig. 294, is that between 
the field axis and the brush axis. 

If the brushes were set on the field 
axis (9 ■= 0°), the machine would act as 
a short-circuited transformer. If the 
brushes were set on the neutral axis 
(9 = 90°), no current would flow in the 
armature at standstill since there would 
be no resultant induced e.m.f. acting in Fio. 2S4. 

the short-circuit. 

Two sets of brushes are sometimes used, one set being on the 
flux axis and the other on the neutral axis. A prominent ex- 
ample of this type is known as the Wintbr-Eichbbbq motor. 

Considering now the theory of repulsion motor action, let the 
flux ^ be resolved into two components, ^i -• ^ cos S in the 
direction of the brush axis and ^/ = ^ sin 9 at 90° from this axis. 
<ti, may be called the transformer flux 
owing to its purely inductive action 
on the armature. Let the magneto- 
motive forces causing ip, 0( and ipf 
respectively, F, Ft and F/, and 
' the armature be F^ These 
may be represented as acting in a 
motor as shown in Fig. 295. If there 
| p»'m wereperfectmutuallnduction between 

Fia. 295. ^' ^"id Fa, these would be equal at 

standstill, and the flux ip, would cease 
to exist. In that case there would be no xl drop across the 
"transformer" poles, and if the rl drop were neglected, the 
whole impressed voltage would be across the "field" poles. 

Denoting by E the impressed e.m.f., by £?i,the drop across the 
transformer poles, and by E/ the drop across the field poles, then, 
assuming perfect mutual induction at standstill, 
E, = 0, and E/ = E. 




,ovGoo»^lc 



408 ELECTRICAL ENGINEERING 

As the annatiire atarts to revolve due to the torque between 
the field flux and current, an e.m.f. ia generated in it by rotation. 
This e.m.f,, Er, is in time-phase with the flux 0/, and generates 
current, It, in the short-circuited armature. 

Ir must attain a value such that L-j: — E,. L-r may be 
called the e.m.f. of alternation of the current. 

It has been assumed that at standstill ^t ~ 0. With the pro- 
duction of Ir by rotation, ^ is increased, and at synchronous speed 
the total current reactions cause ^ to equal ^/. 

_ These relations may be seen with the 

Mr 4f aid of a vector diagram, Fig. 296. ^/ 



P^ 



Im, and ^1 are in space-quadrature, and also, 

due to the compensatii^ action of the 
armature on the transformer poles, they 
are in time-quadratiu« as well. Their 
relative values are expressed by the equation 



where /i — frequency of rotation and/ =* synchronous frequency. 
The instantaneous value of 4/ is 

0/ (inst.) — */ cos 0, 
and of ^1, is 

^ (inst.) = «*/ sin 8. 
turns on tranaformer polea Ni ^ 
turns on field poles N/ 

It must be remembered that this machine is hypothetical; 
there are not actually two sets of poles. The relative values of 
N, and N/ depend entirely on the brush shift. At 45° shift they 
are equal, and n = 1. At 75*, or a = 15°, n > 1. 

The e.m.f. of rotation, then, evidently depends on the speed, 
the brush shift, and Ef, the voltage across the field poles. It is 

Er " snEf. 

These two e.m.fs., that of the field and that due to rotation of 
the armature, make up the total e.m.f., E. Since they are in 
quadrature, 

E = VEr* + Ej* = £/Vn'«* + 1. 
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ALTERNATING-CURRENT MOTORS 409 

llie curreot, sioce rl drop is neglected, is 

2.5-'. 

On tlie basis of perfect mutual iuduction, also, the transformer 
induced armature ampere-tums ~ ampere-turns on the trans- 
former poles, or IiNt — IN,. 



.1,-1-. 



where /| is the current in the armature due to the inductive action 
of the transformer poles. 
Also, the current in the armature due to E, gives 

IrNa = J IN,, 

that is, the armature ampere-tums due to rotation are propor- 
tional to the ampere-tums on the field poles in the ratio -j- These 
two currents, Ii and /„ are evideotiy in time-quadrature although 
in space-phase. The tot^ armature current is, therefore, 



'■"^^y^'iW- 



Power factor of the motor is determined from the components 
of the impressed e.m.f., E. Thus, 

power factor — cos a '^'^■ 

Power developed ia P = E4- 

P ■ 

Torque = r r- 

^ aynchronouB speed 

Current input, 



i = si 



E, E 



'/ i,VnV + 1 ■ 
Where imperfect mutual inductioD exista it is necessary to 
introduce tlie term x, to account for the aelf-induction of the 
traosformer poles. 
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Abampere, 1, 21 

Abohm, 1 

Abvolt, 1 

Admittance, 110 

Air gap of Bltematora, 293 

of induction motors, 365 
Alternating current, 38 
Alternator, 246 

definite pole, 258 

dee^, 280 ' 

field winding, 208 

beating, 290 

rating, 2fiO 

reactance, 270 

regulation, 300 

round rotor, 259 

ahort^rcuit, 301 

three-phaae, 246 

two-pbaae, 246 
Ampere, 1, 21 
Apparent efficiency of tnuBmuaion, 

117 
Armature, drum, 48 

laminationa, 296 

length, 68, 294 

reaction, 47, 60, 252, 278, 322, 
395 

resistance, 64, 205 

ring, 48 

windit^, 46 
Auto-transformer, 240 

for two-pbase — three-pbase 
transformation, 241 

with induction motor, 364 
Average value of sine wave, 41 

Balancer, 90 

Ballistic galvanometer, 102 

Bar windings, inductance i^, 276 

Battery for tbree-wire system, 00 

Belt leakage flux, 374 

Booster, 94 

Britisb thermal unit, 7 

Bbookb and Tthnkr, 36 



Brush design, 66 
reeiBtaiice, 65 

Calorie, 7 
Capacity, 123 

distributed, 162 

of a concentric cylinder, 155 

of a sphere, 124, 153 

of a spherical concmtric con- 
denser, 154 

of a three-phase cable, 158 

fit a transmission line, 156 

of two parallel plates, 156 

reactance, 126 
CIuUBOterietic, motor speed, 90 

torque, 100 
Charge of a condenser, 123 
Charing current of a transmission 

line, 158 
Circuit, magnetic, 57 
Coercive force, 19 
Commutatmg pole, 74, 82 

winding, 80 
Commutation, 82 
Commutator, 66 
Compensated A.-C. series motoTt 

404 
Compensating winding 74, 80, 82. 
Compensators; see Auto- trans- 

fonnera. 
Complex quantities, addition of, 169 

differentiation of, 172 

division ot, 170 

exponential representation of, 
172 

involution and evolution of, 170 

logarithm of, 172 

multiplication of, 170 

representation of, 160 

roots of, 171 
Compounding curves of altematorSi 

266 
Condenser, 123 

synchronous, 396 
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412 INl 

Ccuiductance, 2, 110 
Conductivity, 2 

Conslant^urrant traiuformer, 121 
potential — constont-cumot 
transformtttion, 120, 140 
CSore-loS8 current of induction motor, 
379 
current of tmnsformer, 170 
dependence on e.m.f. wave 

sh&pe, 104 
relation to form factor, 195 
Cosine series, 171 
Coat of tranaformen, 223 
Coulomb, 1, IS 
Croaa-magnetication, 49 
Current, 1 

density, 56 

in alternator armature, 291 
distribution in rotary con- 
verters, 391 
ratios in rotary converters, 383 
Cylindrical polee, 15 

"Dead points" in induction motor, 

309 
DemogneticEition, 49 
Density, current, 56 

energy, 17 

of magnetic field, 14 
Design of alternators, 2S9 

of D.-C. generators, 55, 74 

of induction motors, 365 

liftii^ magnets, 26 
Dielectric strength, 125 
Distorted waves, 133, 196, 232 
Distributed capacity, 162 

inductance, 162 

winding, SO 
three-phase, 281 
Distribution factor of three-phase 
winding, 292 

DODROWOLSKT, 91 

Drum winding, 4S 
Ducts, ventilatbg, 58, 294 

Eddy current loss, 187 

of D.-C. generator, 70 
in transformers, 211 

Edison three-wire system, 89 



EfRciency of D.-C. generator, 68 
of transformer, 210, 220 



Electro^ynamometer, 146 
E.m.f. waves, generation of, 30 
End connections, inductance of, 271, 

377 
stresses on, 319 
Energy densi^, 17 

of short-circuit, 314 
Equaliser, 89 
Elxciting current of transformer, 174, 

191 
Exponential series, 172 

Farad, 157 

Fakauat, 14, 29, 44, 124 

Field current at short-circuit, 323 

voltage at short-circuit, 323 

winding of alternators, 298 
Flat poles, 15 
Flux calculation, 66 

for alternators, 292 

density in teeth, 294, 367 
in transformers, 212 

distribution around armattire, 
67 

leakage, 56 
Fly-wheel effect on hunting, 287 
Force, lines of, 14, 124 

on wire in a field, 21 

tubes of, 124 
Form factor, 42 

relation of core loss to, 19S 
Fotibibr'b series, 190, 196 
Franklin, 124 
Frequency, 38 

Friction loss in D.-C. generators, 70 
Fringing factor, 58 
Froeuch's equation, 61 

Galvanometer, ballistic, 102 

as ammeter, 103 
GAnse, 15 
Gauss' theorem, 16 
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dedgn of a D.-C., fifi 


m&gnetiiing current, 379 


direct-current, 4S 


maidmuin output, 349 


efficiency of a D.-C., 68 


performance curves, 349, 381 




power faotof of, 348 


induction, 258 


reactance, 373 


lomea in D.-C., 08 


secondary resistance, 352 


three-wire, 90 


rotary field, 343 


turbo-, 268 


single-phase, 400 


GenwstoTB in pareUel, 88 


slip of, 345 


in series, 89 




Gradient, potenti&l, 153 


aquirrel-cage winding, 362 




theory of operation, 344 


Heating <^ altematora, 290 


torque of, 347 




types of, 362 




with auto-transformer, 364 


of tranaformerfi, 222 


mutual, 117 


Henry, the, 33 




HomopoUr generator, 44 


tures of, 39 


Horsepower, 100 


current in, 35 


of induction motor, 34S 


fundamental equation of, 38 


Hunting, 283 


Instruments, formula of magnetic. 


HysteresB, 18 


24 




Insulation in slots, 291 


loop, 186, 190 


thickness in transformers, 215 


loea, 186 


Intensity of electric field, 152 


in D.-C. generator, 70 


of magnetic field, 14 




Intcrlinkage factor, 169 


Impedance, 105, 108 


Joule, the, e 


condensive, 126 




tria&gle, 106 


KllNNBI.LT, 113 




Kihcboff's laws, 4 


distributed, 162 




of bar windings, 276 






Leakage factor, 77 




flu», 66 


of traiMfomierB, 202 


Lifting mt^et, 26 


of tranamissiDn line, 110, 160 


Lines of force, 14. 124 


maximum, of coil, 36 


Losses in D.-C. generator, 68 








Magnet, lifting, 26 


air gap, 365 


for metors, 16 


at endof tranaminion line, 364 


pull of. 16 


core loss, 380 




current, 379 




"dead pomts," 369 


cycle, 17 


design, 366 


density, 14 




field intensity, 11 
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Magnetic intensity detenniuations 

of, 2] 
Mogaetifun, 14 

molecular theory of, 17 

reeidual, 17 
Magnetiiation, 18 

curves, 26 
Magnetiiing current of imduotioa 
motor, 370 
of traneformerB, 176, 213, 220 
M^netomotive force, IS 
Maximum output of induction 
motor, 349 

Bhort-circuit current, 30fi 
Molecular theory of magnetism, 17 
Motor, A.-C. single-phase, 400 

D.-C, 98 

induction, 342 

principle oi, 20 

reptilsion, 407 

speed characteristics, 99 

synchronous, 324 

WlNTEB^ElCHBBBO, 407 

Multiphase short-circuits, 320 
Mutual induction, coefficient of, 177 

Natural period of a machine, 284 
NetwoA, solution of, 4 

Obbstbi>,20 

Ohm, 1 

Ohu's law, 8 

Ohhub, 301 

Opm delta tntosformer connection. 



Parallel circuit calculations, 129 
Permeability, 14, 19 
Phase characteristics of synchron- 
ous motors, 336 

difference, 106 
Pole intensity, 17 
Potential, 162 

difference, 1 

gradient, 1S3 
Power, 6, 42 

average value of, 114 

by Bymbolio metJiod, 113 

equation, 3fi 



Power Eaetot, 116 

of A.-C. generator, 117 

of D.-C. motors, 99 

of shortKtireuJt, 305, 318, 321 

of three-phase alternator, 24B 
Pull of magnet, 16 

Rating of altematorv, 260 

of auto-ttanaformen, 240 

of T^ionnected tranafotmem, 
233 
Reactance, 39 

tA alternators, 270 

of armature coils, 258 

of induction motors, 373 

of synchronous motor, 324 

of transformers, 221 
R^EUlation of alternators, 300 

of tranaformerH, 221 

of transmission line, 117 
Reluctance, 68 

of three-phase transformers, 234 
Repulsion motor, 407 
Rcddual magnetism, 17 
Resistance, 1 

armature, 64 

brush, 65 

in induction motor secondary, 
352 

of rotor, 871 

of synchronous motor, 324 

series field, 66 

shunt field, 62 
Resiatances in parallel, 3 

in series, 3 
Resistivity, 2 

oF conducton, 8 



effects, 137 
Reeultant field of Uiree-phase sys- 
tem, 254 
Ring winding, 48 
Rotary converter, 383 

armature reaction, 395 

current distribution in, 391 

heating of, 38S 

six-phase, 385, 397 

transformer connections tot. 
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